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We present a detailed analysis of the fundamental noise sources in superconducting transition-edge
sensors (TESs), ac voltage biased at MHz frequencies and treated as superconducting weak links. We have
studied the noise in the resistive transition as a function of bath temperature of several detectors with
different normal resistances and geometries. We show that the “excess” noise, typically observed in the
TES electrical bandwidth, can be explained by the equilibrium Johnson noise of the quasiparticles
generated within the weak link. The fluctuations at the Josephson frequency and higher harmonics
contribute significantly to the measured voltage noise at the detector bandwidth through the nonlinear
response of the weak link with a sinusoidal current-phase relation.
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Superconducting transition-edge sensors (TESs) are very
sensitive thermometers used as microcalorimeters and
bolometers in ground and space-borne low temperature
instruments [1,2]. TESs are, typically, low impedance
devices made of a thin superconducting bilayer, with a
critical temperature Tc. They operate in the voltage bias
regime. Either a constant or an alternating bias voltage is
used, depending on the multiplexing read-out scheme. In the
frequency division multiplexing (FDM) configuration con-
sidered here, the TES is ac voltage biased in the super-
conducting transition, by means of high-Q LC resonators at
frequencies from 1 up to 5 MHz. The underlying physics of
TESs has been extensively studied in the past years and the
TES response under ac and dc bias is fairly well described
for TESs behaving as superconducting weak links [3–6], or
affected by the generation of phase-slip lines [7].
The basic theory of a TES is extensively reported

elsewhere [1,2,4]. The electrical and thermal equations
for a TES are solved exactly in the small signal regime with
resistance dependency on temperature T and current I
linearly expanded to the first order as RðI; TÞ ¼ R0þ
αðR0=T0ÞδT þ βðR0=I0ÞδI. Here, α ¼ ðT=RÞð∂R=∂TÞjI0 ,
β ¼ ðI=RÞð∂R=∂IÞjT0

, δT ¼ T − T0 and δI ¼ I − I0. The
α and β parameters can be measured experimentally at the
operating point and are used to estimate the detector noise
and sensitivity. Three fundamental contributions to the TES
noise are generally identified. The first one is called phonon
noise from thermal fluctuations between the TES-absorber
body and the heat bath, with power spectral density given
by Sph ¼ 4kBT2Gbath½ðTbath=TÞnþ2 þ 1�=2, where Gbath is
the thermal conductance to the bath at a temperature Tbath
and n is the exponent depending on the nature of thermal

processes involved. This noise is dominant at low frequen-
cies in the detector thermal bandwidth typically below
∼200 Hz. The second contribution is the Johnson-Nyquist
(JN) noise of the TES biased in the resistive transition. It
has been modeled so far as a nonequilibrium Johnson
noise (NEJN) with voltage spectral density SV;NEJN ¼
4kBTReðZTESÞð1þ 2βÞ [8]. It is suppressed at low fre-
quency by the electrothermal feedback [9] and it becomes
significant in the detector electrical band at kHz frequen-
cies. The third noise term is the internal thermal fluctuation
noise (ITFN), which is generated by thermal fluctua-
tion between distributed heat capacities internal to the
TES-absorber system. It has a power spectral density
SITFN ¼ 4kBT2GTES, where GTES is the intrinsic thermal
conductance of the system. The response of the detector to
this noise source is identical to the JN noise, which
complicates the identification of the TES noise sources
in the electrical bandwidth. The ITFN can be derived from a
proper characterization of the thermal circuit [10–14]. In
Fig. 1, we show the typical current noise spectrum after
demodulation of a MHz biased TES operating at
R=RN ¼ 20%, where RN is the TES normal resistance.
More details on how to derive the total current noise
measured in a TES from the noise sources described above
are given in the Supplemental Material [15]. So far, the total
TES noise in the JN bandwidth has not been fully under-
stood. The residual M2¼ðSV;data−SV;modelÞ=SV;model is a
convenient way to characterize the “excess” noise. The
common practice in the TES literature is to define M2 with
respect to the NEJN, i.e., SV;model ¼ SV;NEJN [4,11,14,18].
In this Letter, we study the JN noise in many ac biased

