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Quantum mechanics challenges our intuition on the cause-effect relations in nature. Some fundamental
concepts, including Reichenbach’s common cause principle or the notion of local realism, have to be
reconsidered. Traditionally, this is witnessed by the violation of a Bell inequality. But are Bell inequalities
the only signature of the incompatibility between quantum correlations and causality theory? Motivated by
this question, we introduce a general framework able to estimate causal influences between two variables,
without the need of interventions and irrespectively of the classical, quantum, or even postquantum nature
of a common cause. In particular, by considering the simplest instrumental scenario—for which violation
of Bell inequalities is not possible—we show that every pure bipartite entangled state violates the classical
bounds on causal influence, thus, answering in negative to the posed question and opening a new venue to

explore the role of causality within quantum theory.
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Introduction.—Estimating relations of cause and effect
are central and, yet, one of the most challenging goals of
science. Since long ago, it has been realized that correla-
tions do not imply causation. The reason is that any
correlation observed between two or more random varia-
bles can, at least in the classical regime, be explained by a
potentially unobserved common cause. Understanding
under which conditions such confounding factors can be
controlled, such that empirical data can be turned into a
causal hypothesis, has found a firm theoretical basis with
the establishment of the mathematical theory of causality
[1,2]. Today, concepts like interventions, randomized con-
trolled experiments, and instrumental variables are
common work tools in the estimation of causal influences
in a variety of fields [3-7].

Despite its success, all such ideas and applications rely on
the classical notion of causality that, since Bell’s theorem
[8], we know cannot be applied to quantum phenomena.

The violation of a Bell inequality shows that quantum
correlations are incompatible with the joint assumption of
the causal constraints of local realism and measurement
independence (“free will”) [9-18]. As it turns out, the
phenomenon of quantum nonlocality can be seen as a
particular case of a causal inference problem [19], a
realization that has sparked a number of generalizations
of nonlocality to causal networks of growing size and
complexity [20-24]. Apart from the violation of Bell
inequalities, are there any other consequences of quantum
correlations to the theory of causality?

The standard manner for distinguishing between a
common cause and direct causal influences among two
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variables is via an intervention [3]. However, in some cases,
it might not be possible to intervene in the system, e.g., due
to ethical reasons, or because one is interested in estimating
causal effects in past experiments. As shown in
Refs. [25,26], differently from the classical case, observed
quantum correlations alone are sometimes enough to
resolve the question. This has led to a formalization of a
quantum common cause [27] and, more generally, quantum
causal models [28-34]. However, the solution in
Refs. [25,26] relies on causal tomography, that is, it
depends on the precise knowledge of the physical system
and the measurement apparatuses. Strikingly, as shown in
the pioneering work [35] causal influences can also be
estimated without interventions and, in a device-indepen-
dent manner, via the introduction of an instrumental
variable. This result, however, relies on the assumption
that the unobserved hidden causes are classical and satisfy
the property of local realism. In view of that, the instru-
mental scenario has started to be analyzed from a quantum
perspective [36-38]; however, despite these initial
attempts, it is not known how quantum effects can change
the cause and effect relations that can be inferred from the
instrumental data. That is precisely the question we resolve
in this Letter.

We consider the problem of determining casual
influences in quantum causal models. To this aim, we
use the common measure known as the average causal
effect (ACE) [1], defined in terms of interventions, which
can either be measured directly or can be estimated from
observational data with the help of an instrumental variable.
As we show here, by considering the simplest instrumental
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scenario, every pure entangled state, as well as every pair of
incompatible projective measurements, can generate cor-
relations that violate the classical bounds on ACE, derived
in Ref. [35]. Remarkably, in this simplest scenario, quan-
tum correlations cannot violate any Bell-type inequality
[28]. That is, our results imply that quantum correlations
can generate nonclassical signatures going beyond the
paradigmatic violation of Bell inequalities. Motivated by
that, we also introduce a general framework for causal
inference in the instrumental scenario, providing bounds
for ACE and applicable to quantum theory and beyond.

