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Using multiple scattering theory, we show that the generally accepted expression of transverse resistivity
in magnetic systems that host skyrmions, given by the linear superposition of the ordinary, the anomalous,
and the topological Hall effect, is incomplete and must be amended by an additional term, the
“noncollinear” Hall effect (NHE). Its angular form is determined by the magnetic texture, the spin-orbit
field of the electrons, and the underlying crystal structure, allowing us to disentangle the NHE from the
various other Hall contributions. Its magnitude is proportional to the spin-orbit interaction strength. The
NHE is an essential term required for decoding two- and three-dimensional spin textures from transport

experiments.
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The electronic transport is paramount in condensed
matter physics. It permits the probing of electronic and
magnetic properties of solids by electrical means and
exhibits a plethora of exciting phenomena. One of them
is the Hall effect, the response measured transversely to an
electric current and a perpendicularly applied magnetic
field. It manifests itself in systems with broken time-
reversal symmetry, either due to an external magnetic field
[1] leading to the ordinary Hall effect (OHE) or due to the
presence of spontaneous magnetization, the latter is known
as the anomalous Hall effect (AHE) [2—4]. The topological
Hall effect (THE) is an additional contribution attributed to
a Berry phase [5] acquired by the electrons following
adiabatically a smoothly varying non-coplanar magnetiza-
tion texture [6-8]. The linear superposition of the three
contributions yields the commonly accepted expression for
the Hall resistivity [9-18]:

Plop = pOE + pAHIE 4 pTHE, (1)

where the first term scales linearly with the applied external
magnetic field, the second (pAHE) is linear in terms of the
magnetization, and the last term (p™E) is proportional to
the emergent magnetic field [6-8], that is in turn propor-
tional to the topological skyrmion number defined by the
sum of all solid angles m; - (m; x m;) of the magnetic
moments at three different sites i, j, k. Equation (1) was
first introduced in the seminal work of Neubauer et al. [9],
in which the connection between p™E and emergence of
the skyrmion lattice (A phase) in B20 MnSi was estab-
lished. Since Eq. (1) allows a fully electric detection and
quantification [9,19-27] of magnetic skyrmions, Eq. (1) is
of crucial importance for the characterization of skyrmions,
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especially compact skyrmions smaller than the resolution
limit of imaging techniques.

In recent years, however, especially for magnetic films
and multilayers with interfaces of heavy materials having
large spin-orbit interactions, doubts have been raised about
the simple relationship between the Hall resistivity and the
skyrmion count [28]. For instance, a quantitative analysis on
Ir/Fe/Co/Pt multilayers shows much larger experimental
topological-Hall resistivities than expected from the sky-
rmion density measured by magnetic force microscopy,
which was partly explained by contributions of wormlike
spin textures with a nonvanishing topological charge [23]. In
addition, in the weak coupling limit of the moving electron
spin to the underlying magnetic texture small vortexlike
textures without topological charge are able to produce a
finite topological Hall effect, which vanishes for larger spin
textures [29], indicating its nontopological nature.

In this Letter we evaluate the transverse resistivity of a
two-dimensional (2D) ensemble of noncollinear magnetic
atoms interacting through a relativistic electron gas by
means of multiple scattering theory. Treating spin-orbit
interaction (SOI) and noncollinear magnetism (NCM) on
the same footing we demonstrate that the Hall resistivity
tensor (1) needs to be amended by an additional term, the
noncollinear Hall effect (NHE):

pNIE = Z/’?}?E[('Dij ~m;)(m; - m)
ijl

+ (Dyj-m;)(m; -my) — (D;; -my)(m; -m;)], (2)

looming from the interference of both the SOI and the
NCM. m; indicates the unit vector of the magnetic moment
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at site i. p}'" depends like the Dzyaloshinskii-Moriya

interaction (DMI) [30,31] on the spin-flip components of
the relativistic Green’s function of the electron gas [32], and
thus correlates to the SOI, which depends on the electronic
structure. The orientation of the unit vector D;; = =D,
depends on the direction of the vector connecting the sites i,
J, the crystal symmetry coupling orbital with spin degrees
and follows the symmetry rules of the DMI.

Having the description of surfaces, films, and multilayers
in mind we model the electronic structure by a 2D electron
gas under Rashba-, Dresselhaus-, or Weyl-type SOIs. The
magnetic atoms are represented by a collection of localized
spins with an sd-like coupling to the free electrons [33].
The scattering off the magnetic sites is taken in the weak-
coupling limit [29,34], whereby not only adiabatic but also
nonadiabatic effects on the resistivity are considered.

