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Role of Static Displacements in Stabilizing Body Centered Cubic High Entropy Alloys
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The configurational entropy of high entropy alloys (HEAs) plays little role in the stabilization of one
particular crystal structure over another. We show that disorder-induced atomic displacements help

stabilize body centered cubic (bcc) structure HEAs with average valences < 4.7. These disorder-induced
atomic displacements mimic the temperature-induced vibrations that stabilize the bcc structure of group IV
elemental metals at high temperatures. The static displacements are significantly larger than for face

centered cubic HEAs, approaching values associated with the Lindemann criterion for melting. Chemical
disorder in high entropy alloys have a previously unidentified, nonentropic energy contribution that

stabilizes a particular crystalline ground state.
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High entropy alloys (HEAs), single-phase solid-
solutions alloys composed of four or more components
at or near equiatomic concentration, frequently crystallize
as chemically disordered solid solutions with face centered
cubic (fcc) [1,2], body centered cubic (bcc) [3], and
hexagonal close-packed (hcp) [4-8] crystal structures.
HEAs exhibit a number of very interesting electronic
transport [9] and mechanical properties [10-14]. The
simplest explanation of the existence of the disordered
phase is the large entropy of mixing associated with the
high concentrations of all species. Much less is known
regarding the mechanisms that determine the specific
crystal structure selected, i.e., fcc, bce, or hep.
Understanding the competing crystal structures is impor-
tant for essentially all properties. As a particular example,
transformation-induced plasticity may improve the duc-
tility of bcc HEAs by allowing for deformation-induced
transitions [14—17]. Such transformations have been
observed in bcc HEAs formed of group IV and V metals
[14,17] and are sensitive to the energy associated with the
transformations between the relevant phases.

For elemental 4d and 5d transition metals, there is a
well-known connection between ground-state structure and
d-band filling [18], where the ground-state structure of the
elemental 4d and 5d transition-metal series follows the
sequence hcp—bcc—hcp—fec, while moving from empty to
completely filled d-electron shells. Often, low-temperature
close-packed structures transform to the more “open” bcc
structure at higher temperatures, driven by the vibrational
entropy associated with low-lying phonon modes of the bcc
phase [19-22], particularly those associated with the T1
branch in the [0{¢] direction and the corresponding C' =
15(C,; — C),) elastic constant. For group IV metals, first-
principles calculations have shown that, at 7 =0, C’ is
negative for the bcc phase, indicating a mechanical
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instability [23,24] at low temperatures. The anharmonic-
ities associated with these modes and their coupling to
other modes lead to stabilization at higher temperatures
[25,26]. Accordingly, these modes are stable but finite in
the high-temperature bce phase [19-22]. Alloys containing
group IV metals (hcp) may exhibit interesting related
mechanical properties, such as the Ti-Nb “gum metal”
[27] or the shape memory effect in NiTi [28-31].

We examine the trend associated with d-band filling for
bcc HEAs formed from various combinations of group IV
and V transition-metal elements, using composition to vary
the average number of valence electrons (Z), ranging from
four to five. We demonstrate that chemical disorder gives
rise to a new energetic contribution that significantly affects
the competition between crystal structures, in some cases
changing the ground-state structure. Specifically, we have
performed density-functional theory [32] calculations of a
series of HEAs with varying (Z) to examine the effects of
disorder on the energetics, phonon properties, and phase
stability. The calculations show that static random lattice
distortions in these alloys can stabilize the bcc structure.
This energetic stabilization of certain bcc HEAs is a novel
manifestation of the disorder in these materials and
provides new insight into the role of disorder in determin-
ing the phase behavior of these alloys.

Chemical disorder in the alloys was simulated using
special-quasirandom-structure  (SQS) [33] models (see
Supplemental Material [34]) in supercells containing 54
atoms for phonon calculations and 256 atoms to calculate
the energy surface of the Burgers transformation. The
details of the Vienna ab initio simulation package calcu-
lations [35], including the use of the uUPHO [36] and
PHONOPY packages [37] for phonon calculations, are given
in the Supplemental Material [34], Sec. S2, including
references to [38—40].
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FIG. 1. Body centered cubic phonon dispersion calculated in
(a) Zr, (b) HINbZrTi, and (c) VNbTa solid solutions, with atoms
occupying the perfect bec lattice sites. Negative frequencies with
minima at N and L points of the Brillouin zone manifest
structural instabilities structures. The similarity of (a) and
(b) underlines the similar dynamical instabilities for these cases,
in contrast with (c).