We denote random variables by capital letters and
their values by the corresponding lower-case letters.
Additionally, we use the notation p(a) = p(A = a).

Quantifying causality and the instrumental scenario.—
Given two variables A and B, our aim is to quantify how
much of their correlations are due to direct causal
influences from A to B, or due to some common cause
described (classically) by a random variable, A. If we do
not have empirical access to the common cause, one option
is to intervene on the variable A, that is, fix its value to a
value of our choice independent of A. The intervention
erases any correlation between A and B mediated by A.
Thus, any remaining correlation after such intervention can
unambiguously be associated to the direct causal influence
A — B. Interventions are a natural choice for quantifying
causality. In fact, one of the most widely used measures of
causal influence is the ACE measure, defined in terms of
interventions as

ACE, -y = max  p(bldota) = ploldo(@) ). (1)

where we used a notation, p(b|do(a)) to denote the
probability of Bob’s outcome b when variable A is set
by force to be a. We refer to it as “do probability” in the
text. The ACE measures the maximum change in the
distribution of the variable B when the value of A is altered.

For a variety of reasons, however, it is not always
possible to perform an intervention. With the aim of still
being able to estimate causal influences based only on the
observational data, the instrumental scenario has been
developed [39,40]. The idea is to introduce a third variable
in full control of the experimenter, the so-called instru-
mental variable X. The variable X is assumed to be
independent from the common source variable A, that is,
p(x,4) = p(x)p(A). This is reminiscent of the measure-
ment independence (free will) assumption in Bell’s theorem
[See Supplemental Material (SM) [41] for further details].
Furthermore, X is supposed to have a direct causal effect
only over A and not B, that is, p(b|a,x,1) = p(bla,l).
Such causal assumptions can be graphically represented via
the directed acyclic graph shown in Fig. 1 (left). It implies
that the observed probability distribution is given by

a—® B

FIG. 1. Directed acyclic graphs depicting causal structures:
(left) Instrumental scenario and (right) Bell scenario. In the
quantum model, we consider, here, the classical common source,
described by a random variable A, is replaced by a quantum
(potentially entangled) state p,p.

S e
Do probabilities p(b|do(a)) are given by

=3 pl0la.2)p ()

pla,blx) =

(bla,2)p(4). (2)

p(b|do(a

where the conditional distribution p(b|a, A) as well as the
distribution of p(4) are the same as in Eq. (2).

To understand the role of the instrumental variable,
consider a simple linear relation between the variables
given by b = ka + A. If we multiply both sides by x and
compute the covariance given by C(X,B) = (X,B)—
(X)(B), by using C(X,A) = 0, we see that k = C(X,B)/
C(A, B). That is, simply combining the correlations of B
with both A and X, we can estimate the causal influence x
without the need of any intervention. In this example,
however, we assumed a prior knowledge of the functional
dependencies among the variables. Nicely, causal
influences can be estimated even without such assump-
tions, just as in the device-independent framework for
quantum information [47], where we perform tasks without
the precise knowledge of the underlying physical
mechanisms.

In the particular case where all variables are binary
a,b,x € {0, 1}, the classical ACE (CACE) can be tightly
lower bounded by several expressions including only the
observed probabilities p(a, b|x) [35]. Here, we give one of
the bounds that we often use in this Letter

+ p(1,11) = 2. (4)

For more lower bounds on CACE,_,; see Refs. [1,35] or
SM [41].

We give another example that signifies the importance of
lower bounds such as in Eq. (4). Consider that A stands for
smoking or nonsmoking and B for cancer or no cancer.
Clearly, intervening and forcing people to smoke is not
possible. Strikingly, simply introducing an instrumental
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variable X standing, for example, for taxation or non-
taxation of tobacco—that arguably will affect whether
people smoke or not, but will not have a direct causal
effect on the development of cancer—and using Eq. (4), we
can estimate the effect of interventions and, thus, lower
bound such causal influences.

Within the classical theory of causality, for the bound in
Eq. (4) to be valid, one needs to assure that the instrumental
causal assumptions are fulfilled. In other words, that the
underlying causal structure is that described by Eq. (2). For
that aim, the so-called instrumental inequalities have been
devised [1,48,49].

