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We exploit free-space interactions between electron beams and tailored light fields to imprint on-demand
phase profiles on the electron wave functions. Through rigorous semiclassical theory involving a quantum
description of the electrons, we show that monochromatic optical fields focused in vacuum can be used to
correct electron beam aberrations and produce selected focal shapes. Stimulated elastic Compton scattering
is exploited to imprint the required electron phase, which is proportional to the integral of the optical field
intensity along the electron path and depends on the transverse beam position. The required light intensities
are attainable in currently available ultrafast electron microscope setups, thus opening the field of free-
space optical manipulation of electron beams.

DOI: 10.1103/PhysRevLett.126.123901

Electron microscopy has experienced impressive
advances over the last decades thanks to the design of
sophisticated magnetostatic and electrostatic lenses that
reduce electron optics aberrations [1–3] and are capable of
focusing electron beams (e-beams) with subångstrom
precision [4,5]. In addition, the availability of more
selective monochromators [6] enables the exploration of
sample excitations down to the midinfrared regime [7–10].
Such accurate control over e-beam shape and energy is
crucial for atomic-scale imaging and spectroscopy [1–10].
The focused e-beam profile ultimately depends on the

phase acquired by the electron along its passage through the
microscope column. By imprinting an on-demand trans-
verse phase profile on the electron wave function, one can
shape the e-beam density distribution at the specimen,
creating, for example, multifocal configurations to study
atomic structures and delocalized optical modes through
elastic [11] and inelastic [12] holography, respectively.
Additionally, temporal control over the phase and the
resulting focal shape in the subpicosecond domain would
grant us access into structural and excitation dynamics,
suggesting the use of coherent control techniques [13] to
optimize the phase for the desired application.
Besides electron optics lenses, several physical elements

have been demonstrated to control transverse e-beam
shaping. In particular, biprisms based on biased wires
provide a dramatic example of laterally varying phase
imprinting that is commonly used for e-beam splitting in
electron holography [11], along with applications such as
symmetry-selected plasmon excitation in metallic nano-
wires [14]. In a related context, vortex e-beams have been
realized using a magnetic pseudomonopole [15]. Recently,
plates with individually biased perforations have been
developed to enable position-selective control over the
electric Aharonov-Bohm phase stamped on the electron

wave function [16], while passive carved plates have been
employed as amplitude filters to produce highly chiral
electron vortices [17–19] and aberration correctors [20,21].
The electron phase can also be modified by the

ponderomotive force associated with the interaction between
e-beams and optical fields. In particular, periodic light
standing waves were predicted to produce electron diffrac-
tion [22], which was eventually observed in a challenging
experiment [23–25] that had to circumvent the weak free-
space electron-photon coupling associated with an energy-
momentum mismatch [26]. Such a mismatch forbids single
photon emission or absorption processes by free electrons,
consequently limiting electron-light coupling to second-
order interactions that concatenate an even number of virtual
photon events. This type of interaction has been recently
exploited to produce attosecond free-electron pulses [27,28].
Interestingly, the presence of material structures intro-

duces scattered optical fields that can supply momentum
and break the mismatch, thus enabling the occurrance of
real photon processes [26] used, for example, in laser-
driven electron accelerators [29,30]. Because the strength
of scattered fields reflects the nanoscale optical response of
the materials involved, this phenomenon was speculated to
enable electron energy-gain spectroscopy as a way to
dramatically improve spectral resolution in electron micro-
scopes [31–33], as later corroborated in experiment [34].
By synchronizing the arrival of electron and light pulses at
the sample, photon-induced near-field electron microscopy
(PINEM) was demonstrated to exert temporal control
over the electron wave function along the beam direction
[35–58]. Additionally, modulation of the transverse wave
function can be achieved in PINEM by laterally shaping the
employed light [59], which results in the transfer of linear
[49,60] and angular [53,61] momentum between photons
and electrons.
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Recently, we have proposed to use PINEM to imprint on-
demand transverse e-beam phase profiles [62], thus relying
on ultrafast e-beam shaping as an alternative approach to
aberration correction. This method enables fast active
control over the modulated e-beam at the expense of
retaining only ∼1=3 of monochromatic electrons and
potentially introducing decoherence through inelastic inter-
actions with the light scatterer. An approach to phase
molding in which no materials are involved and the electron
energy is preserved would then be desirable.
In this Letter, we propose an optical free-space electron

