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Calculations are presented of vibrational wave packet dynamics in Hþ
2 ions formed by ionization of

neutral H2 by a pair of attosecond extreme ultraviolet laser pulses, using time-delayed dissociation of the
cation by an ultraviolet probe pulse. The strength of experimentally observable two-level quantum beats as
a function of the attosecond two-pulse delay can be related to ionþ photoelectron entanglement resulting
from the ionization process. This conclusion is supported by an evaluation of the purity of the reduced ion
and photoelectron density matrices.
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The use of attosecond laser pulses generated by high-
harmonic generation (HHG) has created unique opportu-
nities for studying electron dynamics and the coupling of
electronic and nuclear dynamics in a wide variety of
atomic, molecular, and condensed phase systems [1–3].
Gas phase HHG is commonly understood within a three-
step picture [4,5], where strong field ionization of an atomic
or molecular gas is followed by photoelectron acceleration
in the oscillatory laser field, and the formation of atto-
second pulses occurs in an electron-ion recollision and
recombination process. HHG produces attosecond pulses at
extreme ultraviolet (XUV) to soft x-ray wavelengths, with
photon energies that are high enough to release valence
electrons from all possible atomic and molecular species.
Atomic or molecular photoionization produces a

composite quantum system consisting of an ion and a
photoelectron. Within a pump-probe experiment, one often
only probes the pump-induced dynamics in the ion or the
photoelectron. Selected examples of the former are the
probing of electron localization in dissociating hydrogen
molecular ions [6], the probing of valence electron dynamics
in ions produced by strong field ionization using attosecond
transient absorption spectroscopy [7], and the probing of
charge migration in small biomolecules following their
ionization by attosecond pulses [8]. Selected examples of
the latter aremeasurements used to characterize the temporal
structure of attosecond pulse trains [9] and isolated atto-
second pulses [10], andWigner time delays that occur in the
course of atomic or molecular photoionization [11,12]. All
these measurements rely on coherence, i.e., well-defined
phase relationships between different parts of the ionic,
respectively electronic wave function, which interfere in a
final state of the system that is connected to the delay-
dependent observable being measured.
However, composite ionþ photoelectron quantum sys-

tems may be subject to significant quantum mechanical
entanglement [13–16]. This entanglement limits the coher-
ence that the observation of delay-dependent observables

related to the ion or the photoelectron relies on [17]. Here,
calculations will be presented where a pair of attosecond
pulses (with a variable time delay) is used to ionize H2,
producing a vibrational wave packet in the Hþ

2 cation [18].
The coherence properties of the vibrational wave packet
are constrained by the entanglement between the molecu-
lar ion and the photoelectron, and can be controlled by the
attosecond two-pulse delay. This control is revealed in two
ways, namely (1) by relating the spectral characteristics
of the attosecond pulse pair to the Fourier transform
power spectrum (FTPS) of experimentally accessible,
pump-probe delay-dependent fragment ion kinetic energy
distributions resulting from a two-color XUVþ UV
(ultraviolet) pump-probe sequence, and (2) by calculating
the purity from the reduced ion density matrix and the
reduced photoelectron density matrix. By tuning the
time delay between the pair of attosecond pulses, one
alternates between situations where the degree of ionþ
photoelectron entanglement is low, and where—accord-
ingly—the degree of vibrational coherence in the Hþ

2 is
high, and situations where the entanglement is high and
the degree of vibrational coherence low.
The use of pairs of laser pulses within pump-probe

sequences has a long history and underlies both multi-
dimensional time-domain spectroscopy [19] and time-
domain Fourier transform spectroscopy [20,21]. Its use
in the XUV domain has already been demonstrated [22].
When considered in the frequency domain, a pair of
identical laser pulses with a relative delay τ displays
spectral fringes with a spacing Δω ¼ 2π=τ. The spectral
intensity at a selected frequency ω undergoes one full
oscillation when scanning the time delay between 0 and
τ ¼ 2π=ω. Therefore, τ can control the population of
excited states, permitting the determination of resonance
positions with exquisite spectral resolution [23], and
allowing the observation of intricate quantum carpets in
experiments with wavelength-tunable probe pulses [24].
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Here, a pair of XUV pulses is used to prepare a
vibrational wave packet in the 1sσg ground electronic state
of Hþ

