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Catalytic reaction events occurring on the surface of a nanoparticle constitute a complex stochastic
process. Although advances in modern single-molecule experiments enable direct measurements of
individual catalytic turnover events occurring on a segment of a single nanoparticle, we do not yet know
how to measure the number of catalytic sites in each segment or how the catalytic turnover counting
statistics and the catalytic turnover time distribution are related to the microscopic dynamics of catalytic
reactions. Here, we address these issues by presenting a stochastic kinetics for nanoparticle catalytic
systems. We propose a new experimental measure of the number of catalytic sites in terms of the mean and
variance of the catalytic event count. By considering three types of nanocatalytic systems, we investigate
how the mean, the variance, and the distribution of the catalytic turnover time depend on the catalytic
reaction dynamics, the heterogeneity of catalytic activity, and communication among catalytic sites. This
work enables accurate quantitative analyses of single-molecule experiments for nanocatalytic systems and
enzymes with multiple catalytic sites.
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Nanoparticle catalysis has attracted increasing interest
over the last 60 years and is now one of the most important
topics in nanoscience. Nanocatalysts are widely used in
chemistry [1–7], energy [8–14], and environmental science
[15–18]. However, despite the nanoparticle structure
being visualizable down to an atomic resolution [19–22],
catalytic reactions of nanoparticles have been investigated
mostly at macroscopic scales.
Notable exceptions are single-molecule studies of nano-

catalytic reactions [23–39], which make it possible to
monitor individual catalytic events at subparticle segments
of a nanocatalyst. One such study shows that the rate of
catalytic reaction at one site is influenced by the product
molecules created at other sites, similar to allosteric
enzymes [40], which is reflected in the correlation between
turnover times at different catalytic sites, an observable of
single-molecule nanocatalysis [28].
Other important experimental observables of single-

molecule nanocatalysis are the counting statistics of cata-
lytic reaction events [41] and the catalytic turnover time
distribution (CTD) [42]. These observables carry far more
information about reaction systems than the mean reaction
rate measured in macroscopic experiments [43–48]. For
single enzyme systems, it is already understood how the
enzymatic turnover time distribution and counting statistics
of enzymatic turnovers are related to reaction dynamics of
the single enzyme [49–53]. Despite its similarity with
enzyme, however, we have yet to understand the corre-
sponding relationships for nanocatalytic systems. This is
mainly because there exist multiple catalytic sites on a

nanocatalytic system [54] so that we only observe a
superposition of catalytic events occurring at multiple sites
[Figs. 1(a) and 1(b)], which forms a more complicated
stochastic process than the catalytic reaction at an individ-
ual site. To make matters worse, there is no currently
available method for estimating the number of catalytic
sites in a nanocatalytic system, which is required for
accurate analysis of single-molecule kinetics of nanocata-
lytic systems. For this reason, quantitative understanding of
single nanocatalytic systems has remained a challenging
problem [23,55].
Addressing these issues, we here present stochastic

kinetics for nanocatalytic systems. On the basis of counting
statistics of single-molecule reactions [41,56], we propose a
new method to estimate the number of catalytic sites in a
nanocatalytic system. We then show how the CTD of a
nanocatalytic system with multiple catalytic sites depends
on the number of catalytic sites and the mechanism and
dynamics of individual catalytic site. We also investigate
how the segment-to-segment variation in the catalytic
activity and communications between catalytic sites [28]
affect experimental observables of single nanocatalytic
systems.
The numberN of catalytic sites in a nanocatalytic system

can be estimated from the counting statistics of catalytic
reactions, more specifically, the mean and variance of the
total number zNðtÞ of the catalytic events occurring in N
catalytic sites on time interval ð0; tÞ. Under the typical
nonstationary initial condition, shown in Fig. 1(a), the
mean catalytic turnover number hzNðtÞi of N sites in time
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interval ð0; tÞ is decomposable into two terms, i.e.,
hzNðtÞi ¼ t=htNi þ hðtÞ where htNi denotes the mean
turnover time of our system with N catalytic sites
(see Supplemental Material [57] for the derivation).
t=htNið≡hzNðtÞistÞ [58] is the same as the mean cata-
lytic turnover number of N catalytic sites under the
stationary initial condition [59], shown in Fig. 1(b). On
the other hand, hðtÞ is nonlinear in time, whose value
approaches a constant at long times. The time profile of
hðtÞ is determined by the catalytic reaction mechanism
and the shape of the CTD of an individual catalytic site