modulator (OFEM) in which a phase profile is imprinted on
the transverse electron wave function by means of the
stimulated elastic Compton scattering associated with the
A2 term in the light-electron coupling Hamiltonian. The
absence of material structures prevents electron
decoherence and enables the use of high light intensities,
as required to activate ponderomotive forces. We present a
simple, yet rigorous semiclassical theory that supports
applications of OFEM in aberration correction and trans-
verse e-beam shaping. While optical e-beam phase stamp-
ing has been demonstrated in tour-de-force experiments
using continuous-wave lasers [63–65], we envision pulsed
illumination as a more feasible route to implement an
OFEM, exploiting recent advances in ultrafast electron
transmission microscopes (UTEMs), particularly in sys-
tems that incorporate light injection with a high numerical
aperture [52] for diffraction-limited patterning of the
optical field.
Free-space optical phase imprinting.—We study the

free-space interaction between an e-beam and a light
field represented by its vector potential Aðr; tÞ, working
in a gauge in which the electric potential vanishes. With
the e-beam propagation direction taken along z, it is
convenient to write the electron wave function as
ψðr; tÞ ¼ eiq0z−iE0t=ℏϕðr; tÞ, where we separate the slowly
varying envelope ϕðr; tÞ from the fast oscillations imposed
by the central wave vector q0 and energy E0. Under the
typical conditions met in electron microscopes, and assum-
ing that interaction with light only produces small varia-
tions in the electron energy compared to E0, we can adopt
the nonrecoil approximation to reduce the Dirac equation in
the minimal coupling scheme to an effective Schrödinger
equation (see Sec. S1 in the Supplemental Material (SM)
[66]),

ð∂t þ v · ∇Þϕðr; tÞ ¼ −i
ℏ
H0ðr; tÞϕðr; tÞ;

where

H0 ¼ e
c
v ·Aþ e2

2mec2γ

�
A2
x þ A2

y þ
1

γ2
A2
z

�
ð1Þ

is the interaction Hamiltonian, v ¼ vẑ is the electron
velocity, and γ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2=c2

p
introduces relativistic

corrections to the A2 term. This equation admits the
analytical solution

ϕðr; tÞ ¼ ϕ0ðr − vtÞ exp
�
−i
ℏ

Z
t

−∞
dt0H0ðr − vtþ vt0; t0Þ

�
;

where ϕ0ðr − vtÞ is the incident electron wave function.
We consider that the light field acts on the electron over a

sufficiently short path length L as to neglect any transverse
variation in its wave function during the interaction (e.g.,
L≲D=θe ∼ 1 mm for an e-beam diameterD ∼ 1 μm and a
divergence angle θe ∼ 1 mrad). We also note that the v ·A
term in Eq. (1) does not contribute to the final electron state
because it represents real photon absorption or emission
events, which are kinematically forbidden (see Sec. S2 in
the SM [66]). Likewise, following a similar argument,
under monochromatic illumination with light of frequency
ω, the time-varying components in A2 (∝ e�2iωt), which
describe two-photon emission or absorption, also produce
vanishing contributions. The remaining terms ∝ e�iωt∓iωt

represent stimulated elastic Compton scattering, a second-
order process that combines virtual absorption and emis-
sion of photons, amplified by the large population of their
initial and final states. An alternative description of this
effect is provided by the ponderomotive force acting on a
classical point-charge electron and giving rise to diffraction
in the resulting effective potential [25]. As we are interested
in imprinting a phase on the electron wave function without
altering its energy, we consider spectrally narrow external
illumination that can be effectively regarded as mono-
chromatic, such as that produced by laser pulses of much
longer duration than the electron pulse. Writing the light
vector potential as Aðr; tÞ ¼ 2RefAðrÞe−iωtg so that the
electric field amplitude reads EðrÞ ¼ ðiω=cÞAðrÞ, we find
the transmitted wave function to reduce to

