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We study the stochastic dynamics of an electrolyte driven by a uniform external electric field and show
that it exhibits generic scale invariance despite the presence of Debye screening. The resulting long-range
correlations give rise to a Casimir-like fluctuation-induced force between neutral boundaries that confine
the ions; this force is controlled by the external electric field, and it can be both attractive and repulsive with
similar boundary conditions, unlike other long-range fluctuation-induced forces. This work highlights the
importance of nonequilibrium correlations in electrolytes and shows how they can be used to tune
interactions between uncharged biological or synthetic structures at large separations.

DOI: 10.1103/PhysRevLett.126.158002

Fluctuation-induced forces (FIFs) can arise in a wide
range of systems where external objects modify the
spectrum of the fluctuations in a correlated medium
[1,2]. Such forces only act at short distances when the
confined fluctuations have a finite correlation length, for
instance the Debye screening length in electrolytes [3,4];
scale-free correlations, on the other hand, can give rise to
long-ranged FIFs with universal properties [5], e.g., in the
case of Casimir attraction between metallic plates in
vacuum [6] and forces arising from critical fluctuations
in thermal equilibrium [7,8]. The extent to which critical
Casimir forces can be controlled has especially been
investigated in recent years due to their practicality in
colloidal systems [9]. Out of thermal equilibrium, long-
range correlations are common as they arise, e.g., from the
interplay between the conservation laws and a mismatch
between fluctuations and dissipation [10–12]. The ensuing
FIFs have been studied in a variety of settings such as
nonuniform temperature profiles [13], nonequilibrium dif-
fusive dynamics [14], temperature quenches [15,16], active
systems [17], and Brownian and driven charged par-
ticles [18,19].
Confined electrolytes and ionic liquids are highly struc-

tured fluids [20] that are ubiquitous in various areas of
nanotechnology [21,22] and biology [23,24], for instance
in biological or synthetic nanopores (see Fig. 1). Recently,
there have been experimental observations of force gen-
eration in charged solutions which deviate considerably

from mean-field predictions [25,26]. It is therefore desir-
able to understand the generic mechanisms by which
correlations in these systems may give rise to fluc-
tuation-induced interactions.
It is well known that in thermal equilibrium, the

correlations in an electrolyte are exponentially screened
beyond the Debye length [27]. Here, we examine the long-
distance behavior of a strong electrolyte when it is driven
out of equilibrium by an external electric field, and we
show that the anisotropy introduced by the electric field
gives rise to power-law correlations and generically scale
invariant dynamics [28,29]. Such scale-free correlations
have considerable implications on the dynamics of external
boundaries that enclose the electrolyte. Using the Maxwell
stress tensor, we calculate the FIF that results from

FIG. 1. Schematics of an ion channel (left) and the generic
setup of a driven electrolyte in flat geometry studied here (right).
The external electric field E ¼ Eêx drives the positive and
negative charges in opposite directions (black arrows) and, in
addition, the charges exert electrostatic forces on each other (gray
arrows). The system is open along the x and z axes, and it is
confined by neutral plates (with similar boundary conditions) in
the y direction.
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confining the electrolyte driven by the external field E ¼
Eêx parallel to neutral flat boundaries [30] (see Fig. 1); we
find that in d spatial dimensions, the normal force per unit
area of the plates is given by

F
S
¼ −

kBT
Hd E4AðE; λÞ ¼ −

ð ϵin
2Sd

E2Þ2
kBTC0

AðE; λÞ
C0Hd ; ð1Þ

where H is the separation between the plates. This force
depends on the dimensionless parameter E, which repre-
sents the ratio between the electric field (Maxwell) stress
and the osmotic pressure of the electrolyte, and on the
dielectric contrast λ that are defined as follows:

