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Network Bell experiments give rise to a form of quantum nonlocality that conceptually goes beyond
Bell’s theorem. We investigate here the simplest network, known as the bilocality scenario. We depart from
the typical use of the Bell state measurement in the network central node and instead introduce a family of
symmetric isoentangled measurement bases that generalize the so-called “elegant joint measurement.” This
leads us to report noise-tolerant quantum correlations that elude bilocal variable models. Inspired by these
quantum correlations, we introduce network Bell inequalities for the bilocality scenario and show that they
admit noise-tolerant quantum violations. In contrast to many previous studies of network Bell inequalities,
neither our inequalities nor their quantum violations are based on standard Bell inequalities and standard
quantum nonlocality. Moreover, we pave the way for an experimental realization by presenting a simple
two-qubit quantum circuit for the implementation of the elegant joint measurement and our generalization.
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Introduction.—The violation of Bell inequalities is a
hallmark property of quantum theory. It asserts that the
predictions of quantum theory cannot be accounted for by
any physical model based only on local variables [1]. Such
violations, referred to as quantum nonlocality, not only
provide insights into the foundations of quantum theory but
also constitute a powerhouse for a broad scope of appli-
cations in quantum information science [2].

A standard Bell experiment features a source that emits a
pair of particles shared between two spacelike separated
observers who perform local and independent measure-
ments. In quantum theory, the particles can be entangled,
thus enabling global randomness [3]. In contrast, in local
variable models aiming to simulate the quantum predictions,
the particles are endowed with classically correlated sto-
chastic properties that locally determine the outcome of a
given measurement. Many decades of research on Bell
inequalities have brought a relatively deep understanding
of quantum nonlocality and have established standard
methods for characterizing correlations in both quantum
models and local variable models [2].

The last decade witnessed a significant conceptual
advance: much attention was directed at going beyond
correlations in standard Bell experiments in favor of inves-
tigating correlations in networks featuring many observers
and several independent sources of particles [4,5]. While a
standard Bell experiment may be viewed as a trivial network
(with a single source), the introduction of multiple indepen-
dent sources is conceptually interesting since it brings into
play new physical ingredients and corresponds to the
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topology of future quantum networks. In contrast to standard
Bell experiments, network Bell experiments feature some
observers who hold independent particles (from different
sources) and therefore a priori share no correlations.
Moreover, entanglement can be distributed in the network,
in particular to initially independent observers, through the
process of entanglement swapping [6]. Recent years have
seen much attention being directed at characterizing
classical, quantum, and postquantum correlations in net-
works, many times through the construction of network Bell
inequalities and the exploration of their quantum violations
[7-26]. In general, this is challenging due to the fact that the
introduction of multiple independent sources makes the set
of local variable correlations nonconvex [4].

Here, we focus on the simplest nontrivial network Bell
experiment, known as the “bilocality scenario.” It features
two independent sources that each produce a pair of
particles. The first pair is shared between observers Alice
and Bob, while the second pair is shared between Bob and

x€{123} EJM 7€ (1,23}
-_ ‘ -
Alice | L Bob ‘ W) Charlie
\ a | y
a€{+1} b€ {1234} ce{t1}
FIG. 1. Bilocality scenario: Bob independently shares a “state”

with Alice and Charlie, respectively. In a quantum experiment,
these are independent, typically entangled quantum states (™)),
while in a bilocal model these are associated with independent
local variables (a and y).
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another observer, Charlie (see Fig. 1). Interestingly, there are
known Bell inequalities for the bilocality scenario (bilocal
inequalities), i.e., inequalities for the observed correlations
that are satisfied by all local variable models respecting the
independence of the two sources (for simplicity, bilocal
models). Importantly, these inequalities are also known to
admit quantum violations. The quantum violations typically
arise from Bob implementing a Bell state measurement
(BSM; encountered in quantum teleportation [27] and
entanglement swapping [6]). Conspicuously, both the
inequalities and their reported violations strongly resemble
those encountered in the standard Bell experiments (see, e.g.,
[7,18,19,28]). For instance, the standard bilocal inequality,
first presented in Ref. [7], is essentially built on the Clauser-
Horne-Shimony-Holt (CHSH) inequality [29], and its quan-
tum violations through the BSM turn out to effectively
correspond to Bob in a coordinated manner separately
testing the CHSH inequality with Alice and Charlie,
respectively. Indeed, the BSM measurement amounts to
performing simultaneously the two commuting measure-
ments of 6; ® 6, and 63 ® o3 [where (o4, 0,,03) are the
three Pauli observables] on Bob’s two independent qubits,
and ample numerical evidence shows that the optimal
measurement settings for Alice and Charlie are at 445°
on the Bloch sphere, i.e., exactly those settings tailored for
the CHSH inequality. Given this close resemblance to the
CHSH inequality, it is perhaps unsurprising that the critical
singlet visibility, required for two identical noisy singlet
states to enable a violation, is the same as that encountered in
the CHSH inequality, namely 1/+/2 for each state.