ψðr; tÞ ¼ ψ0ðr − vtÞeiφðRÞ;

where

φðRÞ ¼ −1
Mω2

Z
∞

−∞
dz

�
jExðrÞj2 þ jEyðrÞj2 þ

1

γ2
jEzðrÞj2

�

ð2Þ
is an imprinted phase that depends on the transverse
coordinates R ¼ ðx; yÞ. Also, we define the scaled mass
M ¼ meγv=cα with α ≈ 1=137 denoting the fine structure
constant, and t is taken such that ψ0ðr − vtÞ has already
passed the interaction region, which after a change of
variables (z − vtþ vt0 → z) allows us to extend the integral
to z ¼ ∞.
Description of an OFEM.—We envision an OFEM placed

right before the objective lens of an electron microscope
[Fig. 1(a)] in a region where the e-beam spans a large
diameter (≳100 times the light wavelength). The OFEM
could consist of a combination of planar and parabolic
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mirrors with drilled holes that allow the e-beam to pass
through the optical focal region [Fig. 1(b)]. The electron is
then exposed to intense fields that can be shaped with
diffraction-limited lateral resolution through a spatial light
modulator and a high numerical aperture in the parabolic
mirror. This results in a controlled position-dependent phase,
as prescribed by Eq. (2) [Fig. 1(c)]. Considering a mono-
chromatic e-beam and omitting for simplicity an overall
e−iE0t=ℏ time-dependent factor, free propagation of the
electron wave function between planes z and zf is described
by

ψðrfÞ ¼
ZZ

d2q⊥d2R
ð2πÞ2 eiq⊥·ðRf−RÞþiqzðzf−zÞψðrÞ

∝
Z

d2Reiq0jRf−Rj2=2ðzf−zÞψðrÞ; ð3Þ

where the second line is obtained by performing the q⊥ ¼
ðqx; qyÞ integral in the paraxial approximation (i.e.,

qz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 − q2⊥

p
≈ q0 − q2⊥=2q0), and we are interested in

exploring positions rf ¼ ðRf; zfÞ near the electron focal
point. In a simplified microscope model, we take z ¼ zL at
the entrance of the objective lens where the OFEM is also
placed, and the incident electron is a spherical wave
ψðR; zLÞ ∝ eiq0R

2=2ðzL−zxoÞ emanating from the crossover
point r ¼ ð0; 0; zxoÞ following the condenser lens.
Introducing in Eq. (3) the phase e−iq0R

2=2f produced by an
objective lens with focal distance f and aperture radius Rmax,
we have (see Sec. S3 in the SM [66])

ψðrfÞ ∝
Z

d2θ⃗e−iq0θ⃗·Rfeiχðθ⃗ÞþiφðRÞeiq0R2Δ=2; ð4Þ

where θ⃗¼R=ðzf−zLÞ. Also, we define Δ ¼ 1=ðzf − zLÞþ
1=ðzL − zxoÞ − 1=f, the phases χ and φ are produced by
aberrations and the OFEM [Eq. (2)], respectively, and the
integral is restricted to θ < Rmax=ðzf − zLÞ. In what follows,
we study the electron wave function profile ψðrfÞ as given by
Eq. (4) at the focal plane zf, defined by the condition Δ ¼ 0.
Required light intensity.—From Eq. (2), the imprinted

phase shift scales with the light intensity I0 ¼ cjEj2=2π
roughly as φ=I0 ∼ −2πL=Mcω2, where L is the effective
length of the light-electron interaction region, which
depends on the focusing conditions of the external illumi-
nation. For example, for an electron moving along the axis
of an optical paraxial vortex beam of azimuthal angular
momentum number m ¼ 1 and wavelength λ0 ¼ 2πc=ω,
we have L ≈ 2λ0=θ2L, where θL is the light beam divergence
half-angle (see Sec. S5 in the SM [66]). Under these
conditions, a phase φ ¼ 2π is achieved with a light
power P ¼ 2Mc2ω ∼ 40 kW for 60 keV electrons and
λ0 ¼ 500 nm; this result is independent of θL, emphasizing
the important role of phase accumulation along a large
interaction region in a loosely focused light beam. Perhaps
more relevant is the power required to imprint an average
phase hφi ∼ π [i.e., hI0i ∼Mcω2=2L from Eq. (2)] over
the area πR2

