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Power-Law Intensity Distribution of y-Decay Cascades:
Nuclear Structure as a Scale-Free Random Network
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By modeling the transition paths of the nuclear y-decay cascade using a scale-free random network, we

uncover a universal power-law distribution of y-ray intensity p,(I) o 172, with I the y-ray intensity of each
transition. This property is consistently observed for all datasets with a sufficient number of y-ray intensity
entries in the National Nuclear Data Center database, regardless of the reaction type or nuclei involved. In
addition, we perform numerical simulations that support the model’s predictions of level population

density.
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The line intensity distribution for many-electron atoms
(one of the most well-studied fermionic many-body sys-
tems) in plasmas has been reported to exhibit a power-law
dependence [1-4],

pi(l) < I7", (1)

where p; (1) is the number of emission lines with intensity 7
and b is the index of the power law. In our earlier work [5], we
showed that the index can be written as b = 2T, /T + 1,
where T, is the excitation temperature in the plasma (in the
energy scale), and 7" is an atom-dependent constant related to
the level density of the atom [6]. This relation was derived
based on two general principles: the stochastic property of
the transition rates, and the exponential energy dependence
of the level density of fermionic many-body systems.
Therefore, we may expect other systems with the same
properties, such as heavy nuclei, to exhibit a similar intensity
power law. However, the relationship to other power laws
observed in many diverse fields of science has not yet been
elucidated [7-11].

Recently, it was shown that a random walk on a general
network structure typically exhibits a power-law distribu-
tion [12-14]. For example, Corominas-Murtra et al.
showed that the probability of a node being visited during
a random walk on an acyclic network follows a power law
[13,14]. In this Letter, we discuss the connection between
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quantum many-body systems and a scale-free random
network such as this. Our approach is philosophically
similar to Wigner’s modeling of the Hamiltonian of a
quantum many-body system using a random matrix (see,
e.g., [15]). Here instead, we model the optical transition
paths using a scale-free random network, where the levels
of the quantum system correspond to the nodes of the
network while the transitions correspond to the edges.

In particular, we discuss y-decay cascades of heavy
nuclei. After a nuclear reaction, such as thermal neutron
capture, an excited nucleus at a particular excited level, of
which the atomic number has been incremented, is gen-
erated. The excited nucleus decays to a lower level by
emitting a y-ray photon until it reaches the ground state [see
Fig. 1(a) later]. A nucleus cannot be excited to any upper
levels again, and thus, as the cascade proceeds, the number
of levels that can decay is reduced. This is very similar
to the sample-state-reducing (SSR) process discussed in
Refs. [13,14]. We show that such a process on a scale-free
random acyclic network exhibits a universal power law
pi(I) o< I7%, where I is the probability of passing a particular
edge during the cascade and p; is the number density of edges
with the probability /. In the y-decay cascade, I corresponds
to the intensities of the y-decay transitions. We demonstrate
below that all large datasets comprising y-ray intensities that
are stored in the Evaluated Nuclear Structure Data File
(ENSDF) database [ 16] comply with this intensity power law
regardless of the nuclear structure and reaction type.

We begin by considering a cascade process on an acyclic
network—a directed network with no cycles—consisting of
N nodes [17]. Acyclic networks have a natural ordering,
and the indices 1, ..., N are assigned to each node accord-
ing to this ordering. The cascade process starts from the
Nth node. Let r,, be the weight of an edge from the mth
node to the nth node, and assume that the probability of

Published by the American Physical Society
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FIG. 1.