(see Supplemental Material [57]), but is independent
of the number of catalytic sites [see Fig. 1(f)]. As shown
later, htNi is given by ht1i=N so that hzNðtÞist is directly
proportional to the number N of catalytic sites. Likewise,
the variance of zNðtÞ under the stationary initial condition is
directly proportional to N, i.e., hδz2NðtÞist ¼ Nhδz21ðtÞist.
However, it is difficult to estimate N separately from ht1i
and hδz21ðtÞist using currently available methods. Here, we
report that the number of catalytic sites can be estimated by
the following measure [see Fig. 1(h) and Supplemental
Material [57] ],

χðtÞ ¼ 2
R
t
0 dτhzNðτÞist½hðt − τÞ − hðτÞ�R

t
0 dτ½hδz2NðτÞi − hzNðτÞi� − 2

R
t
0 dτhzNðt − τÞihðτÞ þ R

t
0 dτhðτÞ2

; ð1Þ

where hδz2NðtÞi denotes the variance in the turnover number
under the typical nonstationary initial condition (see
Supplemental Material [57]). The value of χðtÞ is the same
as the number of catalytic sites at all times for any catalytic
mechanism when the catalytic turnover at each site is a

renewal process [59] [see Fig. 1(h)]. Even when a catalytic
reaction occurring at each site is a nonrenewal process
caused by temporal activity fluctuation, turnover-event
counting statistics resumes renewal statistics at long times
[41,56,60], and the long-time limit of χðtÞ can serve as a
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FIG. 1. (a),(b) Schematic representation of the time series of reaction events occurring at multiple catalytic sites (a) the typical
nonstationary and (b) the stationary initial conditions. The bars and dashed line represent time points at which reaction events take place
and the time at which our observation begins, respectively. ψ1ðtÞ represents the probability density that a catalytic reaction is completed
at time t at a single site, given that the catalytic reaction begins at time 0; ψ st

1 ðtÞ represents the probability density that a catalytic reaction
is completed at another catalytic site at time t. (c),(d),(e) Three mechanisms of a catalytic reaction: ki and γi represent the rate
coefficients of the elementary reaction processes. (f) Time dependence of hðtÞ½≡hzNðtÞi − hzNðtÞist� for mechanism (c),(d),(e). The
value of the mean catalytic turnover time ht1i at a single site is set to be ð5=11ÞhtRsi where the mean lifetime htRsi of Rs complex is
chosen as the time unit. The value of the randomness parameter of the Rs lifetime depends on the mechanism: −0.5, 0, and 10 for
mechanism (c), (d), and (e), respectively. (f) hzNðtÞi (hzNðtÞist) designates the mean turnover number under the typical nonstationary
(stationary) initial condition. (g) Time dependence of hzNðtÞist. (h) Time dependence of χðtÞ defined in Eq. (1). The value of χðtÞ is the
same as the number of catalytic sites at all times for any catalytic reaction mechanism.
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measure of N. This is also the case for catalytic sites with
weak quenched disorder in catalytic activity.
Let us now turn our attention to the CTD, ψNðtÞ,

of a system of N catalytic sites under the typical non-
stationary initial condition. ψNðtÞ is related to reaction-free
probability SNðtÞ, by ψNðtÞ ¼ −∂SNðtÞ=∂t or SNðtÞ ¼
1 − R

t
0 dτψNðτÞ; SNðtÞ designates the probability that none

of N catalytic sites undergoes a catalytic turnover as of time
t, given that a catalytic reaction event begins at time 0 at a
catalytic site (see Fig. 1). The first two moments, htNi and
ht2Ni, of ψNðtÞ are related to SNðtÞ by

htNi ¼
Z

∞

0

dtSNðtÞ ; ð2aÞ

ht2Ni ¼ 2

Z
∞

0

dttSNðtÞ: ð2bÞ

From the first two moments, we can compute the random-
ness parameter RN, defined by RN ¼ ðht2Ni − htNi2Þ=
htNi2 − 1. RN vanishes for a Poisson process; RN is negative
for a sub-Poisson process, such as multistep reaction
processes [Fig. 1(c)], and positive for a super-Poisson
process, such as multichannel reaction processes [Fig. 1(e)].
We note that the term “randomness parameter” is used to
designate RN þ 1 in Refs. [42,54] or used with a different
meaning [61].
When the catalytic reactions occurring at all sites are

statistically equivalent, independent processes, the CTD of
N sites can be obtained from ShomN ðtÞ [62],

