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Exact Real-Time Longitudinal Correlation Functions of the Massive XXZ Chain

Constantin Babenko ,1 Frank Gohmann ,1 Karol K. Kozlowski ,2 Jesko Sirker,3 and Junji Suzuki *
'Fakultiit fiir Mathematik und Naturwissenschaften, Bergische Universitit Wuppertal, 42097 Wuppertal, Germany
2Univ Lyon, ENS de Lyon, Univ Claude Bernard, CNRS, Laboratoire de Physique, F-69342 Lyon, France
3Department of Physics and Astronomy, and Manitoba Quantum Institute, University of Manitoba, Winnipeg R3T 2N2, Canada
4Department of Physics, Faculty of Science, Shizuoka University, Ohya 836, Suruga, Shizuoka, Japan

® (Received 16 December 2020; accepted 23 April 2021; published 25 May 2021)

We apply a recently developed thermal form factor expansion method to evaluate the real-time
longitudinal spin-spin correlation functions of the spin-% XXZ chain in the antiferromagnetically ordered
regime at zero temperature. An analytical result incorporating all types of excitations in the model is
obtained, without any approximations. This allows for the accurate calculation of the real-time correlations
in this strongly interacting quantum system for arbitrary distances and times.
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Dynamical correlation functions relate experimental
observables like structure factors and transport coefficients
to the microscopic details of quantum many-body systems.
They are notoriously hard to calculate as they simulta-
neously probe all timescales and length scales. A particular
class of many-body systems are integrable one-dimensional
(1D) systems with short-range interactions. Because of the
existence of a large number of local conserved quantities,
they exhibit a peculiar phenomenology: they do not relax to
a thermal equilibrium and can possess spin and charge
currents which do not fully decay in time. These unusual
properties are not only of fundamental interest but can be
observed in experiments on systems which are almost
integrable. This includes realizations of the 1D Bose gas in
which quench dynamics as well as dynamical correlations
in equilibrium have been studied [1-5]. The Heisenberg
chain can be realized using cold atomic gases in optical
lattices giving direct access to the spin dynamics in the
spatiotemporal domain and to spin transport phenomena
[6-9]. Good realizations of the Heisenberg chain also occur
as substructures in solid state systems [10-12]. Here
they provide access to response functions in the momen-
tum-frequency domain as, for example, the dynamical
spin-structure factor (DSF) [13]. They also allow for the
direct measurement of transport coefficients [14—17].
Recent attempts to devise a general description of 1D
close-to-integrable systems resulted in interesting pheno-
menological theories like the nonlinear Luttinger liquid
[18-22] or generalized hydrodynamics [23-27]. It is highly
desirable to underpin such new phenomenologies with
microscopic calculations. We note, moreover, that dynami-
cal correlation functions in cold atomic gases can now be
tested at timescales which are beyond the reach of modern
numerical techniques. An exact calculation of dynamical
correlation functions of 1D integrable models is therefore
important for our understanding of state-of-the-art
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experiments. At the same time, it provides benchmarks
for phenomenological theories and numerical methods.

Exact results on correlation functions are rather rare,
even in low dimensions, and are mostly related to models
belonging to the free fermion (FF) category [28]. For the
Ising model in the scaling limit, a remarkable link to the
Painlevé equations was established [29]. Dynamical corre-
lations were studied for the XY model [30] and interesting
phenomena of thermalization were addressed. An impor-
tant next step was to go beyond FF and deal exactly with
interacting systems. The vertex operator approach (VOA)
opened up a new avenue to do so based on form factor
expansions [31]. The evaluation of the two- and four-
spinon contributions to the transverse DSF of the massive
XXZ chain [32-34] and of the four-spinon contribution in
the XXX limit [35] were important outcomes of this
method. The complexity of the resultant multiple integrals
has, however, hindered any further analysis. A hidden FF
structure in the XXZ model was unveiled in Refs. [36,37],
and its remarkable outcome, the fermionic basis, yields
exact correlation functions up to considerably large dis-
tances [38,39]. The application of this method, however,
has been limited to the static case so far. The quantum
inverse scattering method (QISM) provides a complemen-
tary approach [40,41], based on a determinant formula
for the scalar product of on-shell and off-shell Bethe
vectors [42]. Under restrictions on the possible excitations,
it successfully reproduces the asymptotic correlation
functions [43,44] predicted by conformal field theory
(CFT) [45]. Yet, in order to recover the DSF for the full
range of frequencies and momenta, bound states must
be taken into account, which are neglected in the CFT
limit [46].