(a) Schematic illustration of the y-decay cascade after the thermal neutron capture of Se. (b),(c) Experimentally observed

distributions of y rays resulting from this process. (d)—(f) Distributions simulated by RAINIER. (b),(e) Joint distributions of the y-ray
intensity and energy, respectively. (c),(f) Density distribution of y-ray lines with a given intensity /1. (d) Simulated distribution of x, which
is the probability of experiencing a particular level during the cascade. Solid and dotted straight lines in (c), (d), and (f) show the
theoretical results with 7 = 12/25 and n = 1/4, respectively. In (e) and (f), the contribution from the resonance state is shown in a

different color.

jumping from the mth node to the nth node in one step
(the branching ratio) is determined from this weight as
fom = Tum/Tm, Where r, =% _ r,,. Note that the
discussions below can be generalized to unweighted net-
works by assuming binary weights r,, ,, € {0, 1}. The total
probability of passing the edge n « m during the cascade
can be written as

(2)

where x,, is the total probability of the decay passing
through the mth node, which satisfies

N
Xp = E fn,mxm-

m>n

In,m - fn,mxm’

(3)

Corominas-Murtra et al. [13] showed that certain forms of
. give the power-law distribution of x. Here, we further
expand upon sufficient conditions on r,, ,, to give rise to the
power law.

We assume that r, , is sampled from a certain indepen-
dent random distribution and traces the cascade process on
the realized network. Let f(n, m) = E[f,,] be the expect-
ation value of f, ,,. We assume the network is large, i.e.,
N > 1. Based on this assumption, we approximate Eq. (3)
by an integration,

x(n) ~ LNf(n,m)x(m)dm, (4)

where x(n) = E[x,].

Let us consider a class of f(n,m) having the form

f(n,m) = %g<%)

with any non-negative function g satisfying [J g(r)dr = 1.
This form represents the self-similarity of the edge weight
distribution, and thus the network is considered as scale-
free. Then, x(n) = nn~! is the solution of Eq. (4) with a
normalization constant 7. This result includes the particular
case r,,, « n% which is reported to have the solution
x(n) «n~! [14]. After the normalization, this case is
reduced to f(n,m)= (a+1)/m(n/m)* which is one
realization of Eq. (5). On the other hand, the reported
counterexample 7, ,, o e [14] does not satisfy Eq. (5).

The constant 77 can be evaluated by considering the total
probability of the cascade proceeding from some node
m > nto anode n’ < n (i.e., the total probability flux past

n<N):
n Nl n/
1:/ dn’/ —g<—>x(m)dm,
0 n M m

which gives

(5)

(6)
%— - A "og 1g(1)dt. (7)

Physically, # can be understood as a measure of the
preference for connecting to a closer node of the network.
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In the absence of any preference—for example, in the case
g(t) = 1—then we obtain = 1. If the connection between
closer nodes is more probable [g(#) is larger at ¢ ~ 1 than at
t =~ 0], then the integrand becomes smaller and n > 1.

At times it may be convenient to consider the density
distribution of x, as the explicit node ordering is not always
clear. From x(n) = nn~!, the number of nodes in the range
X ~ x + dx can be derived as

pe(x)dx = 1dn = nx~2dx, (8)

which is another representation of Zipf’s law with the
index 1.

Let us consider the joint distribution of I and t = n/m,
which is the number of edges within I~ + dl and
t ~t+ dt. This can be computed from the unit density of
n and m, and the technique of changing random variables,

pi (1. 0)dldt = Ldndm = g(1) gl‘zdldt. 9)

By integrating p;, over t, we arrive at the power-law
distribution of 7,

;mn=Ame»m=§*. (10)

In this derivation, we neglect the stochastic property of the
edge weight and only consider the mean value of f. However,
the random fluctuation of f does not change the intensity
distribution, as we show in the Supplemental Material [18].

Now, let us return to our particular system of interest, the
y-decay cascade of nuclei. Figure 1(a) shows a schematic
illustration of the y-decay cascade of "’Se after a nuclear
reaction, specifically, the thermal neutron capture of "°Se.
In the nuclear case, r,, is the physical transition rate from
the mth to the nth level, and thus £, , is the branching ratio.
X,, 1s the total probability that the cascade passes through
the mth level, and hence I, ,, = f,,x, is the total
probability of the transition n < m and is measured as
the y-ray intensity for each transition. The y-ray spectrum
has been measured for various kinds of reactions. In
Fig. 1(b), we show the intensity and energy distribution
of the y rays for the thermal neutron capture of "%Se, which
are taken from the ENSDF database [16].