In the instrumental scenario with binary variables, which
we consider here, the only class of instrumental inequalities
is given by ) max, p(a,blx) <1 [48,49]. Curiously,
these inequalities remain valid, if the common source is
replaced by a quantum state or even postquantum box [28],
in contrast to the simplest Bell scenario [50].

At first, this might seem to imply that the classical bound
on ACE in Eq. (4) continues to hold even in the presence of
quantum or postquantum sources. As we show next, this is
not the case.

Quantifying causality with a quantum common source.—
If the common source is a bipartite quantum state p4p, the
most general way to generate the classical binary variables
A and B, is to perform local measurements, described by
operators M7 and N§, on each subsystem. Here, the value x
is used to choose Alice’s measurement setting, and the
outcome a of Alice’s measurement is used to determine
Bob’s measurement setting, accordingly. Quantum corre-
lations in the instrumental scenario are then described by

p(a.blx) = w[(M7 ® Nj)pagl. (5)

In full analogy with the classical case, one can then define
quantum interventions as

p(bldo(a)) = tr[(1 & N§)pap) = tr[Nipg], (6)

where pp is the reduced state of Bob’s system. This implies
that, if an actual intervention is made, the observed
quantum average causal effect (QACE) is given by

QACE, .5 = max{tr{(Nj — Nj')ps]}. (7)

As expected, if the shared state p,p is separable, the
classical and quantum definitions of ACE coincide (see
SM [41]). That is, correlations mediated by a separable
state comply with the classical bound in Eq. (4). As stated
in our first result, the proof of which can be found in SM
[41], the same does not hold true for entangled states.

Result 1: Every pure entangled state can generate
correlations that violate the classical bound on ACE.
Moreover, entanglement is necessary but not sufficient
for such violations.

--- NACE
Bl QACE
] CACE

01 02 03 04 05
p(0,0/0)

FIG. 2. (left) Violation w», of the classical bound by an
entangled two-qubit pure state with parameter «; and violation
vy as a function of the angle ¢ between projective measurements
of Bob. The dashed lines show that optimal states and measure-
ments are different from the maximal entangled state (@ = (7/4))
and measurements in mutually unbiased bases (¢ = (x/4)).
(right) Regions with nonzero lower bounds on CACE (Ref. [35]),
QACE [Eq. (11)], and NACE [Eq. (12)].

This result implies that—even though, in the simplest
instrumental scenario, quantum correlations admit classical
explanation of the form in Eq. (2)—the amount of
observable causal influence QACE,_ p is strictly smaller
than that required, if the correlations were classical. In other
words, even if no instrumental inequality is violated, the
nonclassicality of the correlations can be witnessed by
interventions on the classical variable A.

In order to quantify the degree of violation v, we
consider how much the classical bound in Eq. (4) over-
estimates the causal influence in the presence of an
entangled source. In Fig. 2, we show violation », for an
entangled  two-qubit state pap = |W)(w|, |y) =
cos(a)]0,0) + sin(a)|1,1) for a € [0, (7/4)]. As detailed
in the SM [41], a maximally entangled two-qubit state
violates the classical bound by, at most, the amount
3(v/6—2)/8 ~0.169. However, this is not the optimal
violation: nonmaximally entangled states give rise to a
higher violation up to 3 — 24/2 ~0.172, a fact that, in the
context of Bell inequalities, has been called nonlocality
anomaly [51]. Moreover, one can easily see that entangle-
ment is not sufficient for the violation. For example, a
maximally entangled state mixed with white noise in the
amount of p stays entangled for p < 2/3, however, it leads
to a violation only if p < 1 —+/2/3 ~0.1835.

Violation of Bell inequalities [50] is not only a proof that
the shared state is entangled, but also a witness of the fact
that the measurements being performed should display
some nonclassicality, as they should be incompatible
[52-54]. As proven in the SM [41] and stated below, a
similar result holds for the violation of the classical bounds
on causal influence.