Figure 1 compares the calculated phonon dispersion of
two bec alloys, HINbZrTi and VNbTa, as well as elemental
bee Zr. These were calculated with atoms at ideal bec lattice
positions using supercell phonon unfolding simulations
based on large supercell models of the disordered state
[41-44]. The calculated phonons for VNbTa (formed
entirely of group V elements) are all stable; those for
HfNbZrTi, however, show a strong lattice instability, with
the T1 [110] branch being entirely imaginary (shown as
negative frequencies) with a minima at the N point and near
the L point. These instabilities are normally associated with
transitions to the hcp and w phases, respectively. Notably,
these same unstable phonons are also observed in bcec Zr
[Fig. 1(a)], where again the lowest minimum at the N-point
phonon is associated with the transformation pathway to
the hcp phase discussed below.

To check the sensitivity of the phonons to the particular
chemical arrangement in the supercell, the phonon
dispersion of HfNbZrTi was calculated in several SQS
structures, two with (different) ideal random arrangements
of atoms and one with significant chemical short-range
order (see Supplemental Material [34], Secs. S2 and S3).
As is evident from Figs. S2 and S3, the calculated phonon
dispersions (spectral functions) of the two ideal random
SQSs are essentially identical, as is the overall structure of

short-range-ordered SQS. This insensitivity of the phonon
dispersion relations to the fine details of the atomic
arrangement is a direct consequence of the large degree
of disorder smearing, in energy and wave vector, that
results from the large atomic mass differences (factors of
~2) between the various 3d, 4d, and 5d transition-metal
alloying elements. The addition of the force-constant
randomness that is also endemic to the disordered state
only further increases the phonon broadening [45].
Disorder smearing of the spectral function that is a
substantial fraction of a Brillouin dimension implies a
phonon mean free path that is the order of a few interatomic
spacings, a situation well captured using SQS-based
methods. The clear systematic trends of phonons with
(Z) (Supplemental Material [34], Fig. S5) is also indicative
that the phonon dispersions are not highly sensitive to the
particular arrangement of atoms within the computational
cell while allowing the capture of phonon instabilities.

Both alloys shown in Fig. 1 are known to be stable in the
bce phase [46] (and potentially at lower temperatures as
well). Given that the HfNbZrTi system shows calculated
phonons similar to Zr, why then is bcc HINbZrTi observed
at low temperatures, whereas bcc Ti, Zr, and Hf are only
stable above ~1000 K? We demonstrate that large envi-
ronment-dependent atomic displacements in HfNbZrTi,
resulting from underlying chemical disorder, energetically
stabilize the bcc phase even at 7 = 0.

Figure 2 examines the bcc — hep structural transition
pathway, conventionally described in terms of the Burgers
path [47-49]. The Burgers path [Fig. 2(b)] is an energy
surface corresponding to two degrees of freedom: First, a
tetragonal strain A distorts atomic positions into an equi-
lateral triangular lattice [49]. Second, lateral shifts of
alternating [110] planes in the [110] direction (associated
with the N-point 7; phonon [50]) complete the trans-
formation. In Figs. 2(c)-2(g), the point (0,0) in the (4, &)
plane corresponds to the bec structure, and (4, &) = (1, 1)
corresponds to hcp. The 4 =0 energy cross section of
Figs. 2(c) and 2(e), for Zr [50] and HfNbZrTi, shows that
the frozen phonon energy [23,50], as function of phonon
amplitude &, displays a negative second derivative (without
relaxations for HINbZrTi), defining a negative N-point T';
phonon frequency—consistent with Fig. 1. Both bce Zr and
HfNbZrTi have a similar behavior near 4 = 0, indicating
that the bcc phase is unstable. The minima for Zr and
HfNbZrTi are different: the global minimum in the (4, &)
plane is located at (1,1) in Zr [Fig. 2(e)], i.e., the hcp
structure, while in HfNbZrTi it is located close to (0.02,
0.47)—essentially having a small value of 4, formed by a
static amplitude of the NT; phonon. This is similar to
results reported for TiV and HfTa [48]. In the following, we
refer to structures of this type as body centered tetragonal
with hcp modulation.