max of the objective lens aperture; taking
Rmax=λ0 ¼ 20, a conservative interaction length
L ∼ 1 μm, and 60 keV electrons, we find a total beam
power P ¼ πR2

maxhI0i ∼ 40 MW, which could be distrib-
uted in a quasimonochromatic 10 ps pulse to act on sub-ps
electron pulses using UTEM technology. We note that the
phase scaling φ ∝ I0=ðvγω2Þ [see Eq. (2)] leaves some
room for improvement by placing the OFEM in low-energy
regions of the e-beam to reduce the optical power demand.
Aberration correction.—As an application of lateral

phase molding, we explore the conditions needed to
compensate for the third-order spherical aberration, which
corresponds to [71,72] χðθÞ ¼ C3q0θ4=4 in Eq. (4), where
C3 is a length coefficient. Upon examination of the phase
profile imprinted by paraxial light vortex beams (see
Sec. S4 in the SM [66]), we find that an azimuthal
number m ¼ 3 produces the required radial dependence
φðRÞ ¼ −ðπ5P=12Mc2ωÞðθLR=λ0Þ4 under the condition
R ≪ λ0=2πθL. For typical microscope parameters
C3 ¼ f ¼ 1 mm, 60 keV electrons, Rmax ¼ 30 μm, and
λ0 ¼ 500 nm, the above condition is satisfied with
θL ≪ 0.15°. Then, the compensation of spherical aberra-
tion (i.e., φ ¼ −χ) is realized with a beam power P ¼
ð6ℏc2=π4αÞC3q20λ

3
0=θ

4
Lðzf − zLÞ4 ≫ 4 × 108 W, which is

attainable using femtosecond laser pulses in UTEMs
[41,49,57,58].
Transverse e-beam shaping.—The production of on-

demand electron spot profiles involves a two-step process
comprising the determination of the necessary phase
pattern φðRÞ and from there the required optical beam
parameters that generate that phase. While this is a
complex task in general, we can find an approximate

(a) (b)

(c)

FIG. 1. Optical free-space electron modulator (OFEM). (a) The
proposed element is placed in the electron microscope column
right before the objective lens. (b) The OFEM incorporates a
parabolic mirror that focuses light with a high numerical aperture
on a vacuum region that intersects the electron beam. The electric
field distribution at the optical focal spot is patterned by using a far-
field spatial light modulator (SLM). (c) A phase is imprinted on the
electron wave function, whose dependence on transverse coor-
dinates R is proportional to the field intensity integrated along z.
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analytical solution for one-dimensional systems, assum-
ing translational invariance along a direction y
perpendicular to the electron velocity. We therefore con-
sider an optical beam characterized by an electric field
EðrÞ ¼ Eðx; zÞŷ and explore the generation of focal
electron shapes defined by a wave function ψðx; zÞ
independent of y. For light propagating along
positive z directions, we can write without loss of
generality Eðx; zÞ ¼ R k0

−k0ðdkx=2πÞeiðkxxþkzzÞβkx with kz ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0 − k2x

p
and k0 ¼ 2π=λ0 in terms of the expansion

coefficients βkx . Inserting this expression into
Eq. (2), we find (see Sec. S6 in the SM [66])
φðxÞ ¼ φ0 − ð1=2πMω2Þ R k0

−k0 dkxe
2ikxxðkz=jkxjÞβkxβ�−kx ,

where φ0 is a global phase. Given a target profile φtargetðxÞ,
we can then use the approximation βkxβ

�
−kx ≈

−2Mω2ðjkxj=kzÞ
R
dx e−2ikxxφtargetðxÞ to generate the

needed light beam coefficients. A particular solution is
obtained by imposing βkx ¼ β�−kx , which renders βkx as the
square root of the right-hand side in the above expression.
For any solution, combining these two integral expres-
sions and dismissing φ0, we find

