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We demonstrate theoretically and experimentally that injection of momentum in a region surrounding an
object in microscale flow can yield both “cloaking” conditions, where the flow field outside the cloaking
region is unaffected by the object, and “shielding” conditions, where the hydrodynamic forces on the object
are eliminated. Using field-effect electro-osmosis as a mechanism for injection of momentum, we present a
theoretical framework and analytical solutions for a range of geometrical shapes, validate these both
numerically and experimentally, and demonstrate the ability to dynamically switch between the different
states.
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Introduction.—Some 15 years ago, rapid progress was
made in rendering objects invisible by cloaking them with
metamaterials. After the development of a theoretical
foundation for cloaking based on ray optics [1] and wave
optics [2,3], experiments were reported that demonstrate
invisibility cloaks in the microwave [4] and the infrared
regime [5]. Effectively, these cloaks are shells composed of
metamaterials with a tailor-made distribution of the effec-
tive dielectric permittivity and/or magnetic permeability,
determined utilizing the invariance of Maxwell’s equations
under a transformation of the spatial coordinates [6].
Cloaking was also demonstrated by wrapping the object
with a metasurface, a thin skin equipped with frequency
selective patterns [7] or optical nanoantennas [8], replacing
bulk metamaterials.
The concept of cloaking is not limited to optics and

recently was extended to other scientific areas, including
acoustic waves [9,10], conductive heat flux [11–14],
stresses in an elastic medium [15–17], dc electric currents
[18], and quantum mechanical matter waves [19].
Specifically, there are reports of hydrodynamic cloaks
for both high and low Reynolds number flows. In terms
of high Reynolds numbers, it was demonstrated how
cloaking regions for waves propagating along liquid
surfaces can be formed [20,21]. Of particular relevance
to this work are hydrodynamic cloaks in the low Reynolds
number regime. Urzhumov and Smith presented a
theoretical concept for cloaking an object from three-
dimensional unbounded fluid flow by embedding it in a
medium with spatially varying porosity [22], and further
extended their analysis to the case of a two-dimensional
flow around a cylinder in a medium with mixed positive
and negative permeabilities [23]. Park et al. [24]

experimentally demonstrated a hydrodynamic metamaterial
cloak inside a microchannel consisting of an arrangement
of micropillars, showing a fivefold drag reduction on the
object. More recently, there has been a growing interest in
realizing metamaterial-less hydrodynamic cloaks through
varying the channel depth around an obstacle [25] or
locally introducing and withdrawing liquid [26].
Strictly speaking, in analogy to optics, “hydrodynamic

cloaking” should refer to a state wherein the (flow) field
external to some region around an object is unaffected by
the presence of the object [see Fig. 1(b)]. However, several
publications referred to the elimination of hydrodynamic
forces on the object as cloaking [24]. To avoid such
ambiguity, we here refer to the latter as “hydrodynamic
shielding” [see Fig. 1(c)].
We here present a new theoretical approach and an

experimental demonstration of hydrodynamic cloaking and
shielding in a microfluidic chamber that does not rely on
metamaterials. Instead, we take advantage of the fact that
flow fields on small scales are completely governed by
momentum sources at boundaries and can be linearly
superposed. An effective way to create such momentum
sources is electro-osmotic flow (EOF)—an electrokinetic
phenomenon that generates flow due to the interaction of an
applied electric field with native or induced net charge at
liquid-solid interfaces [27]. Here, we focus on alternating-
current field-effect electro-osmosis (ac FEEO) [28,29] as a
mechanism for spatially inducing such charge, allowing
spatial control of momentum injection around the object.
We lay out a theoretical framework and closed-form
analytical solutions allowing us to achieve both cloaking
and shielding conditions for a range of geometrical shapes,
and validate these both numerically and experimentally.
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The corresponding “cloaks” and “shields” presented here
have simpler structures than their metamaterial equivalents,
can be activated or deactivated on demand, and allow real-
time transformation from one state to the other.
Theoretical modeling.—Figure 1 presents a schematic of

the configuration used for modeling and experiments as
well a conceptual illustration of the resulting hydrodynamic
cloaking and shielding states. The setup consists of a
pillarlike object with arbitrary cross-sectional geometry
confined between two parallel plates of length L̃ and width
W̃ separated by a small gap h̃ (h̃ ≪ L̃, W̃), forming a
Hele-Shaw chamber [Fig. 1(a)]. As shown in Fig. 2, the
cross-sectional geometry of the object is defined by
r̃objðθÞ ¼ r̃0ð1þ βfðθÞÞ, where fðθÞ is an arbitrary dimen-
sionless smooth function and β is a parameter representing
the geometrical deviations from a perfectly cylindrical
shape with radius r̃0.
The chamber contains a liquid subjected to pressure-