2 . Given that an XUV photon energy is used that
exceeds the ionization potential of H2 by about 5 eV, the
population of individual vibrational states Hþ

2 ðvÞ does not
depend on τ. However, τ influences the photoelectron
spectrum accompanying each vibrational state, and hence
controls the entanglement between the cation and its
accompanying photoelectron. This entanglement deter-
mines the vibrational coherence that can be observed
within a calculated XUVþ UV pump-probe sequence.
The calculations were performed by propagating the

time-dependent Schrödinger equation (TDSE) on a two-
dimensional (2D) grid assuming a hydrogen molecule
aligned along the polarization axis of the XUV pump
and UV probe lasers, with one grid dimension reserved for
the internuclear motion and one for the motion of the
electron to be ionized. The remaining electron was assumed
to stay bound. In line with these assumptions, the
Hamiltonian is written as [25]

Hðx; R; tÞ ¼ TeðxÞ þ TNðRÞ þ VeNðx; RÞ
þ VNðRÞ þ V laserðtÞ ; ð1Þ

with x and R the electronic and internuclear coordinate,
TeðxÞ and TNðRÞ the electronic and nuclear kinetic energy,
VeNðx; RÞ the soft-core Coulomb interaction of the electron
with the Hþ

2 cation, VNðRÞ the 1sσg or 2pσu Hþ
2 potential

energy, and V laserðtÞ the two-color laser electric field. In
order to solve the TDSE, the wave function was written as

Ψðx; R; tÞ ¼ Ψgðx; R; tÞϕgðRÞ þ Ψuðx; R; tÞϕuðRÞ; ð2Þ

where Ψgðx; R; tÞ and Ψuðx; R; tÞ describe the 2D electron-
nuclear motion, and ϕgðRÞ and ϕuðRÞ are wave functions of
the bound electron, whose explicit form is not needed. The
1sσg and 2pσu potential energy curves VNðRÞ were taken
from [26] and dipole coupling matrix elements between
the 1sσg and the 2pσu states were approximated as
hϕuje⃗:x⃗jϕgi ¼ hϕgje⃗:x⃗jϕui ≈ R=2. The TDSE was solved
using the Crank-Nicolson method on a 2D grid restricted
to R ≤ 12.8 a:u: (δR ¼ 0.025 a:u:) and jxj ≤ 3276.8 a:u:
(δx ¼ 0.4 a:u:), with absorbing boundaries at R ¼ 10 a:u:
and jxj ¼ 3000 a:u: The photoelectron resulting from
ionization by the XUV pulse pair reaches the absorbing
boundary well within the range of times that are of interest
for monitoring the vibrational dynamics in the Hþ

2 cation.
Therefore, the time-dependent surface flux (TSURFF)
method [27] was implemented to calculate the joint energy
spectrum (JES) [25,28], i.e., the differential probability
for a kinetic energy release Ek ¼ k2=2μN in the UV-
induced dissociation of Hþ

2 (with μN the cationic reduced
mass) in combination with a photoelectron energy Ee ¼
p2=2μ (with μ the mass of the electron). Within TSURFF, a

boundary is defined beyond which VeNðx; RÞ can be
ignored, and the wave function flux that moves beyond
this boundary provides a source term within a 1D calcu-
lation of the Hþ

2 vibrational dynamics [25]. The boundary
where the flux was evaluated was placed at jxsj ¼ 200 a:u:
The use of a substantially larger grid, as described above,
was motivated by the calculations presented in Fig. 4. The
TSURFF method was also applied to determine the Hþ
fragment ion kinetic energy release. This implied the
definition of a boundary (at R ¼ 8 a:u:) beyond which
VNðRÞ can be ignored. cos-squared laser pulses were used
with the laser electric fields given by

EXUVðtÞ¼E0

�
cos2½αXUVt�cos½ωXUVt�

þcos2½αXUVðt− τÞ�cos½ωXUVðt− τÞ�

�
;