The distribution of the transition rates has been discussed
for a long time, as this is a key parameter to explain the
observed abundance of elements [19]. To consider this
property of the y-cascade spectrum, following an existing
approach [20], let us start from the level density of a
nucleus pg(E), i.e., the number of levels with a given
excited energy E per unit energy. In general, pg(E) is
nearly exponentially dependent on E. A simple yet well-
accepted approximation thereof is the constant temperature
model [21],

pe(E) = poet/T (1)

with py, = e %/T/T, where T parameterizes the level-
density growth rate with excited energy (referred to as
the “temperature” [21,22]), and E|, is the energy backshift.
Here, we assume that 7" is constant over the entire energy
range, and independent of quantum numbers, spin, and
isospin. By integrating Eq. (11) from the ground state, the
level index n has the following relation to the level
energy E,:

T
E, = Tlog (M) (12)
poT

Note that the use of a different level-density model, such as
the backshifted Fermi gas model, does not change the
above relation, since all of them behave similarly in the
energy range smaller than the resonance level.

The transition rates are expected to fluctuate according to
the level pairs. On the other hand, the average rates are
considered to depend on the transition energy but to be
independent of the state [23-28]. In particular, the tran-
sition rate from state m to state n is often written as
27w}, L(@,,,), where w,,, =E, —E, is the energy
difference and I'(w,,,) is the so-called gamma strength
function. (Although we implicitly assume the dominance of
electric or magnetic dipole transitions, the effect of quadru-
pole transitions can be absorbed by I') As the energy
dependence of the gamma strength function is not large, we
may approximate the transition rate by taking its leading
order:

rn,m) « (E, — E, )’ = [—Tlog <m>]3. (13)

This function has a [—log (n/m)]* dependence with a large
m > poT, whereas it is proportional to (1 —n/m)? with
small m < pyT. Both of these satisfy Eq. (5), and so the y-
cascade spectrum is anticipated to very closely follow the
power law. Using Eq. (7), we obtain n = ‘—1‘ for the case of
large values of m, and n = 12/25 for the case of small
values of m.

Note that the detailed energy dependence of I', which has
been discussed frequently, slightly changes the normaliza-
tion value # but not the power-law index. We have confirmed
that reasonable profiles, such as the Lorentzian dependence
of I' [24,29], the pygmy dipole resonances [30-32], and the
low-energy enhancement [33,34], do not change the value of
n significantly. Also note that the transition selection rules do
not change the intensity distribution provided that the
distributions of the total angular momentum number J and
the parity are uniform over the energy range, since this effect
can be absorbed into fluctuations of f.

Figure 1(c) shows the intensity distribution of the y-
decay cascade for a thermal neutron capture of 7°Se, which
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FIG. 2. Intensity histogram of y-cascade spectra for all the

reactions with more than 200 y-ray intensity entries in the
ENSDF database [16]. The color of each line indicates the mass
number of the nucleus A. The solid and dashed lines indicate
Eq. (10) with n = 12/25 and 1/4, respectively.

is computed from the observed spectrum shown in Fig. 1(b)
by the kernel density estimation method. The diagonal solid
and dashed lines show the power law (17/2)172, with n =
12/25 and 5 = i, respectively. This experimental distribu-
tion is consistent with the theory.

In our subsequent investigations, we compared the
results of the above model with those of a numerical
simulation. RAINIER is a simulation tool for distributions of
excited nuclear states and cascade fluctuations [35]. This
tool adopts more exact nuclear properties, for example, the
backshifted Fermi gas model is used for the level density,
taking into account parity and angular momentum distri-
butions, certain known low-lying energy levels, and the
generalized Lorentzian form for the gamma strength
function. The level-density parameters and gamma strength
function parameters used in our simulation were taken from
Refs. [22] and [36], respectively.

Figure 1(e) shows the simulated intensity-energy dis-
tribution of the y-ray lines. This is consistent with the
experiment [Fig. 1(b)], but the distribution is extended to
the much weaker intensity side than the distribution
observed experimentally. Figure 1(f) shows the simulated
intensity distribution, which is very close to that predicted
by Eq. (10) over more than 4 orders of magnitude. In the
simulation, we can also compute the distribution of x
directly. Figure 1(d) shows p,(x), which we find is also
consistent with the theory 7x~2, shown by diagonal lines.