driven flow with a far-field mean velocity of ũext along the x̃
axis. Around the object, the flow field ũ and the pressure
distribution p̃ are distorted by the object, resulting in curved
streamlines and a hydrodynamic force on the object. We

consider a configuration in which the object is surrounded by
a cloaking or shielding region, wherein the zeta potential ζ̃0
on the lower and upper plates can be modified relative to the
rest of the chamber. This control region has an outer radius
r̃cl; shðθÞ ¼ r̃a þ βr̃0gðθÞ, where gðθÞ describes the shape
deviations from a circle with a radius r̃a, satisfying r̃a > r̃0.
We assume that the object is dielectric and acquires the same
zeta potential ζ̃0 as the control region surrounding it. Upon
application of an electric field Ẽ along the x̃ axis, a
nonuniform electro-osmotic flow is established in addition
to the baseline flow, thus modifying the pressure distribution
[30,31]. By controlling the surface potential in the control
region, the pressure distribution can be tuned to eliminate
pressure gradients within the region, thus creating shielding
conditions [Fig. 1(c)] or to hide the object in a cloaking
region, such that the flow outside is unaltered by the
presence of the object [Fig. 1(b)].
Considering shallow geometries ðh̃ ≪ r̃0 ≪ L̃; W̃Þ, neg-

ligible fluidic inertia and assuming a thin electric double
layer, the governing equations for the depth-averaged
velocity h ũki, the pressure p̃, and the electrostatic potential
φ̃ are (see Supplemental Material [32])

hũki ¼ − h̃2

12μ̃
∇̃kp̃þ ũslip; ð1Þ

∇̃2
kp̃ ¼ 12ε̃

h̃2
∇̃kφ̃ · ∇̃khζ̃i; ð2Þ

and

∇̃2
kφ̃ ¼ 0; ð3Þ

where ∇̃k and ∇̃2
k are the two-dimensional gradient and

Laplacian in the x̃-ỹ plane and ũslip is the depth-averaged
Helmholtz-Smoluchowski slip velocity [27],

FIG. 2. Schematic illustration of the depth-averaged two-
dimensional system used for theoretical modeling. r̃objðθÞ and
r̃cl; shðθÞ represent the parametrization of the object shape and the
cloaking and shielding region in which fðθÞ and gðθÞ describe the
geometrical deviations from perfectly cylindrical and circular
shapes, respectively.

FIG. 1. Illustration of the concept of hydrodynamic cloaking and shielding and the configuration used for its modeling and
experimental visualization. (a) The setup consists of a microfluidic chamber containing a pillarlike object with arbitrary cross-sectional
geometry confined between two parallel plates. On the bottom plate, surrounding the object, is a gate electrode designed to cloak or
shield the object. The chamber is filled with a liquid subjected to a pressure gradient resulting in a flow that in the native case curves
around the object and exerts a force on it. By activating and controlling the EOF around the object, the velocity field and pressure
distribution can be tuned either to cloak the object (b), such that the flow outside the electrode region remains uniform, or to shield the
object (c) by creating a uniform pressure in its vicinity and eliminating the force on it.

PHYSICAL REVIEW LETTERS 126, 184502 (2021)

184502-2



ũslip ¼
ε̃hζ̃i
μ̃

∇̃kφ̃ for r̃obj ≤ r̃ < r̃cl;sh: ð4Þ

Here, μ̃ is the fluid viscosity, ε̃ is the fluid permittivity,
hζ̃i is the mean value of the zeta potential on the lower and
upper plates, and φ̃ is the electrostatic potential related to
the electric field Ẽk through Ẽk ¼ −∇̃kφ̃. We assume
hζ̃i ¼ ζ̃0 within the cloaking and shielding region, and
zero elsewhere.
To determine the conditions for cloaking and shielding

analytically, we express the boundaries of the object and of
the cloaking and shielding region assuming small devia-
tions from a circle, jβj ≪ 1, and assume that fðθÞ and gðθÞ
are periodic functions that can be expressed as Fourier
series expansions,

fðθÞ ¼
X∞

n¼0

½an cosðnθÞ þ bn sinðnθÞ�;