The magnitude of the static displacements depend upon
d-band filling and can be large. Results for the root mean
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FIG. 2. (a) Atomic displacements corresponding to a NT)
phonon with amplitude £. (b) The Burgers path describing a
bce — hep transformation composed (1) a strain A (tetragonal
deformation), and (2) a shuffle of [110] planes corresponding to
the frozen phonon shown in (a). (¢)—(g) The calculated energy
surfaces. The points (4,&) = (0,0) and (4,¢&) = (1,1) corre-
spond to bce and hep, respectively. (c),(d) Plots of the energy
surfaces of HINbZrTi, (c) with atoms occupying ideal lattice sites
through the full Burgers transformation from bcc to hep, (d) with
atoms displaced according to the fully relaxed bcc ground state.
(e),(f) Similar to (c) and (d) but for Zr, where in (f) the applied
displacements are those of the HINbZrTi system. (g) same as (f),
but with the atomic displacement increased by 50%.

square displacement per atom, A = u?(/2), are shown in
Fig. 3 for a series of alloys (Supplemental Material [34],
Table S1). The largest value is A = 0.3 A, or 9% of the bee
lattice parameter, for HINbZrTi. This reduces to A = 0.1 A
as (Z) goes from 4.25 to 5. The values for (Z) greater than
5 are even smaller than that of VNbTa, despite having
more constituents and therefore more local configurations.
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FIG. 3. Calculated rms displacement A = \/u_z, in a series of
high entropy bcc alloys, where (Z) is the average number of
valence electrons. The yellow bar indicates the range of values
expected for fcc HEAs (shown independent of (Z)).

In Fig. 3, we also show the range of A (0.04-0.75 A) for a
variety of fcc-based solid solutions, obtained from theo-
retical calculations [51,52] and diffraction experiments
[53]. All bee alloys have significantly larger displacements
(see also [54]), particularly for lower values of (Z). Recent
theoretical [55,56] and experimental [57] work also note
the large displacements with increasing Ti, Zr, and Hf
concentration.

The large anharmonic phonon coupling produced by
temperature-induced atomic vibration was used to explain
high-temperature stabilization of bcc Zr [24,26]. For
HfNbZrTi, the calculations above show that 7 = 0 dis-
placements similarly appear to stabilize the bcc phase. To
check this, we calculated phonons for pure Zr using the
HfNbZrTi relaxed structure (i.e., a bee lattice with local
distortions corresponding to those in HfNbZrTi). For Zr,
the value of A =0.3 A from HfNbZTi corresponds to
thermal atomic vibrations at 1200 K, estimated using the
Debye model (Supplemental Material [34], Fig. S4). This
temperature is slightly higher than the experimental bcc —
hcp transition temperature for Zr, 1135 K. The resulting
E(A,&) Burgers path surface for this distorted structure
[Fig. 2(f)] differs significantly from the ideal case [Fig. 2(e)].
The hep phase energy now corresponds to a local maximum
[Fig. 2(f)] and the transition to the hcp structure is sup-
pressed. The minimum energy is very close to the (0,0) point
corresponding to the bee structure. A calculation based on a
further increase of atomic displacements by 50% completely
stabilizes the Zr bce structure [Fig. 2(g)]. This is further
supported by calculations of Zr bcc structures with the
distorted structure (see Supplemental Material [34],
Sec. S1, particularly Fig. S1). (Section S1 also notes other
approaches for calculating effective phonons at high temper-
atures, particularly those in Refs. [58,59].) We expect larger
displacements in the bcc phase at 7 = 1200 K than the
simple estimate here, due to an expected lower debye
frequency for the bcc phase than that for hep.

Relaxed displacements in HfNbZrTi not only alter the
transformation path energy surface E(4, £) but also stabilize
the phonons, particularly the 71 branch in the [0{¢]
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FIG. 4. Calculated phonon dispersion in HENbZrTi alloy based
on a fully relaxed bcc structure. Positive frequencies at N and L
points signal the stabilization of the bcc structure.
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direction, as well as those near the L point at 2/3 [{{(]
(Fig. 4). The phonon dispersion at small |g| results in a
small, positive C’ modulus [60,61]. This phonon dispersion
is based on a SQS structure; Fig. S2 in the Supplemental
Material [34] compares this with a Monte Carlo relaxed
structure found using the approach of [62] and based on the
enthalpy matrix described in [63], finding very similar
results.