ShomN ðtÞ ¼ S1ðtÞSst1 ðtÞN−1; ð3Þ

where S1ðtÞ and Sst1 ðtÞ denote, respectively, the reaction-
free probability of the single catalytic site that begins a
catalytic reaction event at time 0 and the reaction-free
probability of each of the remaining N − 1 sites in the
steady state (see Fig. 1). It is known that Sst1 ðtÞ is related to
S1ðtÞ by Sst1 ðtÞ ¼

R∞
t dτS1ðτÞ=

R∞
0 dτS1ðτÞ [59,63]. It is

also known how S1ðtÞ is dependent on the catalytic reaction
mechanism and dynamics of the elementary processes
constituting the catalytic reaction [49,50,52,53]. For
three different catalytic reaction schemes shown in
Figs. 1(c)–1(e), analytic expressions of S1ðtÞ can be
obtained (see Supplemental Material [57]). Then, from
Eq. (3), the CTD of the homogenous nanocatalytic system,
defined by ψhom

N ðtÞ ¼ −∂tShomN ðtÞ, can be obtained
as ψhom

N ðtÞ¼ ½ψ1ðtÞSst1 ðtÞþðN−1Þψ st
1 ðtÞS1ðtÞ�½Sst1 ðtÞ�N−2,

with ψ1ðtÞ ¼ −∂tS1ðtÞ and ψ st
1 ðtÞ ¼ −∂tSst1 ðtÞ ¼

S1ðtÞ=ht1i. We note here that the CTD differs
from the first turnover time distribution (FTD),
ψ sync
N ðtj1Þ½¼ Nψ1ðtÞS1ðtÞN−1�, of N catalytic sites under

the synchronized initial condition [48], although the FTD is
sometimes mistakenly assumed to be the same as the CTD
in the literature [64].

For the homogeneous catalyst, the mean catalytic turn-
over time htNi of N site is given by [62]

htNi ¼ ht1i=N; ð3aÞ

where ht1i denotes the mean turnover time of a single
catalytic site [Fig. 2(b)]. This result can be obtained
by noting Eq. (3) can be written as SNðtÞ ¼−ðht1i=NÞ∂tSst1 ðtÞN and by substituting this result into
Eq. (2a). Note that NhtNi is given by ht1i, independent of N
[see Fig 2(b)]. For our models considered in Fig 2(a), ht1i is
linear in the inverse reactant concentration C−1

R .
In comparison, the randomness parameter RN of N

catalytic sites is not so simply related to R1 of a single
catalytic site; instead, RN is related to the entire time profile
of Sst1 ðtÞ:

RN ¼ 2

�
htNi−1

Z
∞

0

dtSst1 ðtÞN − 1

�
ð3bÞ

(see Supplemental Material [57]). For a homogeneous
catalytic system, RN is a single-peaked nonmonotonic
function of reactant concentration [55], and its value
approaches zero as the number of catalytic sites grows
large or in the low-reactant concentration limit [54] [see
Fig 2(c) and Supplemental Material for details [57] ].
The CTD of multiple catalytic sites has a finite value in

the short-time limit, htNilimt→0ψ
hom
N ðtÞ ¼ 1 − N−1,

whereas the short-time limit value of the CTD of a single
catalytic site vanishes [see inset of Fig. 2(c)]. The finite
value of ψhom

N ð0Þ emerges from the N-1 catalytic sites
undergoing the stationary reaction processes, excluding the
catalytic site that begins a catalytic reaction at time 0 [see
Fig. 1(a)]. For a system with heterogeneous catalytic sites
as well, the short-time limit value of the CTD is closely
related to the total number of catalytic sites (see
Supplemental Material [57]).
Let us now consider a nanocatalytic system composed of

two different types, say A and B, of catalytic sites with
differing catalytic activities [Fig. 2(d)]. This is the simplest
model of a nanocatalyst composed of catalytic sites with
heterogeneous catalytic activity [26,65,66]. For this model,
the reaction-free probability under the typical nonstationary
initial condition is given by

Sð2ÞNA;NB
ðtÞ ¼ S1;AðtÞSst1;AðtÞNA−1Sst1;BðtÞNBpA

þ S1;BðtÞSst1;BðtÞNB−1Sst1;AðtÞNApB; ð4Þ

where the subscripts designate the type of catalytic site (see
Supplemental Material [57]); S1;AðBÞðtÞ is the reaction-free
probability of a single catalytic site of the AðBÞ variety.
Sst
1;AðBÞðtÞ is defined as Sst