TESs with different electrothermal properties. We show
that the fluctuation-dissipation theorem generalized for a
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nonlinear system in thermal equilibrium explains well
the observed noise and that it is not necessary to introduce
the formalism for a nonlinear TES out of equilibrium [8].
The observed spectral density of fluctuations of the TES
voltage is in full agreement with the expected equilibrium
thermal noise of the quasiparticles. We characterized, at
different bias frequencies, many Ti/Au TES microcalorim-
eters, with critical temperature Tc ∼ 90 mK, normal sheet
resistance R□ ¼ 26 mΩ=□, and three different geometries
(length × width): 80 × 40, 80 × 20, and 120 × 20 μm2,
leading to different values of RN , α, β, and saturation
power. In this way we can probe the noise model in
different weak-link regimes [19]. More details on the
devices and the read-out system are given in
Refs. [15,19]. To study the intrinsic fluctuations inside
the TES, we consider the seminal work of Likharev and
Semenov [20] and later reviews [21,22]. We consider the
resistively shunted junction (RSJ) model previously pro-
posed to explain the excess noise in dc-biased TES [23],
extend it to the ac bias case, and provide experimental
evidence of its validity. Moreover, as proposed in
Refs. [24,25], we compare the RSJ approximation with
the generalized kinetic theory for fluctuations in super-
conductors derived by Kogan and Nagaev (KN) [26] and
show that the two models are consistent with each other
over a wide range of bias conditions, detector β values, and
for different TES geometries. In Ref. [25], only the results
for two dc biased TESs are reported and a relatively large
discrepancy between the two models is observed.
Following the method described in this Letter, the detector
noise is accurately estimated since we measure directly the
physical quantities required by the RSJ and KN models and
no free parameters are left. A fundamental difference
between a dc and ac biased TES is given by the evolution
of the superconducting phase across the SS0S or S-N-S
weak link. Under dc bias, due to the ac Josephson effect,

the phase φðtÞ increases linearly with time at a rate ωJ ¼
2eVdc=ℏ proportional to the bias voltage, where ωJ is the
bias dependent Josephson frequency. Under ac bias, on the
contrary, φðtÞ oscillates around an equilibrium value φ0 at a
frequency ωJ ¼ ωb, out of phase with respect to the ac bias
voltage VðtÞ ¼ Vac cosðωbtÞ, and with a peak amplitude
φpk ¼ 2eVac=ℏωb. Despite the difference, when studying
the voltage fluctuations within the weak-link context, both
the dc and ac biased TES can be seen as a periodical
nonstationary system with period 2π=ωJ. It is then con-
venient to represent the time dependent system as a
combination of Fourier series over frequencies ωm ¼ ωþ
mωJ and solve the problem of the weak-link dynamics as
done by Zorin [21,27]. It is shown that the voltage power
spectral density of the fluctuation SVðωÞ is the result of
parametric conversion of fluctuations mixed with
the Josephson oscillations and its harmonics. The relation
with the current power spectrum SIðωÞ is given by
SVðωÞ ¼

P
Z�
mm0 ðωÞZmm0 ðωÞSIðωmÞ. Here, Zmm0 ðωÞ is

the impedance matrix of the RSJ, with the indices m
and m0 standing for the respective harmonics of the
Josephson oscillation at ωJ [20,21]. When measuring the
noise at ω ≪ ωJ, the contribution from the higher har-
monics with jmj > 1 was shown to be negligible [28]. The
low frequency power spectral density of the voltage
fluctuations, averaged over the period of oscillation
2π=ωJ for a RSJ can be approximated [15,21,23,29] to

SVðωÞ ≃ R2
d

�
3

2

R
RN

�

1 −
1

3

�
R
RN

�
2
��

SIðωÞ; ð1Þ

where Rd ¼ ∂V=∂I ¼ Rð1þ βÞ is the detector dynamic
resistance at the bias point. The Equation (1) is valid both
for a dc and an ac biased TES [15].
A more general derivation of the spectral density of the

voltage fluctuation for a resistively shunted Josephson
contact, with arbitrary current-phase relation IðφÞ, has
been derived by Nagaev [30]. The calculation is done
for a junction biased at a current I > Ic in the region where
the quasiparticle distribution function is close to equilib-
rium and the correlation function of the current is deter-
mined by the JN formula. The spectral density SVðωÞ at
frequency ω < ωJ is equal to