In this Letter we employ a recently developed [47,48]
form factor expansion for real-time correlation functions in
equilibrium and obtain a simple, explicit, closed-form

© 2021 American Physical Society
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expression including all orders of excitations. We consider
the XXZ chain with Hamiltonian

L
H = JZ{of_loj + 05 16? + Aoj_loj}

h L
-5 ()
=1

for length L — oo. Here ¢ are Pauli matrices, and J > 0 1is

the exchange constant. We restrict ourselves to the anti-
ferromagnetically ordered regime, characterized by values
A = cosh(y) > 1 of the anisotropy and by magnetic fields
in the range 0 < /1 < 4J sinh(y)93(0|q). Here we have set
q = e77, and the 9, denote elliptic theta functions [49]. The
special functions appearing here and below are summarized
in the Supplemental Material [50].

In the antiferromagnetically ordered regime, the one-
body properties of the elementary excitations are charac-
terized by

_r —iln M

pO) =5 +0-il <194(6—i}'/2|q2)> >
K | 95(6]q)

e(0) = 5" 2J sinh(y)95(0]¢)94(0[q) 192(9|6]) - O

where p(0) is the dressed momentum, &(6) the dressed
energy and 0 the rapidity of the quasiparticle. The inter-
action between excitations is described by the soliton
scattering matrix,

i 1_if
) Fq4(1 —|— 27)Fq4 (§ - 27’)
Ta(l-2ru(+59)

5(6) = e'Gt0 (4)

where T'; denotes the g-gamma function. Because of the
Yang-Baxter integrability of the model, any multiparticle
scattering can be reduced to multiple two-body scattering
events. One then naturally expects that correlation func-
tions can be described solely by (2)—(4). We will show that
an all-order expansion of the longitudinal dynamical
correlation functions can indeed be described by these
physical quantities with supplemental special functions of
the g-gamma function family.

Our framework combines the QISM and the quantum
transfer matrix (QTM) method [54-56]. The latter has been
devised for the investigation of finite temperature bulk
quantities and static correlation functions [57,58]. It was
generalized in Ref. [47], inspired by Ref. [59], to obtain
form factor expansions of dynamical correlations at finite
temperatures. We thus call it the thermal form factor
expansion method. It has been successfully applied to
the analysis of a FF model, the XX model [47,60].

Although we are interested in the dynamical correlations
in the ground state, we start from finite temperatures and
consider the limits .2, 7 — 0. This may look redundant at
first, but there are advantages of this approach. It is well

known that the diagonalization of the Hamiltonian leads to
string excitations of various lengths [61-63]. These are
solutions of the Bethe ansatz equations which form regular
patterns (“strings”) in the complex plane for L — co. Some
quantities which characterize the correlations become sin-
gular if they are evaluated at the ideal string positions, e.g.,
S(=%iy). The variety of string excitations and singularities
leads to serious technical difficulties. The VOA provides an
alternative description, free from string excitations, but its
answer suffers from the high intricacy of multiple integrals.
On the other hand, the QTM method, based on a mapping of
the 1D quantum system to a two-dimensional classical
system, does not directly deal with the Hamiltonian but
rather with a transfer matrix acting in an auxiliary space. The
possible excitations are thus different from those in the
Hamiltonian basis. A previous study, using the higher level
Bethe ansatz equations, concludes that only simple excita-
tions are possible for L — oo and A, T — 0 with the limit
T — 0 taken first [64]. Their distribution in the complex
rapidity plane can be interpreted as particle-hole excitations.
A rapidity y; of a particle excitation is situated on a curve
located above [—7/2; /2] such that Imy; ~ (y/2), while a
hole rapidity x; is located below and Imx; ~ —(y/2). These
excitations are not 2 strings since i (y; — x;) is generically
nonzero and J(y; —x;) does not approach y, even for
L — oo. Thus, the QTM excitations do not produce the
aforementioned singularities.
For the longitudinal correlation functions