Here we investigate quantum nonlocality in the bilocality
scenario that is not based on the BSM and does not directly
trace back to standard quantum nonlocality as in the
previous cases. To this end, we present a family of two-
qubit entangled measurements generalizing the so-called
elegant joint measurement (EJM) [30]. These measure-
ments allow Bob to effectively distribute (in an entangle-
ment swapping scenario) entangled states to Alice and
Charlie that are different from those obtained through a
BSM. We investigate the possibility of simulating the
resulting correlations in bilocal models and find the critical
visibility per singlet at which quantum theory eludes such
models. Subsequently, we introduce new bilocal inequal-
ities tailored to our quantum correlations and show that they
can detect quantum nonlocality in the network at reason-
able singlet visibilities. Furthermore, paving the way
towards experimental demonstrations of quantum viola-
tions of network Bell inequalities that are not based on
standard Bell inequalities, we explore the implementation
of our generalized EJM. We prove that it cannot be
implemented in linear optical schemes without auxiliary
photons but it can be implemented with a simple two-qubit
quantum circuit.

Entangled measurements with tetrahedral symmetry.—
We consider symmetric entangled measurements on two

qubits that, most naturally, have four outcomes. Specifically,
we present a family of bases {|®Y)}}_, of the two-qubit
Hilbert space, parameterized by 6 € [0, z/2], such that all
elements are equally entangled, and, moreover, the four local
states, corresponding to either qubit being traced out, form a
shrunk regular tetrahedron inside the Bloch sphere.

To construct such bases, let us first introduce the pure
qubit states |71, ) that point (on the Bloch sphere) toward the
four vertices,

771] - (+17 +15+1)7
my = (—1,+1,-1),

7712 - (+1’ _la _1)1
my = (=1L-L+1), (1)

of a regular tetrahedron, as well as the states |—ni;,) with
the antipodal direction. Specifically, we write these tetra-

hedron vertices in cylindrical coordinates as iy, =

V3(y/1 =n}cos @y, /1 —ntsingy,n,) and define
- 1+ ) 1 )
|+ ) = ,/T”be—wﬂ\m + w/%y%/zm 2)

Our family of generalized EJM bases, with the above
properties, is then given by

\/§+ LY . . \/g_ ei? oL
9) = ¥ )+ ). ()

Notice that for @ = 0, we obtain the EJM introduced in
Ref. [30] (the largest local tetrahedron in our family, of
radius v/3 /2), while for & = /2, we obtain the BSM (the
smallest local tetrahedron, of radius zero) up to local

unitaries (which can, for instance, be chosenas U; ® U, =

1 ® e7i/3)l(e1+02+03)/V3] g recover the standard BSM). By
varying 6, we thus continuously interpolate between the
EJM and the BSM.

Quantum correlations.—While we will later derive
bilocal inequalities that apply to fully general tripartite
correlations, we begin with considering a specific quantum
implementation of the bilocality experiment illustrated in
Fig. 1. We let Bob apply the generalized EJM and consider
that both sources emit pairs of qubits corresponding to
noisy singlets (so-called Werner states [31]),

1-V,
4

pi = Vilw ) w| + 1, (4)

for i € {1,2} where V; € [0, 1] denotes the visibility of
each singlet [y~) = 1/+/2(]0, 1) —|1,0)). By applying his
measurement onto distributed (pure) singlets, Bob effec-
tively prepares Alice’s and Charlie’s joint state in an
entangled state similar to that of Eq. (3), up to a change

in signs for m,;, and 6. Because of the tetrahedral structure of
the distributed states, we expect to find strong correlations
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between Alice and Charlie when they perform measure-
ments of the three Pauli observables [32]. We therefore let
each of them have three possible measurement settings,
x,z € {1,2,3} [corresponding to the observables (o,,0.)],
with binary outcomes denoted a,c € {+1,—1}.