SVðωÞ ¼ R2
d

�

1 −
V̂
2R2

d

∂Rd

∂I
�

SIðωÞ: ð2Þ

The two terms in the bracket describe the noise of the
thermal fluctuations at equilibrium and should be experi-
mentally compared with Eq. (1) derived for a RSJ with
sinusoidal current-phase relation. In the derivation of
Eqs. (1) and (2), the system is considered to be in
thermodynamic equilibrium and the fluctuation-dissipation
theorem applies for the thermally excited quasiparticles
[31] so that SIðωÞ ¼ 4kBT=ReðZTESðωÞÞ, i.e., the TES JN

FIG. 1. Current noise spectrum for a TiAu 80 × 20 μm2 TES
biased at 2.6 MHz, R=RN ¼ 13% and Tbath ¼ 55 mK. The
different lines show the noise contributions discussed in the text.
The vertical arrow indicates the measured excess noise with
respect to the estimated NEJN.
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noise is treated as equilibrium thermal noise with the
nonlinearity given by the Josephson impedance Zmm.
The TES electrical noise can be calculated rather

precisely from Eqs. (1) and (2) at each bias point after
estimating the detector electrothermal parameters. This is
done by evaluating the TES complex impedance
ZTESðω; I0; T0Þ using the standard technique of measuring
the detector current response to a voltage excitation at a
given frequency ω. The formalism for a dc and ac biased
TES has been described in Refs. [32,33], respectively. The
classical expression for ZTESðωÞ [32] has been modified in
Ref. [34] to include the intrinsic reactance predicted by the
RSJ model. The details are reviewed in Ref. [15].
The theoretical predictions described above can be

verified experimentally. By fitting the complex impedance
curves taken along the transition, as described in Ref. [15],
we estimate the TES linear parameters α, β, and the detector
time constants for many devices and bias frequencies. From
β and Rd ¼ Rð1þ βÞ, we calculate for each bias point the
total TES voltage spectral density as in Eq. (1).
Evaluating the JN noise from Eq. (2) requires the derivative

of the dynamic resistance with respect to the current, which
cannot be accurately obtained from the I-V characteristic. Our
technique of measuring ZTES provides a straightforward
estimation of Rd and ∂Rd=∂I. We use the fact that
∂Rd=∂I ¼ −R3

d∂2I=∂V2, and that the TES current response
to a small and slow modulation Vm cosωt of the voltage bias,
with Vm ≪ Vac and ω ≪ ωb, can be expanded as

IðV; tÞ ¼ IðVÞ þ ∂I
∂V Vm cosωtþ 1

2

∂2I
∂V2

V2
m cos2 ωtþ � � �

ð3Þ

The first harmonic is proportional to the inverse of the
dynamic resistance ∂I=∂V ¼ 1=Rd, while the second har-
monic gives the term ∂2I=∂V2, which is needed to estimate
the noise as in Eq. (2). When measuring the intrinsic

complex impedance curves, we fit the sinusoidal response
up to the third order, to capture the harmonic distortions
generated by the Josephson nonlinearity as a function of bias
point. An example of the fit of the response to a sinusoidal
excitation is shown in Ref. [15]. The coefficient of the first
and second order term of the fit is used to accurately estimate
the noise from the KN derivation.
We measured the noise for many pixels along the TES

resistive transitions. A typical dataset is shown in Fig. 2 for
a 80 × 40 μm TES biased at 2.5 MHz. The voltage noise,
measured in the kHz bandwidth, normalized to the thermal
noise of resistance R ¼ ReðZTESðωÞÞ, is plotted as a
function of R=RN , along with the different noise contri-
butions. The noise shows the expected oscillating behavior
from the Josephson effects being strongly correlated with
the TES dynamic resistance. The first main result is that the
NEJN dramatically underestimates the noise, in particular
at low R=RN values. The total observed noise is consistent
with the prediction from Eq. (1) or Eq. (2), within the 1σ
experimental uncertainties indicated by the shaded area
around the lines. This result is in agreement with the
fluctuation-dissipation theorem generalized for a nonlinear
system in thermal equilibrium. The major contribution to
the error bars derives from the uncertainties in the estima-
tion of the bias circuit parameters, known within 10%,
which propagate in the calculation of VTES, PTES, Gbath, α,
and β. The second important result is that both the RSJ
model and the derivation from KN explain equally well the
detector noise. This implies that the sinusoidal current-
phase relation assumed in the RSJ model is a good
approximation for the detectors and bias conditions dis-
cussed here. This is expected when a TES is treated as an
S-N-S long diffusive weak link with Thouless energy
ETH ¼ ℏD=L2, where D ≃ 0.092 m2=s is the diffusion
coefficient for Au and L ¼ 80–120 μm the TES length,
satisfying the condition ETH ≪ eV ≪ kBT. The contribu-
tion of the ITFN noise for this particular design is typically