(01(1)07,41(0)) = lim tr{o{()o,,, (0) exp(=H/T)}/ Z,

where Z is the partition function, the relevant excited states
consist of an equal number of particles and holes. Thus, the
resultant form factor expansion involves a sum over 7, the
number of particles and holes, and a sum over their possible
locations. The higher level Bethe ansatz analysis shows
that they obey a one-body equation for 7 — 0. The sum
over the possible locations is then replaced by simple
integrations [50],

Gm.1) = (63(1)0%,,(0)) — <—1>m(

km df
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"Z

) / (2n)

L (S T

= Zlf(m’ 1). (5)

The integer k € {0, 1} labels the degenerate ground states
and we have subtracted the contribution of the staggered

191,(0|61)>2
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mp(x;)—e(x;)t
J
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magnetization. There is some freedom to choose the
contours C: the simplest choice is to take straight seg-
ments of length # whose imaginary parts are +y/2 + 6
where § is positive. We will discuss the optimal choice of
the contours for a numerical evaluation later.

The main purpose of the Letter is to present the explicit
form of A%. Tt consists of determinants of two ¢ x ¢
|

_ P, P,
A _I}i;éﬁ {# -

matrices M and M and a scalar part. For a compact
presentation, we will use the shorthand notations

Pj — eZiy,-’ H. = e2ix,-’

; 1<j<¢,

and introduce the basic hypergeometric series [49,65],
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q®.{q°%

547,49
P
{P }l;éj’{qz i f

}r;éz]’q {q

{q P r:ﬁz/?q P ’{q

El

;q“, q*|. (6)

They originate from sums of residues of the soliton §
matrix at a particular series of poles. We further introduce

rf(Pj7Pi>
=)y ﬁ 1-f ﬁl—qz% -
(1—%)(1—q4%),:11—612%,#[‘/ 1_5:
and conveniently write W, (P}, P;) = r;(P;, P;)®,(P;, P;).
The matrix element M;; is then given by
M;; = 6;D;; + (1 =6;)E;; (8)
with
¢
. S(y; = yr)
:dJ D 1)k / L
e =P T =
Er — 0P, P+ By(Pr P (1 TS0 =2 9
ij — = 2(/ l)+ 2(} )( )gs(yi_xr) ()
Here we define for any function g(P, ..., Hy,--),
Q(Pl,...,Hl,"') :=g(P1_1,...,H1_1,"').

The matrix element ./\/1 is obtained from M;; by replacing

all y, < —x,. Then .A“ is explicitly represented as
ZqQ . 2
— (% (0lg) sm7>>
A% = det(M) det(M <—
M) M ™, 5lg)
XH15i<j5f’l/D(xi _xj)WD(yi _Yj>' (10)
Hi.jWD(xi - Yj)
We set P =%+ > {[p(v) = p(x)]/2}, T = —(zk/2)+

2= x)/2,

2y

and yp(0) = 91(0|¢*)y (0)y(—0). The symbol G, stands
for the g-Barnes’ G function. The overall constant u is
given by 9,(0|¢*)y(0).