φðxÞ ¼ 1

π

Z
Rmax

−Rmax

dx0
sin ½4πðx − x0Þ=λ0�

x − x0
φtargetðx0Þ; ð5Þ

which yields a diffraction-limited phase profile.
We explore this strategy in Fig. 2, where the left panels

present the OFEM phase and the right ones show the
corresponding color-matched wave functions obtained by
inserting that phase into Eq. (4) without aberrations (χ ¼ 0)
and with the integral over θy yielding a trivial overall
constant factor. Broken curves in Figs. 2(a), 2(b) and red
curves in Figs. 2(c)–2(f) stand for target profiles, whereas
the rest of the curves are obtained by accounting for optical
diffraction [i.e., by transforming the target phase as
prescribed by Eq. (5)]. In-plane OFEM and focal coor-
dinates x and xf are normalized as explained in the caption,
thus defining universal curves for a specific choice of the
ratio between the objective aperture radius and the
light wavelength Rmax=λ0 ¼ 12.5. Linear phase profiles
[Fig. 2(a)], which are well reproduced by diffraction-
limited illumination, give rise to peaked electron wave
functions [Fig. 2(b)] centered at positions xf ¼ ðA=2πÞλe⊥
that depend on the slope of the phase φ ¼ Ax=Rmax þ B,
with the offset value B determining the focal peak phase.
The situation is more complicated when aiming to produce
two electron peaks, which can be achieved with an
intermittent phase profile that combines two different
slopes, either without [Figs. 2(c) and 2(d)] or with
[Figs. 2(e) and 2(f)] offset to generate symmetric or
antisymmetric wave functions, respectively. Light diffrac-
tion reduces the contrast of the obtained focal shapes but
still tolerates well-defined intensity peaks [Figs. 2(b), 2(d),

2(f), light curves], which become sharper when Rmax=λ0 is
increased (see Fig. S1 in the SM [66]).
For actual two-dimensional beams, using the consoli-

dated results of image compression theory [67,68], we can
find approximate contour spot profiles by setting the
OFEM phase to the argument of the Fourier transform
of solid shapes filling those contours. This is illustrated in
Fig. 3, where panel (b) represents the phase of the object in
(a), while panel (c) is the actual diffraction-limited phase
obtained by convoluting (b) with a point spread function
J1ð2πR=λ0Þ=Rλ0 (see Sec. S7 in the SM [66]), which
produces a blurred but still discernible electron focal image.
Conclusion.—In brief, shaped optical fields can modu-

late the electron wave function in free space to produce

(a) (b)

(c) (d)

(e) (f)

FIG. 2. 1D electron focus shaping. We plot the OFEM-imprinted
electron phase [(a),(c),(e)] and the corresponding wave function at
the focal plane [(b),(d),(f)]. Dashed curves in (a),(b) and red curves
in (c)–(f) correspond to ideal target profiles, while solid curves in
(a),(b) and blue curves in (c)–(f) stand for the result obtained by
introducing optical diffraction in the OFEM illumination. We
consider a linear phase variation (a) leading to single-peak wave
functions (b), as well as more complex phase patterns (c),(e)
producing symmetric (d) and antisymmetric (f) double-peak wave
functions. We take a ratio of the objective-lens semiaperture to the
light wavelength Rmax=λ0 ¼ 12.5. The in-plane OFEM and focal
coordinates x and xf are normalized to Rmax and the projected
electron Abbe wavelength λe⊥ ¼ λe=NA, respectively, where λe ¼
2π=q0 is the electron wavelength and NA ¼ Rmax=ðzf − zLÞ is the
microscope numerical aperture. The electron probability density
jψ j2 is shown as color-matching thick-light curves in (b),(d),(f).
Upper horizontal scales correspond to 60 keV electrons,
Rmax ¼ 10 μm, and NA ¼ 0.01.
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on-demand e-beam focal profiles. The required light
intensities are reachable using pulsed illumination that is
currently available in UTEMs. We have illustrated this idea
with simple examples of target optical profiles, but a higher
degree of control over the transverse electron wave function
should benefit from machine learning techniques [73] for
the well-defined problem of finding the optimum light
beam angular profile that better fits the desired e-beam spot
shape. In combination with spatiotemporal light shaping,
the proposed OFEM element should enable the exploration
of nanoscale nonlocal correlations in the dynamics of the
specimen.
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