E ¼
� ϵin

2Sd
E2

kBTC0

�1=2
; and λ ¼ ϵin − ϵout

ϵin þ ϵout
: ð2Þ

In these relations, ϵin and ϵout are the permittivities of the
electrolyte and the boundary material, respectively, C0 is
the mean concentration (of each charge) in the electrolyte,
and Sd ¼ 2πd=2=Γðd=2Þ is the area of the d-dimensional
unit sphere. The dimensionless amplitudeA is independent
of the applied field for E ≪ 1, implying that the FIF scales
as ∼E4 for relatively weak electric fields; for E ≫ 1, on the
other hand, one has A ∼ 1=E2, and therefore for large
applied electric fields the force scales as ∼E2 (see Table I
and Fig. 2). Intriguingly, the amplitude A varies non-
monotonically with E (in addition to λ), and it can also
change sign (see Fig. 2). The sign change indicates that the
resulting FIF can be tuned to be both repulsive and

attractive in the same setup with symmetric boundary
conditions. It is worth noting that the force studied here
is purely due to fluctuation effects and a change in the sign
of this generic long-range FIF is a unique feature that
distinguishes the present results from, e.g., modifications of
critical Casimir forces on introducing additional surface or
bulk features that contribute to the force [31–35].
Stochastic density equations.—We consider a strong

simple electrolyte which consists of an equal number of
cations and anions with charges �Q and with equal
mobilities μþ ¼ μ− ¼ μ (see the note below Eq. (6) on
unequal mobilities). The individual cations and
anions, labeled by a, move under the combined influence
of the external electric field (E), the electrostatic field of other
ions (−∇ϕ), and Brownian motion [37] due to thermal noise
(η�a ). In the overdamped regime, the trajectory r�a ðtÞ of a
cation or anion is governed by the Langevin dynamics
_r�a ðtÞ ¼ μð�QÞ½−∇ϕðr�a ðtÞÞ þ E� þ ffiffiffiffiffiffiffi

2D
p

η�a ðtÞ [38,39].
The thermal noises η�a are independent Gaussian white
noises characterized by hηþaiðtÞηþbjðt0Þi ¼ hη−aiðtÞη−bjðt0Þi ¼
δabδijδðt − t0Þ and zeromean (a andb are particle indices and
i and j represent vector components). At this microscopic
level, the fluctuation-dissipation relation connects the noise
strength D to the mobility μ through the Einstein relation
μ ¼ βD, where β ¼ 1=ðkBTÞ is the inverse temperature.
Note that we neglect the hydrodynamic effects of the solvent
throughout this work [40].
Using the instantaneous number density of each type of

charge, which is defined as C�ðr; tÞ ¼ P
a δ

dðr − r�a ðtÞÞ,

(a) (b) (c)

FIG. 2. The FIF amplitude A as a function of λ for (a) small and (b) large electric fields. Panel (c) shows A as a function of E for
various values of λ. The solid lines correspond to the numerical evaluation of Eq. (10), while the dashed lines in (a) and (b) are,
respectively, the approximate forms for E ≪ 1 (independent of E) and E ≫ 1 (computed for E ¼ 3). The asymptotic expressions in
Table I reveal three distinct behaviors ofA as a function of E [panel (c)]: for−0.31≲ λ < 0, the amplitudeA is initially negative, crosses
to positive values, and falls off to zero for large E; for 0 < λ ≲ 0.17, the amplitude A is initially positive, crosses to negative values
before approaching zero from below for large E; and, finally, for λ ≲ −0.31 or λ≳ 0.17, A remains positive when E is varied.

TABLE I. Leading order approximations of the dimensionless stress amplitude AðE; λÞ in d ¼ 3, obtained from
expanding Eq. (10) [corrections are OðE2Þ for E ≪ 1, and OðE−4Þ for E ≫ 1]. The relevant values of the Riemann
zeta function are ζð5Þ ≈ 1.04 and ζð3Þ ≈ 1.20. (For derivations as well as asymptotic expressions in d ¼ 2, see
Ref. [36].)