To reflect the symmetry of our scenario, it is convenient
to identify Bob’s outcome b with the corresponding vector
m,, from Eq. (1), i.e., to write b as Z1-valued 3-vector
b = (b',b* b*). The conditional probability distribution
pla,b,c|x,z) obtained in the experiment can then be
characterized in terms of the single-, two-, and three-party
correlators (A,), (B”), (C.), (A,B”), (B°C,), (A.C,)
(= (A,)(C,) in the bilocality scenario) and (A,B*C.)
for all x,y,ze€{l,2,3}, with eg, (ABC,) =
Y abt ppde—sy @b¥cp(a,b,clx,z) and similarly for the
other correlators [33]. For the quantum correlation p%
obtained from our above choice of states and measure-
ments, these correlators become

<Ax> = <By> = <Cz> = <Asz> =0,

\%4
(ABY) =— 71 cos @6

Vs
X,y <Bycz> :7(:08 95),.1,
-V (1+5sin6) if xyz € {123,231,312}
-V (1-sing) if xyz € {132,213,321} .

0 otherwise

(ABC,) =

(5)

where ¢ is the Kronecker symbol.

Simulating quantum correlations in bilocal models.—
Let us first investigate whether the quantum probability
distribution p% admits a bilocal model. In such a model,
each pair of particles is associated with a local variable
denoted as a and y, respectively (see Fig. 1). Alice’s
(Charlie’s) outcome is determined by her (his) setting
and a (y). Since they each have three possible settings,
we can without loss of generality represent the local
variables as triples @ = (a;, ay,3) and y = (y1,72,73)
with entries £1, with each a,, y, denoting Alice’s or
Charlie’s deterministic outcome for the setting x or z. A
bilocal model can thus be written as

1 2
Poitocla.b.clx.2) = > g a7 8,48, p(bla.y). (6)
ay

where {qy)}a and {qf) }, are probability distributions
representing the stochastic nature of the local variables a
and y, respectively, and p(b|a,y) are probability distribu-
tions representing the stochastic response of Bob upon
receiving (a, 7).

The central question is whether the quantum correlations
characterized by Eq. (5) can be simulated in a bilocal model.
We investigate the matter with three different approaches.
First, we set V.= V| =V, (equal noise on both sources),

and 0 =0 (as in the original EJIM [30]). By employing
semidefinite relaxations of the set of bilocal correlations, one
can obtain a necessary condition for the existence of a bilocal
model [34]. An evaluation of the relevant semidefinite
program guarantees that a violation of bilocality is obtained
whenever V > 83% [35]. However, this bound is not
expected to be tight due to the nonconvex nature of the
set of quantum correlations with independent sources.
Second, we provide a better characterization of the
power of bilocal models by explicitly considering their
ability to simulate the quantum correlations. To this end, we
have used an efficient search method that exploits the fact
that the numerical difficulties associated with the bilocality
assumption are significantly reduced if the bilocal model
first undergoes a Fourier transformation [7]. For the case of
V =V, =V, and 8 = 0 considered above, we look for the
largest V for which p%=" admits a bilocal model and find

the critical visibility
Vit ®79.1%. (7)

This contrasts with conventional quantum nonlocality in
entanglement swapping experiments in which the swapped
state, postselected on b, is tested in a standard Bell experi-
ment. For any outcome b, our swapped (noisy, partially
entangled) state can only violate the CHSH inequality
for V > 571/4\/2~94.6%, as can be verified using the
Horodecki criterion [36]. The advantage persists even if we
compare the per source visibility [Eq. (7)] to the total
visibility in the sources required for the swapped state to
violate the CHSH inequality [V? > (571/4\/2)? ~ 89.4%],
which also contrasts with established bilocal Bell inequal-
ities [4,7].