gðθÞ ¼
X∞

n¼0

½dn cosðnθÞ þ hn sinðnθÞ�: ð5Þ

While the object shape fðθÞ and coefficients an, bn are
predefined, the shape of the cloaking and shielding region,
given by gðθÞ and coefficients dn, hn, is a priori unknown

and is determined as a part of the solution. The
above Fourier series will converge for any function differ-
entiable everywhere in the domain (see additional com-
ments for discontinuous functions in the Supplemental
Material [32]).
To obtain a solution of the governing equations (1)–(4),

we employ the domain perturbation method with regard to
the small geometric parameter β, up to first order. The
leading-order solution of this expansion corresponds to the
case of a cylindrical object surrounded by an annular
cloaking and shielding region, while the first-order correc-
tion represents the effect of the noncircular shape of the
object. We solve the problem assuming an unbounded
domain, enabled by the fact that the boundaries of the
chamber are located far from the cloaking and shielding
region [32,42]. Solving the uncoupled Laplace equation (3),
we derive the leading- and first-order solutions for the
electrostatic potential. Using Eq. (4), ũslip can be expressed
in the form ũslip ¼ ũEOFG(r̃=r̃0; fðθÞ; β), where ũEOF ¼−ε̃hζ̃iẼ=μ̃ and G is a nondimensional function that
spatially varies in the cloaking and shielding region and
vanishes elsewhere. Combining this result with Eqs. (1) and
(2), we obtain closed-form solutions for the pressure and
flow field in the leading and first orders.
The leading-order pressure distribution is [32],

p̃ ¼

8
>>>><

>>>>:

6μ̃

h̃2r̃2a
½ðr̃2a − r̃20ÞũEOF − 2r̃2aũext�

�
r̃þ r̃20

r̃

�
cos θ ; r̃0 < r̃ < r̃a ;

�
6μ̃

h̃2r̃2a
½ðr̃4a − r̃40ÞũEOF − 2r̃2ar̃20ũext�

1

r̃
− 12μ̃ũextr̃

h̃2

�
cos θ ; r̃ > r̃a :

ð6Þ

For hydrodynamic cloaking, the flow field outside the
cloaking region should be uniform, hũki ¼ ũextx̂. Since in
this region the pressure and velocity are related through
hũki ¼ −h̃2∇̃kp̃=12μ̃; this condition results in the require-
ment p̃ ¼ −12μ̃ũextr̃ cos θ=h̃2 outside the cloaking region,
which is satisfied when

ũEOF ¼
2r̃2ar̃20
r̃4a − r̃40

ũext: ð7Þ

For hydrodynamic shielding, we first note that in Hele-
Shaw configurations, h̃=r̃0 ≪ 1, a scaling analysis shows
that the viscous stress contribution τ̃ to the hydrodynamic
stress tensor σ̃ ¼ −p̃I þ τ̃ is negligible compared to the
pressure contribution. The latter is also confirmed by our
three-dimensional finite-element simulations [32]. We
therefore neglect the viscous stress contribution and
express the hydrodynamic force acting on the object as
F̃ ¼ −h̃ R 2π

0 p̃jr̃¼r̃obj n̂objr̃obj dθ, where dS̃ ¼ h̃r̃objdθ þ
Oðβ2Þ is the surface element of the object and

n̂obj ¼ r̂ − βf0ðθÞθ̂þOðβ2Þ is the outward normal to S̃.
Considering the leading order and using Eq. (6), we find
that the hydrodynamic force is eliminated when

ũEOF ¼
2r̃2a

r̃2a − r̃20
ũext; ð8Þ

which also corresponds to uniform pressure in the entire
shielding region.
To determine the shape of the cloaking and shielding

region we use the first-order solution (see [32] for the
detailed derivation). In the case of cloaking, we require the
flow field outside the cloaking region to be uniform, and
the resulting coefficients dn, hn that define the shape gðθÞ
are found from the recursive equations

dn ¼ r2a
1þ r2na

1þ r2ðnþ2Þ
a

dnþ2 − 1

rn−1a
ðanþ2 − anÞ;

hn ¼ r2a
1þ r2na

1þ r2ðnþ2Þ
a

hnþ2 − 1

rn−1a
ðbnþ2 − bnÞ; ð9Þ
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where ra ¼ r̃a=r̃0 and we choose the seed values
for the coefficients dnþ1, dnþ2, hnþ1, hnþ2 such
that dnmaxþ1 ¼ dnmaxþ2 ¼ hnmaxþ1 ¼ hnmaxþ2 ¼ 0 and an,
bn ¼ 0∀ n > nmax, where n ¼ nmax is the maximum sum-
mation index. Under this choice, there is a finite number of
nonvanishing coefficients since Eq. (9) yields dn ¼ hn ¼ 0
for n > nmax þ 2. Together, Eqs. (7) and (9) define the shape
and velocity magnitude of the hydrodynamic cloaking region.
In the case of shielding, to uniquely determine gðθÞ