E ≪ 1 E ≫ 1

λ ≪ 1 9λ2½4ζð5Þ þ 1�=ð512πÞ þ 9λ½4ζð5Þ − 1�=ð1024πÞ E−2λð6λ − 1Þ=ð64πÞ
λ ¼ 1 9ζð3Þ=ð64πÞ E−2ζð3Þ=ð8πÞ
λ ¼ −1 9ζð3Þ=ð256πÞ E−2ζð3Þ=ð16πÞ
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one can express the electrostatic Poisson equation in
Gaussian units as −∇2ϕ ¼ SdQðCþ − C−Þ=ϵin. The Dean-
Kawasaki approach [41–43] then gives the exact dynamics
of C� as continuity equations, namely ∂tC� þ∇ · J� ¼ 0,
where the stochastic currents of the charges are given by
J� ¼ −D∇C� � μC�Qð−∇ϕþ EÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2DC�p

η�. Here,
η� are uncorrelated Gaussian noise fields with zero
averages and hη�i ðr; tÞη�j ðr0; t0Þi ¼ δijδ

dðr − r0Þδðt − t0Þ.
The Dean-Kawasaki equations for C� are analytically

intractable due to the nonlinear terms and the multiplicative
noise. To avoid these difficulties, we consider the dynamics
of the density and charge fluctuations around a state with
uniform distribution of the particles, which allows us to
linearize the dynamics. This simplification remains valid
for a dense population of soft particles [44] and has been
used, e.g., to study the conductivity of strong electrolytes
[39], fluctuations of ionic currents across nanopores
[38,45], and the universal correlations in driven binary
mixtures [46]. We have also examined the scaling behavior
of the nonlinear terms which reveals that these nonlinear-
ities are irrelevant at the macroscopic level (see Ref. [36]
for details). We therefore write the density of each type of
charge as C� ¼ C0 þ δC� and assume the density fluctu-
ations δC� are small compared to the background C0,
i.e., δC� ≪ C0. Introducing the number fluctuations
cðr; tÞ ¼ δCþ þ δC− and the charge fluctuations ρðr; tÞ ¼
δCþ − δC− (in units of Q), the linearized stochastic
equations of δC� can be recast as

∂tc ¼ D∇2c − μQE ·∇ρþ
ffiffiffiffiffiffiffiffiffiffiffiffi
4DC0

p
ηc; ð3Þ

∂tρ ¼ D∇2ρ − μQE · ∇c −Dκ2ρþ
ffiffiffiffiffiffiffiffiffiffiffiffi
4DC0

p
ηρ: ð4Þ

Here the Debye screening length κ−1 is defined through
κ2 ¼ 2SdC0lB with the Bjerrum length lB ¼ βQ2=ϵin [in d
spatial dimensions lB ∼ ðlengthÞd−2]. In addition, the
linearized noise correlations read hηρðr; tÞηρðr0; t0Þi ¼
hηcðr; tÞηcðr0; t0Þi ¼ −∇2δdðr − r0Þδðt − t0Þ, and ηρ and ηc
have zero means and are uncorrelated.
Without an external electric field (E ¼ 0), Eqs. (3) and

(4) describe the normal diffusion of the number density c
and the relaxation of the charge density ρ with the Debye
relaxation time ðDκ2Þ−1. In the presence of the electric
field, however, these dynamics become nontrivial as the
electric field couples ρ and c. In particular, this coupling
gives rise to a charge fluctuation that persists beyond the
Debye relaxation time. To show this, we focus on the
macroscopic limit of Eq. (4) beyond the Debye length scale
κ−1 and timescale ðDκ2Þ−1 which is given by