We stress again that the compact formula (10) is valid for
arbitrary ¢ and is free from any approximations. A similar
all order formula has been derived for a quantum field
theoretical model in Ref. [66] but so far not for lattice
models. As an analytic benchmark, we can show that
Eq. (10) for Z = 1 successfully reproduces [48] the result
of the VOA for two spinons [67]. Generally, there is a
conjecture [68] about the equivalence of the contributions
from 2¢ spinons and from ¢ particle-hole excitations,
which will be analyzed in detail in a separate publication.

Our main result (10) is very efficient for the numerical
evaluation of the real-time dynamics. It allows us to obtain
G(m, 1) for arbitrary distances and times, thus going far
beyond of what can be achieved by purely numerical
algorithms. In Ref. [68] the static correlation functions
were investigated within the same framework, but using a
Fredholm determinant representation for A%, This inevi-
tably included a numerical discretization approximation
[69]. Although the results seem highly precise, it is
important to check them independently as the actual
evaluation involves numerical integrations. In the static
case, we can establish results with high precision by a
relatively small number of sampling points n, for 27
multiple integrations, see Table I. Once the system starts to
evolve in time, however, the numerical difficulty rapidly
increases and it becomes necessary to replace the numerical
estimation of the Fredholm determinants by an analytic
one. To assess the accuracy of a truncated thermal form
factor expansion in the dynamic case, we compare results
based on the # < 3 contributions with data obtained by a
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TABLE 1. Contributions to the static correlation G(2,0) from
small Z excitations for A = 1.1, 1.3. The last row shows the ratios
of the sums of the first three terms in Eq. (5) and the exact values
[70], demonstrating that keeping only excitations with # <3
already leads to highly accurate results.

A 1.1 1.3
1,(2,0) 0.2297348 0.2357141
1,(2,0) 3.913377 x 1072 6.978269 x 1073

15(2,0)
([] + 12 + 13)/exact

2.120959 x 1073
0.999998

1.614912 x 1073
0.99951

time-dependent density matrix renormalization group algo-
rithm (tDMRG) [71] in Fig. 1. The plots clearly indicate the
importance of including not just the £ = 1 but also at least
the # = 2 contribution to obtain results which agree with
the tDMRG data on this scale. Based on this comparison,
we restrict the following numerics to excitations up to
¢ =2 and leave a more detailed discussion of the con-
tributions of higher order excitations for a future study.

There are three asymptotic regimes, characterized by
two critical velocities v, < v., [72], or critical times
t., =m/v. (a=1, 2). We talk of the space regime if
t < t,, the precursor regime if 7., <t <, , and the time
regime if 7 > 7. . The qualitative differences between the
regimes can be better seen for larger m. This is immediately
handled by the form factor expansion approach since m
enters as a mere parameter. The correlation functions stay
largely flat in the space regime, see Fig. 2. Towards the
edge of the regime, there occurs an enhancement. After a
transient behavior in the precursor regime, the correlation
exhibits an oscillatory behavior.

Let us now briefly discuss some technical issues in
evaluating Eq. (5). In the time regime, the phase factors can
lead to serious numerical instabilities. The ordinary strategy
to overcome this problem is to deform the integration
contours, making them locally identical to the steepest
descendent paths (SDP). This, however, does not work
naively in the present case, since the SDPs for particles and

FIG. 1. The real part G'(m,t) = RG(m,1) for A = 1.2 with
(a) m = 2, and (b) m = 4: Contributions of a thermal form factor
expansion (symbols) are compared to tDMRG data (lines).

holes intersect, which leads to kinematic poles due to
wp(y; — x;) in the denominator of Eq. (10). To solve this
problem, we take advantage of the QTM formulation: we
return to finite temperatures and rewrite the formula in such
a way that the contribution from the intersecting part is
multiplied by the exponentially small factor e~'/7. Thus, in
the zero temperature limit, one can neglect contributions
from the kinematic poles. As a result, the two contours
become disentangled and can be treated separately.