we require the absence of a first-order force contribu-
tion and the fulfillment of the Helmholtz-Smoluchowski
slip boundary condition at the object surface to obtain

dn ¼
an
rn−1a

; hn ¼
bn
rn−1a

; n ¼ 0; 1; 2; 3;…: ð10Þ

Together, relations (8) and (10) define the shape andvelocity
magnitude of the hydrodynamic shielding region [46].
Figures 3(a)–3(c) present the theoretical pressure dis-

tribution (color map) and streamlines (white lines) for a
cylindrical object subjected to pure pressure-driven flow,
pressure-driven flow with shielding activated, and pressure-
driven flow with cloaking activated. Under shielding
conditions [Eq. (8)], the pressure inside the region sur-
rounding the cylinder becomes uniform and the force on the
object vanishes. Under cloaking conditions [Eq. (7)], the
streamlines outside of the control region are straight,
unmodified relative to the uniform far field, and undis-
turbed by the object. We validated the theoretical results

based on a two-dimensional model by performing three-
dimensional finite-element simulations, showing good
agreement (see complete details in [32]). Using the
numerical results, we calculate the hydrodynamic force
on the cylindrical object, achieving a force reduction from
552 pN under pressure-driven flow to −50.4 pN under the
shielding conditions. The negative value of the force
indicates that the theory slightly overpredicts the magnitude
of ũEOF required for perfect shielding. For the case of
cloaking, the force decreases by approximately 28%, in
good agreement with the theory that predicts a 25%
reduction.
Experimental observations.—To experimentally demon-

strate hydrodynamic cloaking and shielding, we used a
15 μm deep microfluidic chamber, connected to two
reservoirs [Fig. 1(a)] and filled with an aqueous electrolyte
)10 mM acetic acid, 1 mM NaOH). The object with a

characteristic dimension of 100 μm is located at the center
of the chamber and is surrounded at its base by a gate
electrode covered with a dielectric and shaped as the
desired cloaking and shielding region. We controlled
the pressure-driven flow by imposing a pressure difference
between the two reservoirs, and the EOF on top of the gate
electrode by using ac FEEO [44,47]. In brief, the zeta
potential on the gate electrode region is set by applying an
ac potential difference between the gate electrode and the
bulk liquid, in sync with a driving electric field along
the chamber. The resulting time averaged EOF is zero
outside the electrode region, whereas it can be dynamically

FIG. 3. Demonstration of hydrodynamic cloaking and shielding for the case of a cylindrical object. (a)–(c) Theoretical pressure
distribution (color map) and streamlines (white lines) corresponding to (a) pressure-driven flow, (b) shielding with ũext ¼ 10.2 μm=s,
and (c) cloaking with ũext ¼ 51.0 μm=s, satisfying Eqs. (8) and (7) when ũEOF ¼ 27.2 μm=s. (d)–(f) Experimental flow fields (blue
arrows) and resulting streamlines (black lines) corresponding to (d) pressure-driven flow with ũext ¼ 9.38 μm=s, (e) shielding with
ũext ¼ 9.33 μm=s, and (f) cloaking with ũext ¼ 53.8 μm=s, for ũEOF ¼ 27.2 μm=s. The cloaking and shielding region (purple line) is a
circular annulus with r̃a ¼ 2r̃0.
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controlled on top of the gate electrode by tuning the gate
potential and the driving electric field.
We performed a series of experiments with different

pressure-driven flow velocities at a fixed gate potential of
50 Vand driving electric field of 200 V=cm, and visualized
the flow field based on particle image velocimetry [45]
using 1 μm fluorescent tracer particles. We measured the
mean pressure-driven velocity ũext by averaging velocity
vectors far from the object where the flow is uniform and
unaffected by the object. To obtain the value of ũEOF we
recorded the flow field generated solely by the ac FEEO
and fitted the resulting velocity map to a theoretically
predicted flow field, yielding a value of ũEOF ¼ 27.2 μm=s
for the cylindrical object [32]. Using this value and Eqs. (7)
and (8), we predict that the pressure-driven velocities
satisfying the shielding and cloaking conditions are
ũext ¼ 10.2 μm=s and ũext ¼ 51.0 μm=s, respectively. To
find the experimental value of ũext required for cloaking
and shielding, we tested different pressure-driven velocities
ũext. We computed their deviation from the theoretical flow
fields, and determined the ũext value that yields the
minimum deviation from the desired conditions. For
shielding we obtained ũext ¼ 9.33 μm=s and for cloaking
ũext ¼ 53.8 μm=s, both in good agreement with the
theoretical prediction. Figures 3(d)–3(f) present the