Next, we consider, for a given V, the largest V, for
which a bilocal model exists. Figure 2 shows the region in

1.00
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FIG. 2. The blue region represents the set of bilocal quantum
correlations p$%=C in the plane of visibilities (V. V), with the
dashed line in the figure inset showing the product of the
visibilities on the boundary of this bilocal region. The red area
is the part of the quantum region that can be detected as nonbilocal
through the violation of our bilocal inequality [Eq. (9)].
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the (V, V,) plane for which we find a bilocal simulation of
P& ° [see the Supplemental Material (SM) [37], Sec. 1, for
the analysis of @ > 0]. It also displays the product V;V,
associated with the boundary of the bilocal region
(the critical pairs). In previously studied quantum
correlations that arise from the BSM [7], this product of
visibilities determines the existence of a bilocal model.
Similarly, the violations of many bilocal inequalities that
are based on coordinated tests of standard Bell inequalities
[7,9,18,19,28] are determined by such products. We find
that such is not the case in our scenario.

Third, we employ an intuitive ansatz for analytically
constructing bilocal models that mimic the symmetry of
p%:o' Namely, we stipulate that the (unobserved) proba-

bility distribution pyjec(at. b.7) = ¢4 ¢\ p(bla. ) of the

bilocal model should have the same tetrahedral symmetry:
for every permutation 7 of the tetrahedron vertices {7, }
in Eq. (1), extended to the opposite vertices via
n(—my) = —n(my,), and applied to the 3-vector variables
a, b, y, one should have pylz(a),z(b),z(y)] =
Duiloc (@, b, 7). Under this symmetry ansatz, we are able
to analytically construct efficient bilocal simulations of
p%:(). Interestingly, along the entire boundary of the bilocal

region, the obtained results match those presented in Fig. 2
up to the fifth decimal digit. This shows that simple and
highly symmetric bilocal models are very nearly optimal
for simulating p%~°. These bilocal models and the critical
visibilities are detailed in the SM (Sec. II).

Bilocal Bell inequalities.—We now draw inspiration
from the structure of the nonbilocal quantum correlations
obtained from the EJM to construct a bilocal inequality that
can be applied to general quantum states and measurements
in the considered scenario. Hence, in contrast to several
previous bilocal inequalities, the present one is neither
based on nor apparently resembles a standard Bell inequal-
ity. To build the Bell expression, we introduce the following
quantities:

$= Y we) - )

x=y

T = Z <AxByCz>’ zZ= max(cother)’ (8)
XEVFEIFX

where Copner = {|(A)], (A BY) (A,B*C.)|} is the set
of the absolute values of all one-, two-, and three-party
correlators other than those appearing in the expressions of
S and T. This leads us to the following bilocal inequality:

g eeey

B=--T<3+5Z. (9)

S biloc

3

Notice that the Z quantity makes this general inequality
nonlinear. The most interesting case is when Z =0,
as satisfied by the quantum correlation of Eq. (5). For

this case, we have proved the bilocal bound under the
previously considered symmetry ansatz (which enforces
Z = 0; see the SM, Sec. III). Then, we have confirmed the
bilocal bound using two different numerical methods
applied to general bilocal models [38]. We find that the
bilocal inequality above, for Z = 0, is tight in the sense that
it constitutes one of the facets of the projection of the
“Z =0 slice” of the bilocal set of correlations onto the
(S, T) plane. Remarkably, this projection of the Z = 0 slice
is delimited by linear inequalities (see the SM, Sec. 1V);
this stands in contrast to previous bilocal inequalities that
use nonlinear Bell expressions. Finally, for Z > 0, we have
again applied the same numerical search methods to justify
the correction term 5Z in the bilocal bound of B. Notably,
more accurate corrections are also possible (see the SM,
Sec. V).

For our quantum correlation of Eq. (5), we straightfor-
wardly obtain (S,7.Z)={3[(V,+V,)/2]cosd,-3V,V,,0},
and B=3VV,+[(V;+V,)/2]cosf. In the noiseless
case (V; =V, =1), we thus get B =3+ cosf, which
gives a violation of our bilocal inequality [Eq. (9)] for our
whole family of generalized EJMs (i.e., the whole range of
0) except for the special case of a BSM (6 = z/2, for which
our quantum correlation turns out to be bilocal; see the SM,
Sec. I). In contrast, when white noise is present and both
sources are equally noisy (V =V, = V,), we get a viola-
tion of our inequality whenever 3V? 4 V cos6 > 3. For
0 =0, the critical visibility per singlet required for a
violation is

Vet = ~ 84.7%. (10)

V37 -1
6
This shows that the quantum violation is robust to white
noise on the singlet states but not optimally robust as no
violation is found here for V € [0.791, 0.847]. More gen-
erally, the bilocal inequality enables the detection of
quantum correlations in a sizable segment of the

(V1,V,) plane (see Fig. 2).