Result 2: Every pair of incompatible rank-1 projective
qubit measurements can generate correlations that violate
the classical bound on ACE. Moreover, incompatibility of
both Alice’s and Bob’s observables is necessary but not
sufficient for the violation.
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In Fig. 2, we show violation of the bound in Eq. (4) as a
function of the angle ¢ between the measurements of
Bob that we consider to be N§=1[1+ cos(¢)o +
(=1)*sin(¢)o,]. In Fig. 2, the angle ¢ ranges between 0
and z/2 with 0 (z/2) corresponding to perfectly aligned
(antialigned) o, (6,) measurements. The value ¢ = (7/4)
corresponds to the case of measurements in mutually
unbiased bases which are optimal for the violation of the
simplest Bell inequality [50]. In our case, the optimal

_ 2\~
g?gellzugr;?lents of Bob correspond to ¢p = arctan( ’—3\/§+2)

So far, we have relied on interventions on the variable A
and explicitly taken into account the quantum states and
measurements. However, in the more general case, we are
given some observational data p(a, b|x), but do not know
a priori which states and measurements have been
employed. In this case, our aim is to be able to estimate
QACE from the observational data p(a,b|x), without
actually needing to perform an intervention. That is, in
order to find a device-independent bound on QACE, we
have to optimize over all possible measurements and states
generating the observed correlations p(a,b|x). Our
approach to this problem is to map the instrumental
scenario to the more familiar and well-studied bipartite
Bell scenario [37].

Let us consider a Bell scenario shown in Fig. 1 (right)
that contains the same observed random variables A, B, and
X as the instrumental scenario in Fig. 1 (left) and an
additional classical variable Y that takes values from the
same set as A, and has a causal effect only on B. We also
take the hidden common cause, classical or quantum, to be
the same for both scenarios. Let pg.(a, b|x,y) be the
observed behavior in the considered Bell scenario. Local
hidden-variable theories reproduce correlations of the

following type:
- S ptals

Conversely, quantum behavior corresponding to measure-
ment operators M} and Nﬁ and quantum state pup
is  ppen(a, blx,y) = t[(Mf ® Ny )pap). The following
mapping:

p(a,blx) = pgai(a.b|x.a), ¥V a.b.x 9)

connects classical, quantum, and postquantum correlations
in Bell and the instrumental scenarios in a unified manner.
Indeed, one can directly see that the mapping in Eq. (9)
transforms classical correlations in Eq. (8) to the ones in
Eq. (2), and the same mapping connects their quantum
counterparts. More importantly, we can compute the
unobserved do probabilities p(b|do(a)) in terms of
pren(a, blx,y) in the following way:

Peen(a.blx.y) (bly,A)p(4).  (8)

p(bldo(a

VY a,b,x, (10)

where the choice of x does not play any role as long as the
correlations pgey(a, b|x,y) obey the nonsignaling con-
straints [55]. One can then see that expressing do proba-
bilities with the map in Eq. (10) is equivalent to the
previous definitions for do probabilities in classical and
quantum cases. We remark that the mapping in Egs. (9),
(10) is not the same as the postprocessing on the events of
Y = A, but is rather a projection from the space of
Pgen(a, b|x,y) to the space of p(a,b|x) and p(b|do(a)).
The mapping in Egs. (9), (10) allows the use of known
techniques for bounding the set of quantum correlations in
a Bell scenario, in particular, the so-called Navascués-
Pironio-Acin hierarchy [56], with a slight variation: Here,
the probabilities pgy(a, b|x, d'), (a # @), with no analogy
in the instrumental scenario, play the role of the “unob-
served” variables of the semidefinite program [57].
Additionally, for binary A one should take into account
the relation pgy(a, "y = p(bldo(d")) — p(d, b|x),
that follows from >_, pgen(a, b|x, ') = pgen(b|d’).

In the following, we focus on the binary case
(a,b,x € {0, 1}) and derive a number of analytical results.