experimentally observed flow fields (blue arrows) and
resulting streamlines (black lines) for the native, shielded,
and cloaked conditions. Movie 1 in Supplemental Material
[32] demonstrates the ability to transition from cloaking to
shielding conditions in real time by modifying the gate
potential of the control region.
Cloaking and shielding of complex-shaped objects.—

Applying our method to more complex shapes, we present
in Fig. 4 hydrodynamic cloaking and shielding for the case
of a flower-shaped object with gðθÞ ¼ − cosð5θÞ and
β ¼ 0.1. Figures 4(a), 4(b) and Figs. 4(c), 4(d) present
the theoretical and the experimental results, respectively,
corresponding to shielding and cloaking conditions.
Similarly to the case of a cylindrical object, the exper-
imental values of ũext ¼ 10.0 μm=s for shielding and
ũext ¼ 48.1 μm=s for cloaking, are in good agreement with
the theoretical cloaking (ũext ¼ 49.3 μm=s) and shielding
(ũext ¼ 9.86 μm=s) values. We further calculate the hydro-
dynamic forces on the object using the numerical simu-
lations, finding that the force drops from 558 pN to
−42.1 pN when the electro-osmotic shield is activated,
demonstrating the applicability of our method to shield
complex-shaped objects.
Conclusions and outlook.—We presented a new concept

for the cloaking and shielding of objects in microscale
flows, which uses injection of momentum via electro-
osmosis, eliminating the dependence on complex meta-
material structures. We provided a complete theoretical
framework that allows to compute the shielding or cloaking
conditions for complex geometries, and validated it both
numerically and experimentally. Furthermore, we showed
the ability to turn the cloaking and shielding on and off on
demand, as well as to transition from shielding to cloaking
and vice versa in real time. Through its real-time adaptivity,
this method introduces a new paradigm for hydrodynamic
cloaking and shielding and goes beyond many existing
cloaking concepts in other areas. A metamaterial can
usually not be reconfigured, which means that the cloak
cannot be adapted to changes in the incoming (electro-
magnetic, flow, temperature etc.) field. The characteristic
timescale for flow modulations via the employed gate
electrode is given by the momentum diffusion time h̃2=ν̃,
where ν̃ is the kinematic viscosity of the fluid. In our
device, the momentum diffusion time is of the order of
10−4 s, allowing us to rapidly adapt to changes in the flow.
To approach full adaptivity, it is conceivable to replace the
existing gate electrode by an array of individually address-
able electrodes that can be activated in a specific pattern
corresponding to the instantaneous structure of the incom-
ing flow.
The concepts of cloaking and shielding may also have

very practical applications in the field of microfluidics. For
example, shielding can be used as a type of hydrodynamic
“tweezer,” allowing us to either hold objects stationary in a
flow, or control their in-plane motion. Controlling the force

FIG. 4. Demonstration of hydrodynamic cloaking and
shielding for the case of a flower-shaped object. (a),(b) Theoretical
pressure distribution (color map) and streamlines (white lines)
corresponding to (a) shielding with ũext ¼ 9.86 μm=s, and
(b) cloaking with ũext ¼ 49.3 μm=s, satisfying Eqs. (8) and (7)
when ũEOF ¼ 26.3 μm=s. (c),(d) Experimental flow field (blue
arrows) and resulting streamlines (black lines) corresponding to
(c) shielding with ũext ¼ 10.0 μm=s, and (d) cloaking with
ũext ¼ 48.1 μm=s, for ũEOF ¼ 26.3 μm=s. The object (white
region) is defined by gðθÞ ¼ − cosð5θÞ and β ¼ 0.1, and the
cloaking and shielding region (purple line) is defined by Eqs. (9)
and (10) with r̃a ¼ 2r̃0.
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distribution around an object may also prove interesting in
inducing desired deformations on soft objects such as cells
and small model organisms. This could be leveraged both
as a diagnostics-sensing mechanism (e.g., the rigidity of
cancer cells has been shown to significantly increase
relative to healthy cells [48]) or as a mechanism for
induction of mechanical stimulation.
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