ð3Þ
with αXUV ¼ ωXUV=2NXUV, with NXUV the number of
XUV cycles, and analogously

EUVðtÞ ¼ E1cos2½αUVðt − tUVÞ� cos½ωUVðt − tUVÞ� : ð4Þ
In these expressions, t ¼ 0 and t ¼ τ correspond to

the maxima of the two attosecond XUV pulses and t ¼
tUV corresponds to the maximum of the UV probe
pulse. Figure 1 shows a sample calculation, where H2

was ionized by a pair of ωXUV ¼ 0.8 a:u: (21.76 eV),
ten-cycle (ΔtFWHM ¼ 690 asÞ pulses with a relative delay
τ ¼ 500 a:u: (12.1 fs) and with E0 ¼ 0.001 a:u:, and where
the Hþ

2 vibrational wave packet was dissociated at a variable
delay by a ωUV ¼ 0.114 a:u: (3.1 eV, corresponding to a

FIG. 1. (a) Joint energy spectrum (JES) for a pump-probe
experiment where H2 is ionized by a pair of ten-cycle, ωXUV ¼
0.8 a:u: (21.76 eV) laser pulses with a relative delay of 500 a.u.
(12.1 fs) and dissociated at an XUV-UV delay of 10 000 a.u.
(242 fs) by a five-cycle, ωUV ¼ 0.114 a:u: (3.1 eV) probe laser
pulse; (b) JES at k ¼ 11 a:u:, as a function of the XUV-UV delay;
(c) Fourier transform power spectrum (FTPS) obtained from (b),
revealing that the measurements can be described in terms of a
number of nearest-neighbor and next-nearest-neighbor quantum
beats.
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wavelength of 400 nm), five-cycle (ΔtFWHM ¼ 2.4 fs) probe
pulsewithE1 ¼ 0.004 a:u:The JES for a pump-probe delay
of tUV ¼ 10 000 a:u: (242 fs) is shown in Fig. 1(a). This
figure reveals that the photoelectronmomentum distribution
is modulated with a period Δp ≈ 0.018 a:u:, corresponding
to an energy spacing ΔEe ¼ pΔp ≈ 0.0124 a:u:, in agree-
ment with the spectral fringes in the XUV spectrum
Δω ¼ 2π=τ. Reflecting one-photon dissociation of the
cationic vibrational wave packet, the JES smoothly varies
as a function of the proton momentum k. Figure 1(b) shows
the calculated fragment ion yield (for k ¼ 11 a:u:, i.e., at the
center of the JES) as a function of the photoelectron
momentum and the XUVþ UV pump-probe delay. For
each chosen photoelectronmomentum, the delay-dependent
fragment ion yield shows the dephasing and rephasing that is
expected for a vibrational wave packet [29], with the first
revival occurring after about 12 000 a.u. (290 fs), in
agreement with the experiments in [18]. However, the figure
also shows that the delay-dependent fragment ion yield
depends on the momentum of the accompanying photo-
electron, i.e., the observation of the vibrational wave packet
dynamics is entangled with the properties of the accom-
panying photoelectron.
This entanglement is more clearly revealed in Fig. 1(c),

which shows the FTPS of the calculation shown in
Fig. 1(b). At each photoelectron momentum, the delay-
dependent fragment ion yield (evaluated at k ¼ 11 a:u:) is
described by a number of beat frequencies ΔEvivj , arising
from the coherent preparation of a superposition of Hþ

2

vibrational states in the XUV ionization process. As indi-
cated, these beat frequencies can readily be assigned to pairs
of vibrational states of the Hþ