Finally, we note that several different bilocal inequalities
can be constructed based on the correlations from the EJM.
As another example, in the SM (Sec. VI), we consider the
following Bell expression:

B =3 /o)1 =B EN )] +3 \/p(o)1 + BES ()]

+3 \/p(b)[l — BB EAC(x, 7)), (11)

X#2.b

where E(x), ES(z), and EX€(x, z) denote one- and two-
party expectation values for Alice and Charlie, conditioned
on Bob’s output b = (b', b, b) (see the SM). Numerical
methods similar to the previous ones are employed to

evidence that B’ < 12\/§ + 24/ 15 holds for bilocal models.
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FIG. 3. Quantum circuit for implementing our family of
generalized elegant joint measurements parameterized by 6.
A controlled-NOT gate is followed by a Hadamard rotation
[H = (6, + 063)/+/2] on the control qubit, a controlled phase
shift gate R,/>_g, and a separate rotation of each qubit composed
of R,/; and H. Finally, a measurement is performed in the basis
{l00),[01), [10), [11)}.

In the SM, we prove that there are quantum distributions
whose nonbilocality is detected with this bilocal inequality
but not with the inequality [Eq. (9)]. Furthermore, we also
prove that if Bob has uniformly distributed outcomes
(p(b) = 1/4), then B’ < 30.70 is respected by all quantum
models with independent sources, and hence it constitutes a
quantum Bell inequality for the network [35].

Implementation of the elegant joint measurement.—It is
both interesting and practically relevant to address the
question of how one may implement experimentally the
EJM [39] and its generalization. In general, the imple-
mentation of joint (two-qubit) measurements requires the
interaction of different signals. Optical implementations are
of particular interest since they are common and convenient
for Bell-type experiments. However, many such measure-
ments, including the BSM, cannot be implemented with the
basic tools applied in linear optics schemes (phase shifters
and beam splitters) when no auxiliary photons are present
[40]. It turns out that our family of generalized EJMs as
defined by Eq. (3) can also not be implemented with two-
photon linear optics, as can be shown by evaluating the
criterion provided in Ref. [41].

Our measurement family can in fact be implemented by
the two-qubit circuit presented in Fig. 3. This circuit
maps the four measurement basis states {|®7)}, onto
the computational basis product states {|00), |01}, |10),
|11)} (up to global phases). The proposed implementation
involves (in addition to single-qubit gates) two different
controlled unitary operations, namely a standard con-
trolled-NOT gate and a controlled implementation of the

phase shift gate
1 0
R, = . 12
o=y o) (12)

We remark that this controlled phase gate itself can be
implemented using two controlled-NOT gates and unitaries
acting on the target qubit as described in Ref. [42]. Finally,
notice that when 6 = z/2, we have R,/,_y = 1, and thus

the circuit only involves a single two-qubit gate, just like
the standard scheme for a BSM [43].

Discussion and open questions.—We have investigated
quantum violations of bilocality based on the elegant joint
measurement and a new generalization thereof. In contrast
to several previous works in which quantum correlations
were generated through a Bell state measurement, our setup
does not effectively reduce to separate implementations of
the standard CHSH scenario. We nevertheless constructed
new bilocal inequalities and exhibited violations that we
could not directly trace back to violations of a standard Bell
inequality. Finally, we paved the way toward a bilocality
experiment based on the EJM by constructing a quantum
circuit for its implementation.

Several intriguing questions are left open: (1) What is the
largest possible quantum violation of the bilocal inequal-
ities? (2) Can the inequalities be proven in full generality?
(3) How can one formalize the intuitive idea that some
bilocal inequalities may or may not trace back to standard
Bell inequalities? (4) Can our EJM family be further
generalized for two higher-dimensional systems or for
more than two qubits such that it preserves its elegant
properties?

We thank Alejandro Pozas-Kerstjens for sharing with us
both his codes and results for semidefinite programs based
on Ref. [34], and Norbert Liitkenhaus for directing us to
Ref. [41]. This work was supported by the Swiss National
Science Foundation via the National Centres of
Competence in Research (NCCR)-SwissMap.
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