1;AðBÞðtÞ ¼
R∞
t dτS1;AðBÞðτÞ=R

∞
0 dτS1;AðBÞðτÞ. In Eq. (4), pAðBÞ denotes the probability
that we observe a catalytic reaction occurring at type-AðBÞ

PHYSICAL REVIEW LETTERS 126, 126001 (2021)

126001-3



catalytic sites, defined by pAðBÞ ¼ NAðBÞht1i−1AðBÞ=
ðNAht1i−1A þ NBht1i−1B Þ. Substituting Eq. (4) into Eq. (2a),
we obtain the analytic expression of the mean turnover
time as

htNA;NB
i ¼ ðNAht1i−1A þ NBht1i−1B Þ−1: ð4aÞ

Equation (4a) indicates that the mean turnover rate,
htNA;NB

i−1 is given by the sum of the mean turnover rate
at every site in the nanocatalytic system. Note that, for the
heterogeneous model [Fig. 2(d)] as well, ðNA þ NBÞhtNA;NB

i
is independent of the total number of catalytic sites ifNA=NB
has a constant value. In contrast to the homogeneous model,
however, the mean catalytic turnover time is no longer linear
in C−1

R [Fig. 2(e)].

We find the randomness parameter of the nanocatalyst
with two types of catalytic sites to be

RNA;NB
¼2½htNA;NB

i−1
Z

∞

0

dtSst1;AðtÞNASst1;BðtÞNB −1�: ð4bÞ

This result is easily obtainable by noting that Eq. (4) can
be rewritten as Sð2ÞNA;NB

ðtÞ ¼ −htNA;NB
i∂t½Sst1;AðtÞNASst1;BðtÞNB �

and substituting this into Eq. (2). For the heterogeneous
model [Fig. 2(d)], the randomness parameter can have a
more complex dependence on the reactant concentration
than the randomness parameter of the homogeneous
model [Fig. 2(f)]. Our results can be easily extended
to a nanocatalytic system composed of more than two types
of catalytic sites (see Supplemental Material for more
details [57]).
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FIG. 2. (a),(d),(g) Schematic representation of nanocatalytic systems of (a) homogeneous, (d) heterogeneous, and (g) communicating
sites. (b),(e),(h) Mean turnover time htiNT

multiplied by the total number of catalytic sites NT scaled by Rs complex lifetime htRsiA of
type-A catalytic site plotted against the inverse reactant concentration C−1

R scaled by KA.KAðBÞ denotes the reactant concentration at
which the mean turnover time of a type AðBÞ site is twice the turnover time in the high reactant concentration limit. (c),(f),
(i) Dependence of randomness parameter on the reactant concentration. (Inset) the natural log of the CTD, lnψNðtÞ, plotted against
t=htRsiA at concentrations denoted by the stars. The values of parameters used are KB=KA ¼ 102, NB=NA ¼ 1, htRsiB=htRsiA ¼ 10−2,
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So far, we have considered nanocatalytic systems in
which catalytic sites do not communicate with each other.
However, product molecules produced at one site can
diffuse and interact with other sites to alter catalytic
activity, exemplified by the spillover effect [67–69]. This
catalytic communication increases with reactant concen-
tration, because the product creation rate increases with the
reactant concentration, which was observed in nano-
catalytic systems [14,28,30,55,66,70].
Let us designate catalytic sites whose activity is affected

by catalytic communication as type B and the unaffected
sites as type A. Since the probability PA of being a type-A
site must decrease with the product concentration
that increases with reactant concentration CR, we model
PAð¼ 1 − PBÞ by PA ¼ Kc=ðKc þ CRÞ with Kc being the
reactant concentration at which PA ¼ PB ¼ 1=2. Then, the
number NA of type-A catalytic sites has a binominal
distribution, NT