Result 3: In the instrumental scenario with dichotomic
measurements QACE is lower bounded as

QACE; 5 > Y [p(0,01x) + p(1,1]x)] ¢ — 1,
x=0,1

f=max [T]{1£ ) (=1)[p(a.01x) = p(a. 1]x)]} .
a=0,1 x=0,1

(11)

The derivation of the above bound is presented in the SM
[41]. In Fig. 2 (right), we compare the lower bounds in
Eq. (11) and the one in Eq. (4) (along with the other bounds
in Ref. [35]) by plotting the regions in which these bounds
are nonzero, showing a clear gap between the classical and
quantum descriptions. In Fig. 2 (right), a particular slice of
the probability space is considered corresponding to

p(1,0[x) =0, p(0,1]x) =5 - x), p(1.1x) =3
x=0,1.

Quantifying causality in postquantum theories.—One
might be interested about whether nontrivial lower bounds
similar to Egs. (4), (11) exist in generalized probabilistic
theories. Here, we answer this question for correlations
constrained only by the nonsignaling condition in a Bell
scenario [55].

In order to do so, we map [using Eqgs. (9), (10)] the
nonsignaling constraints to the instrumental scenario and
use linear programming techniques (see SM [41]) to find
tight lower bounds on nonsignaling ACE (NACE)

NACE,_ 3 > max[p(0, 0|x)] + max[p(L, 1|x)] — 1. (12)

In Fig. 2 (right), we also plot the region where
NACE,_p >0, which is given by two lines with
p(0,0[0) =1 and p(0,0[1) =1
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Discussion.—The incompatibility of quantum correla-
tions with classical causal models is a cornerstone in the
foundations of quantum theory. The paradigmatic manner
of witnessing this nonclassicality is via the violation of Bell
inequalities. There are causal scenarios, however, where
violations of Bell-type inequalities are not possible [28]. At
first, this might seem to imply that quantum common
causes do have a classical explanation in such scenarios. As
we show here, this intuition is false. Even in the absence of
Bell violations, quantum correlations can violate the
classical bounds for the causal influence between two
variables in the presence of a quantum common cause.
More precisely, every pure entangled state and a pair of
incompatible projective measurements can violate such
bounds. Motivated by this result we propose a general
framework to put bounds on the average causal effect in the
presence of quantum common causes and even nonsignal-
ing boxes. We obtain several analytical results and compare
the regions where the aforementioned bounds are
nontrivial.

Here, we have focused on the scenario where all the
observed variables are classical, but the common cause can
be quantum. Generalizations where other variables in the
instrumental causal structure are made quantum open an
interesting venue for future research. For instance, the
teleportation protocol [58] is an instrumental scenario
where the instrumental variable X is the state to be
teleported and the outcome B is the teleported quantum
state. Other paradigmatic quantum information scenarios,
such as the remote state preparation [59] and dense coding
[60], also have an underlying instrumental causal structure.
On the more foundational side, many physical principles
have been developed for understanding why quantum
correlations do not violate Bell inequalities up to the
maximum allowed by special relativity [55]. In this
Letter, we showed that quantum theory also imposes strict
bounds on the causal influence between events that differ
for generalized probabilistic theories. Can it be that there is
an underlying causal principle explaining quantum corre-
lations? Finally, we notice that, just as Bell’s theorem [8],
our conclusions also rely on the assumption of measure-
ment independence. Recently, the relaxation of such an
assumption in Bell scenarios has been given growing
attention both theoretically [9-15] and experimentally
[16-18]. How robust is the quantum violation of the
classical causal bound under such relaxation? We hope
that our results will trigger further developments in all these
new directions.

We thank David Gross for fruitful discussions. We
acknowledge the John Templeton Foundation via the Q-
CAUSAL Grant No. 61084, the Serrapilheira Institute
(Grant No. Serra-1708-15763), the Brazilian National
Council for Scientific and Technological Development
(CNPq) via the National Institute for Science and
Technology on Quantum Information (INCT-IQ) and

Grants No. 307172/2017-1 and No. 406574/2018-9, the
Brazilian agencies Ministério de Ciéncia, Tecnologia e
Inovacdo and MEC. We acknowledge partial support by the
Foundation for Polish Science (IRAP Project, ICTQT,
Contract No. 2018/MAB/5, cofinanced by EU within
Smart Growth Operational Programme). M. G. is funded
by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) under Germany’s Excellence
Strategy—Cluster of Excellence Matter and Light for
Quantum Computing (ML4Q) Grant No. EXC 2004/1—
39053476.