Supplemental Material [34], Sec. S5 and Fig. S5 show
the phonon dispersion dependence on d-band filling in a
series of HEAs, with (Z) ranging from four to five:
HfNbZiTi, HfNbZr, VNbLZITi, (TaNb)g,(HfZrTi);s,
(VTaNb); (HfZrTi)43, (TaNb),,(ZrTi),,, VNbTaTi, and
VNbTa. In the limiting case of VNbTa with (Z) =5, the
relatively small lattice relaxation (A = 0.12 A) does not
significantly change the phonon dispersion from that
shown in Fig. 1(c). Increasing (Z) results in fewer negative
modes and eventually stabilizes the [0, {, ] branch. In all
cases considered, relaxing the bcc structure stabilizes
essentially all phonon modes.

The hcp phase becomes more stable, as the effective
valence goes from 5 to 4.25. This is reflected in the energy
difference Ey,, — Ey. between hep and bec solid solutions
decreasing as (Z) decreases. For relaxed configurations,
this difference changes from 352 meV/atom in VNbTa
(Fig. S6) to 141 meV/atom in HfNbZrTi. The atomic
positions in the hcp structure are a result of the Burgers
transformation of the bcc relaxed structure; further relax-
ation of the hcp lattice with a constrained ¢/« ratio reduces
the difference to 35 meV/atom in HfNbZrTi. (In VNbTa,
the hep structure is mechanically unstable, Fig. S6.) Further
relaxation of atomic positions of HINbZrTi from the energy
minimizing configuration [Fig. 2(c)], located close to
(0.02,0.47), results in the disappearance of the hcp modu-
lation, and the structure converges very close to (0,0) (the
ideal bcc structure).

The large displacements and soft phonons in these alloys
provide an interesting contrast to classic theories of melt-
ing. In the Lindemann criterion [64], melting is expected
when the mean square displacement, normalized to the near
neighbor constant, reaches a value typically reported in the
range of 0.07-0.12 [64-67]. The Born criterion [68]
suggests that melting occurs close to the temperature at
which one would expect an elastic constant to fully soften.
For HfNbTiZr, the ideal bcc phase shows an elastic
instability (similar to the Born criterion) at 7 = 0 K and,
with relaxations, have a mean square displacement ~0.1 of
the average nearest neighbor distance at 0 K, satisfying the
Lindemann criterion melting. Given these considerations,
bee HfNbTiZr would be expected to be close to melting by
both the Lindemann and Born criteria, even at 7 = 0 K. In
contrast, these effects are closely coupled in this system and
actually stabilize the bcc phase: the large displacements
stabilize the elastic mode and the bce phase, allat 7 = 0 K.

In conclusion, first-principles calculations of show that
lattice distortions in group IV (Ti, Zr, Hf) and V (V, Nb, Ta)
HEAs play an important, previously undescribed, role in
stabilizing the bce phase. These relaxations occur due to the
configurational disorder; thus, the configurational disorder
provides an energetic stabilization of the bcc phase, in
addition to any entropic contributions. For HEAs with
(Z) < 4.7, the ideal bec structure is mechanically unstable,
but static distortions stabilize the phonons. This is similar to
the temperature-driven stabilization of bcc Zr, where
temperature-driven distortions stabilize the bcc structure.
This stabilization effect is purely energetic, mimicking
vibrational stabilization of the bcc phase even at 0 K.

These results are relevant to other effects, including
vacancy diffusion and ductility in bcc HEAs. In alloys with
(Z) < 4.7, low-frequency modes (precursors of structural
transitions [69,70]) may significantly affect defect diffu-
sion. For example, the vacancy migration energy in the bcc
phase decreases dramatically close to the bce-to-hep
transition in Zr [71]. In the bcc HEAS, the close competition
between the bee and hep phases for (Z) < 4.7 may have a
similar effect as in Zr, leading to a significant reduction of
diffusivity, i.e., sluggish diffusion. This diffusion suppres-
sion is expected to be amplified by disorder [72]. Finally,
the significant reduction of the energy difference E, —
E\. as the valence (Z) goes from five toward four may be a
reason for significantly improved ductility observed in
HfNbZrTiTa [10,12], where the formation of secondary
phases under stress provides additional mechanisms for
strain accumulation, i.e., transformation-induced plasticity
(TRIP) [14—17]. Ultimately, this Letter suggests that tuning
composition to control (Z) provides a potential approach
for controlling transformations in these materials, leading
to potential enhancements in ductility through the TRIP
mechanism, as well as control over diffusion kinetics.
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