C
NA
PNA
A ð1 − PAÞNT−NA , where NT and

NT
C
NA
, respectively, denote the total number of sites and

NT!=NA!ðNT − NAÞ!. For this system, the reaction-free
probability is given by

ScomNT
ðtÞ¼

XNT

NA¼0

NT
C
NA
PNA
A ð1−PAÞNT−NASð2ÞNA;NT−NA

ðtÞ; ð5Þ

where Sð2ÞNA;NT−NA
ðtÞ is given in Eq. (4). Substituting Eq. (5)

into Eq. (2a), we obtain the mean turnover time of the
nanocatalyst with communicating sites:

htNT
icom ¼

Z
∞

0

ðPAe−t=ht1iA þ PBe−t=ht1iBÞNTdt: ð5aÞ

Equation (5a) reduces to htNT
icom ≅ N−1

T ht1iA
ð≅ N−1

T ht1iBÞ when CR ≪ KcðCR ≫ KcÞ. Unlike the two
communication-free types, the nanocatalyst with catalytic
communication has NThtNT

icom that is dependent on NT
[Fig. 2(h)]. NThtNT

icom is a more complex function of the
reactant concentration than ht1iAðBÞ, but it is still a mono-
tonically decreasing function of reactant concentration so
long as catalytic communication increases the catalytic
activity [28]. If catalytic communication decreases the
activity, the NThtNT

icom may increase with reactant con-
centration (see Supplemental Material, Fig. S1 [57]).
Catalytic communication has dramatic effects on the

randomness parameter. For our model of the nanocatalytic
system with communicating sites, we obtain the following
expression of the randomness parameter,

Rcom
NT

¼
XNT

NA¼0

NT
C
NA
PNA
A ð1 − PAÞNT−NA

ht2NA;NT−NA
i

ðhtNT
icomÞ2 − 2;

ð5bÞ

where ht2NA;NB
i is given by ht2NA;NB

i¼ðRNA;NB
þ2ÞhtNA;NB

i2
with htNA;NB

i and RNA;NB
being given in Eqs. (4a) and (4b),

respectively. The randomness parameter of communicating
sites can have a qualitatively different reactant concen-
tration dependence than the randomness parameter of a
homogeneous or heterogeneous nanocatalytic system. The
randomness parameter of the communicating catalytic sites
can become a positive, nonmonotonic function of the
reactant concentration even if the randomness parameter
of the noninteracting catalytic sites is a negative [Fig. 2(i)].
This striking surge in the randomness parameter value in
the intermediate reactant concentration regime occurs
because the randomness originating from the binomial
distribution of the two types of catalytic sites reaches its
maximum in the intermediate reactant concentration
regime. This positive, nonmonotonic behavior in the
randomness parameter is experimentally observed in the
nanocatalytic system [55], in which the catalytic sites
communicate through the adsorbate-induced dynamic sur-
face restructuring mechanism [71]. The dependence of the
randomness parameter on the reactant concentration can
provide us with information about the heterogeneity in
catalytic activity and the presence of catalytic communi-
cation (see Supplemental Material, Fig. S2).
We note that the CTD of communicating sites has a

qualitatively different shape from the CTD of the hetero-
geneous sites. For example, when the CTD of each
individual site has an exponential tail [Fig. 2(c)], the
CTD of the heterogeneous sites also has an exponential
tail [Fig. 2(f)], but the CTD of communicating sites has a
nonexponential tail [Fig. 2(i)], which originates from
fluctuation in the number of the communication-influenced
sites. When we neglect this population fluctuation of
communicating sites and account for only the maximum
term in Eq. (8), the approximate CTD of communicating
catalytic sites has an exponential tail.
Finally, let us consider a nanocatalytic system consisting

of subsystems with a distributed number of catalytic
sites. For this system, the value of the randomness
parameter in the low-reactant concentration limit is given
by limCR→0R ¼ 2ðhN−2i=hN−1i2 − 1Þ (see Supplemental
Material [57]), which does not vanish whenever N is a
random variable. In general, a finite value of limCR→0R
signifies heterogeneity in some parameters of nanocatalytic
systems [49,50].
We presented stochastic kinetics for nanocatalytic sys-

tems. A new experimental measure of the number of
catalytic sites is proposed in Eq. (1). Its long-time limit
value corresponds to the number of catalytic sites in a
nanocatalytic system regardless of the mechanism and
dynamics of catalytic reactions. We also showed how
the CTD of a nanocatalyst is related to the mechanism
and dynamics of a catalytic reaction through the single-site
CTD. By considering three different types of nanocatalytic
systems, we investigated the dependence of the mean, the
randomness parameter, and the CTD on the reactant
concentration, the heterogeneity of catalytic activity, and
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communication among catalytic sites. This work enables
quantitative explanation of stochastic kinetics of nano-
catalytic systems and can be extended to investigate the
stochastic dynamics of other physicochemical processes
occurring in small systems.
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