M. G. and N. M. contributed equally to this work.

*mgachech@uni—koeln.de
"nikolai.miklin@ug.edu.pl

[1] J.  Pearl, Causality (Cambridge
Cambridge, England, 2009).

[2] P. Spirtes, C. N. Glymour, R. Scheines, and D. Heckerman,
Causation, Prediction, and Search (MIT Press, Cambridge,
Massachusetts, 2000).

[3] J. Pearl et al., Causal (Cambridge University Press, Cam-
bridge, England, 2009), ISBN 9780521895606.

[4] C.N. Glymour, The Mind’s Arrows: Bayes Nets and
Graphical Causal Models in Psychology (MIT Press,
Cambridge, Massachusetts, 2001).

[5] S.L. Morgan and C. Winship, Counterfactuals and Causal
Inference (Cambridge University Press, Cambridge,
England, 2015).

[6] B. Shipley, Cause and Correlation in Biology: A User’s
Guide to Path Analysis, Structural Equations and Causal
Inference with R (Cambridge University Press, Cambridge,
England, 2016).

[7] J. Peters, D. Janzing, and B. Scholkopf, Elements of Causal
Inference: Foundations and Learning Algorithms (MIT
Press, Cambridge, Massachusetts, 2017).

[8] J.S. Bell, On the Einstein Podolsky Rosen paradox, Phys.
Phys. Fiz. 1, 195 (1964).

[9] M.J. W. Hall and C. Branciard, Measurement-dependence
cost for Bell nonlocality: Causal vs retrocausal models,
arXiv:2007.11903.

[10] M.J. W. Hall, Relaxed Bell inequalities and Kochen-
Specker theorems, Phys. Rev. A 84, 022102 (2011).

[11] J. Gallicchio, A.S. Friedman, and D.I. Kaiser, Testing
Bell’s Inequality with Cosmic Photons: Closing the Setting-
Independence Loophole, Phys. Rev. Lett. 112, 110405
(2014).

[12] G. Piitz, D. Rosset, T. J. Barnea, Y.-C. Liang, and N. Gisin,
Arbitrarily Small Amount of Measurement Independence is
Sufficient to Manifest Quantum Nonlocality, Phys. Rev.
Lett. 113, 190402 (2014).

[13] R. Chaves, R. Kueng, J. B. Brask, and D. Gross, Unifying
Framework for Relaxations of the Causal Assumptions in
Bell’s Theorem, Phys. Rev. Lett. 114, 140403 (2015).

[14] A.S. Friedman, A. H. Guth, M. J. W. Hall, D. I. Kaiser, and
J. Gallicchio, Relaxed Bell inequalities with arbitrary
measurement dependence for each observer, Phys. Rev. A
99, 012121 (2019).

University  Press,

230401-5


https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://arXiv.org/abs/2007.11903
https://doi.org/10.1103/PhysRevA.84.022102
https://doi.org/10.1103/PhysRevLett.112.110405
https://doi.org/10.1103/PhysRevLett.112.110405
https://doi.org/10.1103/PhysRevLett.113.190402
https://doi.org/10.1103/PhysRevLett.113.190402
https://doi.org/10.1103/PhysRevLett.114.140403
https://doi.org/10.1103/PhysRevA.99.012121
https://doi.org/10.1103/PhysRevA.99.012121

PHYSICAL REVIEW LETTERS 125, 230401 (2020)

[15] M.J. W. Hall, Local Deterministic Model of Singlet State
Correlations Based on Relaxing Measurement Independ-
ence, Phys. Rev. Lett. 105, 250404 (2010).