To confirm the universality of this distribution, we
generated intensity distributions for all y-decay cascade
spectra with more than 200 y-intensity entries in the
ENSDF database [16]. Figure 2 shows the intensity dis-
tributions of these 69 experimentally observed y-cascade
spectra. The level-density parameters 7 and p, and the
symmetry of the nuclei analyzed in this work are also
shown in Fig. 3(a), (b). As shown in Fig. 2, all the
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FIG. 3. Fitted results for the y-ray intensity distribution.

(a) Temperature parameters 7 and (b) level-density scale p
for each nucleus [22]. (c) Index and (d) density scale of
experimental y-ray intensity distribution. The color of each
marker indicates the type of nucleus and its shape (circle, star,
or cross) indicates the reaction type (neutron capture, f cascade,
or electron capture, respectively). Although T varies by a factor of
5 and p, varies by more than 103, the index and density scale of
the y-ray intensity distribution are very close to the theoretical
values (2 for the index and approximately 1/4-12/25 for the
density scale). The open circle in (d) shows the density scale for
193+ from ENSDF, the intensities of which we found to be
incorrect in the database by a factor of 10. The result for the
corrected spectrum is shown by a filled circle.

distributions are concentrated on a single straight line in
the double-logarithmic graph. Equation (10) with = 1/4
and = 12/25 is plotted using black lines. The consistency
is very clear over several orders of magnitude.

We estimated the distribution variation by fitting those
shown in Fig. 2 with p,(I) = (a/2)I"", where b and a are
adjustable parameters to be estimated from the distribution,
index, and density scale, respectively. The results are
shown in Fig. 3(c),(d). Although 7 depends on the negative
power of mass number A (*A~%/3 [22]), which changes
over a factor of 5 in this range, and p, varies over 3 orders
of magnitude depending on the nuclear structure, the
power-law index is concentrated in the small range
b =2.0+£ 0.3, which our theory predicts to be 2. The
density scale is distributed over the range a = 0.54 + 0.28
per cascade, which is predicted to be approximately in the
range 1/4 ~12/25. The consistency with Eq. (10) indi-
cates that the scale-free random network model robustly
reflects the nature of the nuclear structure. Note that the
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finite-size effect of the network affects the intensity dis-
tribution to a certain extent but at the same time avoids the
divergence of the total y-ray photon number during the
cascade (see the Supplemental Material for details).

Because Eq. (10) is a universal distribution and does not
depend on the nuclear structure or reaction type, it can be
used to roughly calibrate the y-ray intensity. Indeed, our
work revealed that the intensities of '**Ir stored in ENSDF
are incorrect in that they differ from those reported in the
original work [37] by a factor of 10. This outlying behavior
of this dataset is very obvious [Fig. 3(d)].

In this Letter, we have considered the pure decay
process, in which the system can only transit to the lower
levels without any excitation processes to the upper levels.
By contrast, many-electron atoms in plasmas (for which the
intensity power law was originally observed) can experi-
ence excitation. Corominas-Murtra et al. [13,14] consid-
ered a similar process in which they mixed the decay
process (consisting of only transits to lower levels) and the
bidirectional jump process (in which excitation to higher
levels could also occur in the system). They referred to this
process as a noisy SSR process and showed that, by mixing
these two processes, the exponent of the power law varies
in the range 1-2. This is consistent with our explanation
[5], where the exponent changes depending on the plasma
parameters. This strongly suggests a direct connection
between the atomic systems and the noisy SSR process.
However, this relation would have to be further investigated
in future.

In summary, we pointed out that the nuclear structure can
be modeled using a scale-free random network. We showed
that a random walk on a scale-free random acyclic network
exhibits a power-law distribution for the number of edges
with a given passing probability, which corresponds to the
intensity of the y ray for the y cascade. All experimental
y-ray intensities stored in the ENSDF database adhere to
this power law. Since this basic statistical property was
derived using generic features of nuclei, a deviation from
this law may be useful to study a specific feature of a
particular nucleus.
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