2 cation, and correspond
predominantly to nearest-neighbor and next-nearest-neigh-
bor coherences. Clearly, the observed beat frequencies
depend on the photoelectron momentum for which the
observation is made. However, in most experiments (see,
e.g., [11,18]), these photoelectrons are never measured, and
one is primarily interested in observation of the cationic
wave packet dynamics. Therefore, it is relevant to consider
how the strength of these beat frequencies in the FTPS
depends on the properties of the pump pulse. This is done in
Fig. 2, which shows the intensities of the peaks in the FTPS
integrated over photoelectronmomentump, as a function of
the delay τ between the pair of XUV pulses. The observ-
ability of all the nearest-neighbor [Fig. 2(a)] and next-
nearest-neighbor coherences [Fig. 2(b)] is related to τ in a
simple manner: for a coherence involving vibrational states
vi and vj the intensity of the corresponding peak in the FTPS
is maximal if τ�ΔEvivj ¼ 2nπ, with n an integer, and is
minimal if τ�ΔEvivj ¼ ð2nþ 1Þπ. As we will demonstrate,
this is a direct consequence of the ionþ photoelectron
entanglement that arises in the XUV photoionization proc-
ess. Crucially, and contrasting with earlier work on Fourier
transform spectroscopy using bound states (see, e.g.,
[20,24]), the dependence of the intensity of the peaks in

the FTPSon τ is not a consequence of τ-dependent variations
in the populations of the participating statesvi andvj. In fact,
except near time overlap of the two XUV pulses, these
populations do not depend on τ at all.
The way that entanglement underlies the results shown in

Figs. 1 and 2 is explained in Fig. 3. This figure shows the
photoelectron spectra that accompany ionization resulting

FIG. 2. (a) Intensity of nearest-neighbor quantum beats (a) and
next-nearest-neighbor quantum beats (b) in the Fourier transform
power spectrum (FTPS) (see Fig. 1) as a function of the XUV
two-pulse delay. The peak intensities oscillate with a period that
is inversely proportional to the level spacing between the two
involved vibrational levels.

FIG. 3. The influence of the XUV two-pulse time delay τ on
photoelectron spectra accompanying the formation of Hþ

2 ðv ¼ 0Þ
and Hþ

2 ðv ¼ 1Þ in ionization by a ten-cycle, ω ¼ 0.8 a:u: laser
field. In the picture at the top (a), a measurement of the
photoelectron kinetic energy provides a strong indication
whether Hþ

2 ðv ¼ 0Þ or Hþ
2 ðv ¼ 1Þ has been formed, i.e., ionþ

photoelectron entanglement limits the observable vibrational co-
herence. By contrast, in the picture at the bottom (b), a measurement
of the photoelectron kinetic energy provides hardly any information
on whether Hþ

2 ðv ¼ 0Þ or Hþ
2 ðv ¼ 1Þ has been formed.
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in final states Hþ
2 ðvi ¼ 0Þ and Hþ

2 ðvj ¼ 1Þ for two values
of the XUV pulse pair delay τ, namely τ ¼ ðπ=ΔEvivjÞ
(top) and τ ¼ ð2π=ΔEvivjÞ (bottom). In the former case, the
XUV spectrum is modulated with a fringe spacing that
equals Δω ¼ 2ΔEvivj : As a result the fringe patterns in the
photoelectron spectra accompanying the formation of
Hþ

2 ðviÞ and Hþ
2 ðvjÞ are offset from each other, implying

that—regardless of whether one performs this measurement
or not—a possible coincident measurement of the photo-
electron kinetic energy provides a strong indication for the
ionic state [Hþ

2 ðviÞ or Hþ
2 ðvjÞ] that accompanies this

photoelectron. In other words, in this case the ion and
the photoelectron are strongly entangled, and the degree of
coherence of the ionic wave function is very low. By
contrast, in the latter case, the XUV spectrum is modulated
with a fringe spacing that equals Δω ¼ ΔEvivj , and the
photoelectron spectra accompanying the formation of
Hþ

2 ðviÞ and Hþ
2 ðvjÞ significantly overlap, so that a possible

coincident measurement of the photoelectron kinetic energy
does not provide any significant clues for the identification
of the accompanying ionic state [Hþ

2 ðviÞ orHþ
2 ðvjÞ]. In other

words, in this case the ion and the photoelectron are only
veryweakly entangled, and the contribution arising from the
coherent preparation of Hþ

2 ðviÞ and Hþ
2 ðvjÞ is prominently

visible in the FTPS (Fig. 1).
In quantum information science, there exist a number of

measures that allow us to quantify the degree of entangle-
ment in a wave function that consists of a sum of products
of component wave functions describing parts of the
quantum system only (such as the photoelectron and the
ion, in the present case) [30]. One of these is the purity of
the reduced density matrices of the subsystems, which can
be obtained as