ρ ≈ −κ−2βQE · ∇c; ð5Þ

where we have made use of the Einstein relation. Equation (5)
gives the charge fluctuations caused by density gradients

along the electric field, and it is valid both in bulk as well as in
the presence of boundaries that are parallel to the electric field.
The Debye length for typical electrolyte solutions is of order
κ−1 ∼ 1–10 nm [27]; therefore, Eq. (5) applies to bulk
solutions at scales larger than the Debye length, and to
confined systems with boundary separations beyond the
screening scale, e.g., in the case of wet ion channels such
as mechanosensitive channels [24] and synthetic nanopores
[21]. The charge fluctuations given by Eq. (5) have nontrivial
correlations which, through the Maxwell stress, give rise to
long-ranged FIFs as we show below.
Substituting Eq. (5) back into Eq. (3), we obtain an

anisotropic diffusion equation for c that reads [47]

∂tc ¼ DðE2∂2
x þ∇2Þcþ

ffiffiffiffiffiffiffiffiffiffiffiffi
4DC0

p
ηc; ð6Þ

where E is defined in Eq. (2). Alternatively, E can be
expressed as E ¼ μQE=ðDκÞ, and in this form it encodes
the relative deformation of counterion atmospheres in the
external field [37]. Note that even though the Einstein
relation holds for the microscopic dynamics, the aniso-
tropic mismatch between noise and dissipative forces in
Eq. (6) renders the system generically scale invariant
[10,11], i.e., it automatically gives rise to long-ranged
correlations without tuning parameters. Moreover, this
scale invariance also holds for a system where the charge
species have different mobilities (μþ ≠ μ−); in that case, D
in Eq. (6) is replaced by the (arithmetic) average of the
noise strengths of cations and anions [48].
Correlation functions.—The steady-state correlation

functions in the absence of any boundaries can be obtained
readily in the Fourier space. Defining hcðk;tÞcðk0;tÞi≡
hcðkÞcðk0Þi≡ð2πÞdδdðkþk0Þ½2C0þcð2ÞbulkðkÞ�, from Eq. (6)
one gets

cð2ÞbulkðkÞ ¼ −
2C0E2k2x

E2k2x þ k2y þ k2s
; ð7Þ

where we have defined ks ¼ ðks1 ¼ kx; ks2 ;…; ksd−1Þ ∈
Rd−1 and k ¼ ks þ kyêy (i.e., ks is the momentum compo-
nent parallel to boundaries). Equation (7) is the long-
distance nonequilibrium correlation due to the external
electric field which vanishes for E ¼ 0, and whose k → 0
limit is rendered singular by the anisotropy [29].

Transforming Eq. (7) back to real space gives cð2ÞbulkðrÞ ¼
−2C0E2ð1 − dx̃2=r̃2Þ=ðSdðE2 þ 1Þ3=2r̃dÞ where x̃ ¼ x=ffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þ 1

p
and r̃ is obtained from r by substituting x → x̃.

This expression clearly displays the anisotropy in the
correlation function and shows that in d dimensions,
the density correlations decrease as ∼r−d with distance.
The charge correlations in the bulk can be obtained
from the density correlations via Eq. (5). It is therefore
seen that charge fluctuations are long-range correlated as
well. (Note that the equilibrium part of the correlation
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functions vanishes asymptotically at the large distances
considered here [36].)
We now calculate the steady-state correlations in the

presence of boundaries. In particular, we consider a plane
parallel geometry with impenetrable uncharged boundaries
located at y ¼ 0; H (Fig. 1). With the Neumann boundary
conditions, the solutions to Eq. (6) can be constructed by
decomposing c and ηc onto the cosine modes cosðpnyÞ
where pn ¼ nπ=H [15,50]. For density correlations, this
leads to the discretized form of Eq. (7), viz.

cð2Þðy; y0; ksÞ ¼
−4C0k2xE2

H

X∞
n¼0

0 cosðpnyÞ cosðpny0Þ
E2k2x þ p2

n þ k2s
; ð8Þ

where we now have hcðy; ksÞcðy0; k0sÞi ¼ ð2πÞd−1δd−1ðks þ
k0sÞ½2C0δðy − y0Þ þ cð2Þðy; y0; ksÞ� and

P0
indicates a 1=2

factor for the n ¼ 0 term. To obtain the charge correlation
function, one needs to make use of Eq. (5) which through
Eq. (8) yields

ρð2Þðy; y0; ksÞ ¼
−4C0k4xE4

κ2H

X∞
n¼0

0 cosðpnyÞ cosðpny0Þ
E2k2x þ p2

n þ k2s
; ð9Þ

where we have defined hρðy; ksÞρðy0; k0sÞi ¼ ð2πÞd−1×
δd−1ðks þ k0sÞ½2C0ð1þ E2k2x=κ2Þδðy − y0Þ þ ρð2Þðy; y0; ksÞ�.