We show that the NHE can assume significant contri-
butions in noncollinear magnets, that it occurs in two- and
three-dimensional spin textures and that it can be used to
discriminate Bloch- from Néel-type skyrmions. We suggest
an experimental protocol to disentangle the NHE from
other contributions at play. Considering the micromagnetic
limit of Eq. (2) we recover the recently conjectured chiral
Hall effect [35], and unravel its microscopic origin.

The starting point of the derivation of Eq. (2) is the
multiple scattering theory applied to a collection of sites
forming a complex magnetic configuration as of a nano-
skyrmion shown in Fig. 2(a). An incident free-electron in
the state |ko) with an energy & = #k?/2m (k and m being
the wave number and electron mass, respectively) carrying
a spin o scatters elastically at a collection of localized
potentials [36,37] into a state |k'c’) with k = k’, and k and
k' including a scattering angle ¢ = Zkk'. In the far-field
limit, the resulting wave function consists of a linear
superposition of the incoming wave and the outgoing
scattered one given by [29,34,37]

eikr
Yio(F) = ¥'|o) + ;Wfk,a’a(¢)|a/>' (3)

|o) is the eigenstate of S.. f; ,(¢) represents the scattering
amplitude, a central quantity within our scattering
approach, which is defined via the differential cross section

daz=t
b Y ool ®)P, (4)

directly related to the Hall current Jy = kXH  (see
Supplemental Material [38]). Following standard scattering
theory, fi () is evaluated by the Lippmann-Schwinger
equation [34,37] employing the relativistic Green’s func-
tion of the propagating electron, and including the multiple
scattering events experienced by the incident electron
within the skyrmion via the scattering matrix 7. In the
weak coupling regime [29,34], the (Z°) matrix is computed

using the second Born approximation. Inside the skyrmion,
the electron propagates under a spin-orbit field in a
structure asymmetric environment [47,48]. This approach
allows us to establish a transparent relation between the
scattering cross section and the orientation of the magnetic
moments in the presence of relativistic effects (as shown in
Supplemental Material [38]). The presence of the combined
effect of SOI and NCM results in a finite asymmetric (right
or left) scattering in the transverse direction, i.e., a finite
Hall effect. The Hall current Jy is then tied back to the
resistivity employing the Boltzmann equation (see
Supplemental Material [38]). Finally, the electric current
is considered with respect to the limit of small external
electric fields. Since in this case the electron transport is
dominated by the Fermi surface contributions [49], the
current is calculated at the Fermi energy.

In order to illustrate and identify the contribution of the
NHE to the Hall signal, we consider a magnetic trimer, which
is the smallest nanostructure capable of generating a finite
scalar spin chirality [48,50]. The three magnetic atoms form
an equilateral triangle separated by a distance of d = 3 A.
The Fermi energy is set to e = 0.8 eV, which coincides with
the Fermi energy at metallic surfaces [51]. We consider the
weak scattering limit by setting the spin-dependent scattering
phase shift to " = (7z/8) and §* = (52/8) for spin-up and
-down electrons, respectively. The evolution of the outgoing
Hall current as a function of spin noncollinearity expressed in
terms of the opening angle of the magnetic moments 6,
and the spin-orbit field of the electrons described here by the
Rashba-model with a spin-orbit strength expressed by
the ratio R = k,/kp of the spin-orbit wave vector kg, and
the Fermi wave vector k. is depicted in Fig. 1. The associated
azimuthal angle ¢,, of the moments at each corner of the
triangle changes from corner to corner by 120° ie.,
¢y ={r/2,7x/6,11z/6}. Three different quantities are
shown: the THE, the NHE, and their sum. The value of R
can be engineered to reach rather large magnitudes by tuning
the Rashba spin splitting « kg, [52-54].

The THE contribution shown in Fig. 1(a) follows the
scalar spin chirality y,; = m; - (m; x my), it maximizes at
0y =60° 120° and vanishes at the ferromagnetic
(@, = 0°, 180°) and coplanar (8, = 90°) spin configura-
tion. Interestingly, the THE current is altered by the SOI as
it decreases for larger values of R, a closer inspection of
Jrture shows that it depends only on the spin-conserving
components of the Rashba Green’s function. In the limit
R < 1, the latter decreases quadratically upon increasing
spin-orbit strength. On the other hand, the NHE shown in
Fig. 1(b) reaches its highest value when 6, = 90°. This can
be attributed to a larger scalar product (D;; - m;) since D;;
is locked inside the (xy) plane. It also results in a symmetric
signal when m, — —m,. The strength of the NHE increases
linearly for small values of R, and is determined by the spin
off-diagonal components of the Green’s function
(Supplemental Material [38]), similarly to the DMI [32].
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FIG. 1. Evolution of the scattered current for a magnetic trimer in an equilateral geometry as a function of the opening angle 6,, of the

magnetic moments and of the spin-orbit strength R. (a) The THE contribution to the current determined by the scalar spin chirality.
(b) NHE current originating from relativistic effects, its nontrivial angular dependence is given in Eq. (2). (¢) Total Hall current emerging
from three spin processes, which present a nonsymmetric dependence for 0, — 7 — 6,,.