Thanks to this trick, stable calculations at long times
become possible, see Fig. 3(a). As a further test in the time
regime, we compare in Fig. 3(b) our results to those
obtained from the two-spinon term in a saddle point
approximation [72], which is expected to be valid asymp-
totically in time. The predicted asymptotic behavior is
given by G(m, t) ~ e/t for m even with @ ~ J.

Finally, as a first application of Eq. (10), we evaluate the
longitudinal DSF S__ (¢, @), which is directly measurable in
neutron scattering experiments. In contrast to S, _ [32], the
evaluation of §,, in the massive regime is technically
difficult and the two-spinon result within the VOA has
only recently been reported [73]. On the other hand,
Egs. (5) and (10) allow us to obtain the dynamical correla-
tions for large m and ¢, and we can readily perform a
numerical Fourier transform. We subtract the contribution
of the staggered magnetization and include both # = 1 and
¢ = 2 excitations. The case A =2 is plotted in Fig. 4
showing that the lineshapes as well as the weights for small
q are well resolved. We have checked that the sum rules
[74] are satisfied with good accuracy. The £ = 1 excitations
are constrained to the spinon energy band with lower and
upper boundaries [32] @y, ~9.06J, @, ~11.76J(q =
7/2) and wyoy, ~ 1.56J, w,, ~ 16.56J(q = ), respectively.
Higher ¢ excitations lead to a high-frequency tail that
becomes more prominent for A — 1 [75]. For larger A, the
peaks will shift to larger @ and have smaller amplitudes. For
T < 1, the line shape only weakly depends on the magnetic
field if it is smaller than the lower critical field, in sharp
contrast to the massless case (JA| < 1).

G'(30,t) G'(20,t) G'(10,1)

FIG. 2. The real part G'(m, 1) for different m and A = 1.2. The
dashed lines indicate the critical times J7., and Jz.,. For A — 1,
t., = 1., so there exists only an extremely narrow precursor
regime (not visible on this scale) for A = 1.2.
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— real part ]
— imaginary part

1 " 1 " 1 "
100 g 150 200 250

100 102108 J't 06 108 110
FIG. 3. (a) G(1,¢) atlong times for A = 1.2. (b) Comparison of
G'(2,1) obtained by using the form factor expansion (symbols)
with the two-spinon asymptotics (line) for A = 1.4.

To summarize, we have presented a closed-form expres-
sion, incorporating all orders of particle-hole excitations,
for the dynamical longitudinal correlation functions of the
massive XXZ chain. This result opens up a new avenue to
understand the dynamical response of strongly interacting
quantum systems and is directly relevant for recent experi-
ments on cold atomic gases. It does also provide a bench-
mark for the development of numerical algorithms
including, for example, recent attempts to learn quantum
dynamics using neural networks [76]. We note, further-
more, that the isotropic Heisenberg model, A =1 in
Eq. (1), is immediately obtained by rescaling all rapidities
Xj, y; by yx;, yy; and by taking y — 0. As all /, contribute
with equal weight to the long-time asymptotic behavior, the
explicit formula (10) will be an indispensable tool to study
this limit in detail. Extensions to finite temperatures are
promising and explicit expressions are already available
from thermal form factor expansions if 7/J < 1 [48].
Further progress in dealing with the kinematic poles along
the lines of Ref. [60] is expected and will make it possible

7
6- a=r 2r L
| |— q=n/2 3 — 1, (x100)
— q=n/4 e I
N |=g=n8 x5)| |
~ I 1+
3 4f
é L
V:”3_
2
1
O " 1 . | "
0 5 10 15 20

o/J

FIG.4. S_ (g, ) with A = 2 for various wave numbers g. Note
that subsequent curves are shifted vertically by 0.5. Inset: The
¢ =1 contribution is nonzero only within the two-spinon
continuum  [wj,y, ®,,] While # = 2 excitations contribute also
for w > wyy,.

to access higher temperatures. A detailed analysis of the
dynamical structure factor will also be an important subject
of future studies.
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