Note that the local contribution ∝ k2xδðy − y0Þ in charge
correlations is due to the deformation of counterion
atmospheres and it does not contribute to the long-range
forces on the boundaries.
Stress tensor.—The nonequilibrium pressure exerted on the

boundaries can be calculated using the noise-averaged
Maxwell stress hσiji¼ϵinð2h∇iϕ∇jϕi−δijhð∇ϕÞ2iÞ=ð2SdÞ
[51]. We assume no free charges on the boundaries, and
hence the electrostatic boundary conditions are given by the
continuity of the tangential electric field and the normal
displacement field at both plates. Using image charges [55],
the electric potential satisfying these conditions is obtained
as ϕðrÞ ¼ P

n∈Z
R
r0 λ

nρðr0ÞQ=½ϵinðd − 2Þjr − r0njd−2� [56]
where n indexes the image located at r0n (obtained from
r0 by substituting y0 → y0n ¼ 2nH � y0), and λ [as defined
in Eq. (2)] represents the ratio of the successive image
charges.
On substituting ϕðrÞ into the Maxwell stress formula,

performing the summation over image charges, and using
Eq. (9), we arrive at Eq. (1) for the normal force on the plate
at y ¼ H [57]. The stress amplitude in Eq. (1) reads
A ¼ λ

R
νs
fP0∞

n¼0Rnðλ; νsÞgðE; n; νsÞ −
R
∞
0 dn gðE; n; νsÞg,

where we have defined R2k¼Y−, R2kþ1¼Yþ, Y� ≡
ðeπνs�1Þ2=ðeπνs�λÞ2, and g¼21−dν4xν2s=½ðE2ν2xþn2þν2sÞ×
ðn2þν2sÞ2�. For the d ¼ 3 case, we find [36]

AðE; λÞ ¼ λζð3Þ
16π

E2 þ 2

E4ðE2 þ 1Þ3=2 þ
E2 − 4

32πE4

��
λ−

1

λ

�
Li2ðλ2Þ þ

1

2

�
λþ 1

λ

�
Li3ðλ2Þ

�
þ 3Li3ðλ2Þ

32πE2

þ λπ

16

Z
2π

0

dθ
Z

∞

0

ν2sdνs
½Y−ðλ;νsÞ− 1� cothðπνs

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2cos2θþ 1

p
Þþ ½Yþðλ;νsÞ− 1� tanhðπνs

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2cos2θþ 1

p
Þ

E4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2cos2θþ 1

p ð10Þ

where LinðzÞ ¼
P∞

k¼1 z
k=kn is the polylogarithm function.

Figure 2 shows the variation of A as a function of λ
[Fig. 2(a) and Fig. 2(b)] and E [Fig. 2(c)] in d ¼ 3
dimensions, as obtained numerically from Eq. (10). In
Table I, we also summarize the approximate forms forA in
d ¼ 3 obtained from the suitable asymptotic expansion of
Eq. (10) in each regime [36]. These approximate forms are
shown in Fig. 2(a) and Fig. 2(b) as dashed lines.
From Eq. (10) and the asymptotic forms in Table I, we

note that the FIF exhibits two different regimes for weak
and strong applied electric fields: for weak fields (E ≪ 1),
the force scales as E4, and it is proportional to the inverse
temperature (∝ β) and the inverse average density squared
(∝ 1=C2