In order to experimentally distinguish between the THE
and NHE we make use of the observation that by including
the NHE in the overall picture, the Hall signal becomes
asymmetric when 6,, — 7 — 6, [see Fig. 1(c)]. Thus,
considering a Hall setup for a skyrmion system, two sets
of measurements with opposite orientations of the major
axis of the crystal should be performed. The antisymmetric
part of the signal is the THE, while the symmetric one leads
to the NHE.

A remarkable property of the NHE is its dependence on
the crystal structure, which underlines its deep relationship
with the SOL The vector D;; provides a direct connection
between the electronic structure of the material and the
NHE (see Supplemental Material [38]). Therefore, Eq. (2)
can be expressed for the well-known 2D spin-orbit
Hamiltonians. The different expressions of ’D%JD for the
Rashba [47], Dresselhaus [55], and Weyl Hamiltonians [56]
are given in Table 1. This offers an additional perspective
for the engineering of the functional dependence of the
NHE on the magnetization direction using the symmetry
properties of the electronic band structure (crystal struc-
ture), besides tuning its magnitude by changing the
coupling parameter as shown in Fig. 1. Note also that
once the NHE can be analyzed separately from the overall

TABLE 1. Generic Rashba, Dresselhaus and Weyl Hamilto-
nians in k-space, and their corresponding expressions for D;;
defining the NHE resistivity. ¢;; is the angle between the r;;
(bond vector connecting i to j) and the x-axis (see Supplemental

Material [38]).

System Hamiltonian D;;
Rashba a(k,6, —6,k,) (sin¢h;;, —cos ¢;;)
Dresselhaus p(ky6, —6,k,) (—cos ¢, singh;;)
Weyl y(k,o, +0.k,) (cos ¢b;;, sin ;)

Hall response, it could be used as a means to study the band
structure and spin momentum locking based on all-electric
measurements. The relation between the NHE and the
crystal structure is an illustration of Neumann’s principle,
which dictates that the point group symmetry of a system is
reflected in its physical quantities [5S7-59].

After expanding Eq. (2) in terms of the components of
the magnetization, and plugging in the various expressions
of ’D%JD provided in Table I, one yields an expression of the
noncollinear Hall resistance:

PR = Zp%ﬁfijl(m)(éﬂj 1) (5)
ijl
Fijx(m) contains the angular forms of the magnetization
(for details see Supplemental Material [38]). 7; =
(r;—r;)/|r; —r;|, r; defining the position of the magnetic
site i. The matrix S?P reflects the symmetry of the under-
lying spin-orbit model as
§R = io’yv §D = —0y, §W = 0y, (6)
where ¢ are the conventional Pauli matrices, and 6 is the
unity matrix. R, D, and W stand for Rashba, Dresselhaus,
and Weyl, respectively. For the Rashba and Dresselhaus
Hamiltonians describing polar systems, the form of S?P is
antisymmetric, while it has a symmetric form for the Weyl
Hamiltonian. A similar behavior was also identified for the
DMI in Refs. [60-62].

We turn now to the discussion of the signature of
complex magnetic textures [63] on the NHE. Considered
are Néel- and Bloch-type skyrmions [64], anti-skyrmions,
merons [65], and higher-order skyrmions [63]. These
topological entities are described by the topological charge
(Q = —m), the vorticity (m) and helicity (y) relating the
azimuthal angle of the magnetization, ® = m¢,, + y, to
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FIG. 2. The chartin the left panel describes the size of the topological (blue) and noncollinear (red) Hall current for six topological spin
textures calculated for Rashba-type SOC with spin-orbit strength of R = 25%. The latter are shown in the right panel: (a) Néel-type
skyrmion, (b) anti-skyrmion, (c) bi-skyrmion, (d) anti-bi-skyrmion, (e) Bloch-type skyrmion, (f) meron. We consider clusters containing
91 magnetic sites with a nearest neighbor distance of d =3 A. Smearing I' = 0.2 eV is used in the vicinity of the Fermi energy to

account for eventual temperature or disorder effects.

azimuthal angle ¢,, of the lattice [64]. We consider
skyrmions with a small radius of Ry = 1.5 nm, as typical
for skyrmions created in magnetic transition-metal mono-
layers at heavy metal interfaces, e.g., Pd/Fe/Ir(111)
[66-68].