FIG. 2. Measured voltage noise of the 80 × 40 μm TES as a function of bias point R=RN . From top to bottom: Tbath ¼ 53.0, 75.0, and
90.0 mK. The blue dot-dashed and the orange dashed lines are the prediction from Eqs. (1) and (2), respectively. The green dashed line is
the estimated ITFN. The black dotted line is the NEJN. The red line is the sum in quadrature of the RSJ and ITFN noise. Insets: the
normalized TES dynamic resistance, Rd ¼ Rð1þ βÞ as a function of R=RN .
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small, and accounts for about 20% of the total noise. The
ITFN is estimated from the Wiedemann-Franz law with
GTES ¼ L0T=R□, where L0 is the Lorenz number [35].
Some excess noise is observed at R=RN > 0.4 for Tb ¼ 55
and 75 mK, and it will be discussed later below.
To our knowledge, this is the first time that the general

derivation proposed by Nagaev [30] has been experimen-
tally compared against the RSJ prediction. Equation (2)
was used before Ref. [24] to explain the shot noise in the
coherent regime of long diffusive S-N-S junctions at low
bias voltage, eV < ETH. In Fig. 3, we summarize the noise

measurement done for many other pixels with the three
different TES geometries, biased at frequencies from 1.1 to
3.95 MHz. We plot the voltage noise as a function of the
factor 1þ 2β (derived for the NEJN [8]), after subtracting
the ITFN contribution. The solid red line is the expected
RSJ noise with the shaded area highlighting the 1σ
uncertainties. The dashed line is the calculated NEJN.
As shown by the small residual M2 calculated using the
RSJ model, the TES JN noise is in very good agreement
with the RSJ prediction over a large range of β and for the
high and low TES power regime (Tbath ¼ 53 and 90 mK,
respectively). The measured and expected noise is gen-
erally independent of the bias frequency. Excess noise is
observed at low value of β (≲3) with some pixels (for
example, the 120 × 20 μm2 biased at 1.1 MHz, and few
80 × 20 μm2 pixels at a Tbath ¼ 53 mK Fig. 3(a)). Figure 4
shows the details of the observed excess noise for two
devices as a function of R=RN and Tbath. This noise is
reduced when operating the device close to Tc, i.e., at lower
TES current [15]. We believe this noise is of a different
nature than the noise discussed above, which depends on
the TES R, β, and T and not on the current [Eq. (1)]. It is
likely due to a nonuniform current and temperature dis-
tribution inside the TES caused by the presence of normal
metal structures (the stems connecting the absorber [15]) in
the current path. The effect is minimized when operating

FIG. 3. Voltage noise, after ITFN subtraction, for three different
TES design and several bias frequencies, measured at Tbath ¼
53 mK (a) and Tbath ¼ 90 mK (b), respectively. The dashed line
shows the noise estimation from NEJN. The red solid line is the
prediction from the RSJ noise, with the shaded area indicating
the 1σ uncertainty on the calculated noise. The red open circle is
the residual M2 calculated with respect to the RSJ model for all
the measured pixels.

FIG. 4. Measured voltage noise at Tbath ¼ 55.0 mK of two
120 × 20 μm TES as a function of bias point R=RN biased,
respectively, at (a) 1.1 and (b) 2.2 MHz. The latter was measured
at (from top to bottom) Tbath ¼ 56.0, 75.0 and 85.0 mK. The red
curve is the expected RSJ and ITFN noise.
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the device close to Tc. From a recent investigation it seems
possible to eliminate the excess noise bumps by optimizing
the size and the position of the absorber-TES stems. A full
study is under way.
In conclusion, we have extensively characterized at MHz

bias the voltage fluctuations of TES microcalorimeters with
three different geometries and RN values. When subtracting
the expected ITFN noise, the residual noise in the JN
bandwidth can be well explained, over a large range of
experimental parameters (RN; VTES; fb; Tbath), from the
theory of noise in Josepshon weak links, following the
RSJ model or the more general derivation from KN [26].
The noise is consistent with the equilibrium thermal noise
and is enhanced by the nonlinear response of the weak link.
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