P ¼ Trðρ2Þ; ð5Þ

where ρ is the reduced density matrix for the ion or the
photoelectron. In both cases the purity is given as

P ¼
X
i;i0;j;j0

ψ ijψ i0j0ψ
�
i0jψ

�
ij0=ς

2 ; ð6Þ

where i, i0 and j, j0 refer to the discretization of the wave
function along the internuclear and electronic grid dimen-
sion, and ζ is the norm of the wave function. Restricting the
evaluation to x > 400 a:u: (corresponding to ionization of
the molecule), Fig. 4 shows the purity of the reduced ion
and photoelectron density matrices as a function of the
delay τ between the two ionizing XUV pulses. The purity
shows clear oscillations as a function of τ, which agree with
the oscillations in the strength of the peaks in the FTPS
shown in Fig. 2. For delays equal to an integral number of
the average vibrational period that plays a role in the
calculation (τ ¼ mTvib) the purity of the reduced density

matrices is high, because the ionþ photoelectron entan-
glement is low. By contrast, for delays that are a half-
integral multiple of the average vibrational period the purity
of the reduced density matrices is low, as a result of a high
degree of entanglement between the ion and the photo-
electron. Figure 4(a) shows calculations of the purity of the
reduced density matrices for a number of XUV pulse
durations. The purity, which only weakly depends on the
XUV photon energy (not shown), significantly reduces
with an increase of the number of cycles in the XUV pulse
and a corresponding reduction of the XUV bandwidth, as a
direct consequence of the increasing ability to identify the
cationic vibrational state from a possible measurement of
the accompanying photoelectron.

FIG. 4. (a) Calculated purity of the 2D reduced ion and
photoelectron density matrices, evaluated after propagation of
the TDSE over 4000 a.u. (96.7 fs), as a function of the XUV-
XUV two-pulse delay. In order to isolate the contribution
corresponding to XUV-induced ionization, the evaluation of
the reduced density matrices was restricted to jxj > 400 a:u:;
(b) and (c) reduced ionic density matrix, where the ionic wave
function was projected onto Hþ

2 vibrational states, for an XUV-
XUV delay of 300 a.u. (b) and 650 a.u. (c). In both cases the
diagonal elements of the reduced density matrix reproduce,
indicating that the population of the vibrational states is not
affected by the XUV-XUV delay. The off-diagonal elements,
which characterize the vibrational coherence, are substantially
different in the two cases, with the nearest-neighbor (Δv ¼ 1)
coherences almost fully suppressed in (b). This suppression is a
consequence of ionþ photoelectron entanglement.
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Further insight into the reduced density matrices is
given in Figs. 4(b) and 4(c). These figures show the
reduced ionic density matrix [following projection
of the Hþ

2 wave function onto the vibrational eigenstates
of the Hþ

2 ð1sσgÞ state], for τ ¼ 300 a:u: and τ ¼ 650 a:u:
In agreement with the previous discussion, the high
degree of ionþ photoelectron entanglement for τ ¼
300 a:u: is reflected in the absence of nearest-neighbor
coherences in the reduced density matrix. By contrast,
these nearest-neighbor coherences are prominently visible
for τ ¼ 650 a:u:
In conclusion, we have demonstrated that the coherence in

pump-probe experiments using ionizing pump laser pulses,
which is a highly common situation in attosecond science, is
constrained by quantum mechanical entanglement between
the ion that is formed and its accompanying photoelectron.
This ionþ photoelectron entanglement has profound con-
sequences for the ability to observe coherent dynamics in the
ion and/or photoelectron. We have furthermore shown that
the degree of ionþ photoelectron entanglement can be
controlled by using a pair of attosecond XUV laser pulses
with a controlled interpulse delay. The ability to tailor the
properties of attosecond XUV light sources to the spectro-
scopic properties of the system under investigation may
prove advantageous in future experiments, such as, for
example, experiments targeting the observation of charge
migration in polyatomic and biomolecules.
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