Figure 2 depicts the topological and noncollinear Hall
currents for six different spin textures in systems with
Rashba spin-orbit field (the results for the Dresselhaus and
Weyl Hamiltonians are shown in the Supplemental
Material, Fig. 3 [38]). Since in the adiabatic limit of
transport the THE contribution is proportional to the
topological charge, Néel- (a) and Bloch-type (e) skyrmions
exhibit the same value of J g [29]. The same holds true
for the other spin textures, the anti-skyrmion (b) has the
opposite charge and subsequently the opposite sign of
JthE, the bi-skyrmion has twice the charge and doubles the
magnitude of the current.

On the other hand, the NHE is found to be non-
negligible, and even colossal in some cases without any
apparent connection to the spin chirality or the underlying
topology of the magnetic texture. It is also notable that the
NHE acquires a different value for the Néel (a) and Bloch
(e) skyrmions, enabling us to discriminate the two species.
This difference is due to the NHE being a relativistic effect
breaking the SU{(2) rotation symmetry.

A pattern emerges from Fig. 2; the NHE is large for
textures b and d, hence it is increased by a negative
vorticity (m < 0). At the same time, it is notably reduced
for the Bloch skyrmion (e), suggesting that it diminishes in
the presence of a finite helicity y # 0. The latter argues in
favor of the NHE being rather weak or insignificant in bulk
systems with Bloch skyrmions such as MnSi. Finally, as
observed in Fig. 1(b) the NHE is largest when spins are

locked in-plane. Thus, the drastic increase of the NHE
comparing the meron (f) to the Néel skyrmion (a) can be
inferred to a larger number of magnetic sites lying within
the (xy) plane containing the electron gas.

In the limit of a slowly varying magnetic texture, i.e., in
the adiabatic limit, the Hall resistivity can be expressed in
terms of the magnetization density and its gradients [7,69].
Taking this limit and expanding Eq. (2) to second order in
the magnetization gradients, we provide a general micro-
magnetic form of the Hall resistivity, which incorporates
new anisotropic contributions due to the SOI (see
Supplemental Material [38]):

Z pTHE

* (Ogin x Ogm)

a2p

- Syt D) + S
ijl

+ 3 PNHE 0, 0pm" + Zpg’z‘,’fy (Dm)(@mm?, (7)
apy apy

witha, B,y € {x,y, z}. The first term on the right-hand side
consists of the topological charge density known from the
THE [7,69]. Four additional terms are derived: The second
term is linear in the magnetization, nonetheless, it origi-
nates from a three-site scattering process. It leads to an
antisymmetric contribution to the Planar Hall effect, which
has been measured in the Heusler alloy Fe;Si [70]. The
term linear in the gradient of the magnetization we identify
as the recently predicted chiral Hall effect [35]. The fourth
contribution involves the curvature of m. It is expected to be
a non-negligible component for strongly inhomogeneous
magnetization fields or when m is constricted in curved
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geometries [71,72]. Finally, the last element of Eq. (7) has a
form similar to the THE as it involves the magnetization
and a product of its gradients. Which components {a, 3,y }
contribute are purely determined by the SOI-dependent
form D;;. In analogy, similar higher order gradient and
anisotropic corrections may also emerge at the level of the
orbital magnetization in the presence of chiral spin tex-
tures [73].

The result of Eq. (7) is another important outcome of this
Letter. It displays in a clear fashion that when relativistic
effects are accounted for (even in the adiabatic limit), no
topological spin texture is necessary to generate a non-
conventional Hall effect, i.e., a Hall effect that is neither
proportional to the magnetization nor to the external field.
The derived formula incorporates various terms of different
orders that could potentially compete or collectively
contribute to the Hall signal. As a result, this renders the
one-to-one correspondence between the spin texture and
Hall measurement rather complex and intricate.

To conclude, we derived contributions to the transverse
resistivity emerging from three-site scattering processes at
magnetic atoms due to electrons subject to SOI and
structure inversion asymmetry and showed that the linear
superposition of the OHE, AHE, and THE [Eq. (1)] must
be extended by a new contribution, the noncollinear Hall
effect. The new Hall effect has far-reaching consequences,
e.g.: (i) Its magnitude and angular form can be engineered
by tuning the electronic band structure. (ii) It can give rise
to substantial Hall responses in compensated magnets,
which we conjecture is the reason for the substantial Hall
response observed in the kagome magnets Mn;Sn and
Mn;Ge [74,75], where the NHE can also be easily
disentangled from the THE since noncoplanar spins are
located in the atomic plane. (iii) It can resolve the nature
of topological spin textures as our comparison to the THE
showed. Finally, in the micromagnetic limit, the NHE
translates into a superposition of different terms, including
contributions proportional to the curvature of the mag-
netization, which could be of particular interest in systems
hosting magnetic Hopfions [72,76]. All these findings
open a new vista for the analysis of Hall signals of
noncollinear magnets and magnets with complex spin
textures as well as their characterization through Hall
experiments.
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