0); for strong fields (E ≫ 1), the force scales as E2,
and it is proportional to the inverse average density
(∝ 1=C0) and becomes independent of temperature.
[Note that for E ≫ 1, the second line of Eq. (10) is a
subleading correction.] Figure 2 also shows that the sign of
the force amplitude can change with the applied electric
field: for λ ≪ 1 (i.e., small dielectric contrast), the

amplitude A can become negative which, remarkably,
indicates a repulsive FIF between boundaries that enclose
the driven electrolyte. For moderate values of the dielectric
contrast λ, on the other hand, the force remains attractive
with a positive amplitude.
Concluding remarks.—We showed that the effective

anisotropy introduced by the external electric field renders
the steady-state density and charge fluctuations in a driven
electrolyte long-range correlated, in contrast to the screened
correlations in thermal equilibrium. These nonequilibrium
correlations give rise to long-range FIFs on external objects
and boundaries immersed in the driven electrolyte. For
neutral boundaries parallel with the external field (Fig. 1),
our results show that the normal force varies nonmonotoni-
cally with the electric field and with the dielectric contrast;
notably, with symmetric boundaries, the long-range FIF
can be tuned to be attractive or repulsive with different
amplitudes by varying the relevant parameters. We note the
present setup gives an independent mechanism for tuning
nonequilibrium FIFs from the one in Ref. [19], and
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investigating the interplay of the two effects forms an
interesting direction for future studies.
This work highlights a generic mechanism through

which nonequilibrium fluctuations can give rise to long-
range forces in driven charged systems. A similar mecha-
nism may be relevant for concentrated electrolytes
where it has been suggested that the “defects” are the
main charge carriers [58], and it may also be applicable to
ionic liquids where mainly the “free ions” participate
in conduction and screening processes [59,60]. Long-
ranged forces have recently been observed in a number
of experimental settings [25,26] where oscillatory electric
fields are applied to charged solutions. Our preliminary
analysis shows that the FIF introduced here can also help us
to understand the experimentally observed dynamical
features; we plan to extend our results to include time-
dependent electric fields and different boundary conditions.
Lastly, the model used here relies on the lineari-
zation of the stochastic dynamics which is applicable to
strong electrolytes far from phase transitions and where
the Gaussian scalings hold [36]. We plan to perform a
more rigorous treatment of the nonlinearities using renorm-
alization group (RG) techniques which have recently
been applied to similar dynamics in the context of
chemotaxis [61].
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Universal Long Ranged Correlations in Driven Binary
Mixtures, Phys. Rev. Lett. 118, 118002 (2017).

[47] We have discarded the noise ηρ when substituting Eq. (5)
into Eq. (3), as it is negligible with respect to ηc due to the
presence of an additional gradient operator.

[48] A difference between the mobilities, however, has important
implications on the steady electric field in the presence of
oscillatory external driving, see Ref. [49].

[49] S. M. H. Hashemi Amrei, S. C. Bukosky, S. P. Rader, W. D.
Ristenpart, and G. H. Miller, Oscillating Electric Fields in
Liquids Create a Long-Range Steady Field, Phys. Rev. Lett.
121, 185504 (2018).

[50] G. Barton and G. Barton, Elements of Green’s Functions
and Propagation: Potentials, Diffusion, and Waves (Oxford
University Press, New York, 1989).

[51] Using the Maxwell stress in this nonequilibrium setting is
justified as it derives from the electrostatic force density
∇ · σ ¼ −ρ∇ϕ [52] in a similar way as the nonequilibrium
Irving-Kirkwood formula is constructed from microscopic
forces [53,54].

[52] H. H. Woodson and J. R. Melcher, Electromechanical Dy-
namics (Wiley, New York, 1968).

[53] J. Irving and J. G. Kirkwood, The statistical mechanical
theory of transport processes. IV. The equations of hydro-
dynamics, J. Chem. Phys. 18, 817 (1950).

[54] M. Krüger, A. Solon, V. Démery, C. M. Rohwer, and D. S.
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