[16] J. Handsteiner, A. S. Friedman, D. Rauch, J. Gallicchio, B.
Liu, H. Hosp, J. Kofler, D. Bricher, M. Fink, C. Leung, A.
Mark, H. T. Nguyen, I. Sanders, F. Steinlechner, R. Ursin, S.
Wengerowsky, A. H. Guth, D. 1. Kaiser, T. Scheidl, and A.
Zeilinger, Cosmic Bell Test: Measurement Settings from
Milky Way Stars, Phys. Rev. Lett. 118, 060401 (2017).

[17] D. Rauch, J. Handsteiner, A. Hochrainer, J. Gallicchio, A. S.
Friedman, C. Leung, B. Liu, L. Bulla, S. Ecker, F.
Steinlechner, R. Ursin, B. Hu, D. Leon, C. Benn, A.
Ghedina, M. Cecconi, A. H. Guth, D. I. Kaiser, T. Scheidl,
and A. Zeilinger, Cosmic Bell Test Using Random Meas-
urement Settings from High-Redshift Quasars, Phys. Rev.
Lett. 121, 080403 (2018).

[18] C. Abellan et al. (The BIG Bell Test Collaboration),
Challenging local realism with human choices, Nature
(London) 557, 212 (2018).

[19] C.J. Wood and R.W. Spekkens, The lesson of causal
discovery algorithms for quantum correlations: Causal
explanations of Bell-inequality violations require fine-
tuning, New J. Phys. 17, 033002 (2015).

[20] T. Fritz, Beyond Bell’s theorem: Correlation scenarios,
New J. Phys. 14, 103001 (2012).

[21] R. Chaves, Polynomial Bell Inequalities, Phys. Rev. Lett.
116, 010402 (2016).

[22] D. Rosset, C. Branciard, T.J. Barnea, G. Piitz, N. Brunner,
and N. Gisin, Nonlinear Bell Inequalities Tailored for
Quantum Networks, Phys. Rev. Lett. 116, 010403 (2016).

[23] E. Wolfe, R. W. Spekkens, and T. Fritz, The inflation
technique for causal inference with latent variables,
J. Causal Infer. 7, 20170020 (2019).

[24] M.-O. Renou, E. Bidumer, S. Boreiri, N. Brunner, N. Gisin,
and S. Beigi, Genuine Quantum Nonlocality in the Triangle
Network, Phys. Rev. Lett. 123, 140401 (2019).

[25] K. Ried, M. Agnew, L. Vermeyden, D. Janzing, R. W.
Spekkens, and K.J. Resch, A quantum advantage for
inferring causal structure, Nat. Phys. 11, 414 (2015).

[26] J.F. Fitzsimons, J. A. Jones, and V. Vedral, Quantum
correlations which imply causation, Sci. Rep. 5, 18281
(2016).

[27] J.-M. A. Allen, J. Barrett, D. C. Horsman, C. M. Lee, and R.
W. Spekkens, Quantum Common Causes and Quantum
Causal Models, Phys. Rev. X 7, 031021 (2017).

[28] J. Henson, R. Lal, and M. F. Pusey, Theory-independent
limits on correlations from generalized Bayesian networks,
New J. Phys. 16, 113043 (2014).

[29] R. Chaves, C. Majenz, and D. Gross, Information—theoretic
implications of quantum causal structures, Nat. Commun. 6,
5766 (2015).

[30] F. Costa and S. Shrapnel, Quantum causal modelling,
New J. Phys. 18, 063032 (2016).

[31] T. Fritz, Beyond Bell’s theorem. ii: Scenarios with arbitrary
causal structure, Commun. Math. Phys. 341, 391 (2016).

[32] J. Barrett, R. Lorenz, and O. Oreshkov, Quantum causal
models, arXiv:1906.10726.

[33] E. Wolfe, A. Pozas-Kerstjens, M. Grinberg, D. Rosset, A.
Acin, and M. Navascués, Quantum inflation: A general
approach to quantum causal compatibility, arXiv:
1909.10519.

[34] J. Aberg, R. Nery, C. Duarte, and R. Chaves, Semidefinite
Tests for Quantum Network Topologies, Phys. Rev. Lett.
125, 110505 (2020).

[35] A. Balke and J. Pearl, Bounds on treatment effects from
studies with imperfect compliance, J. Am. Stat. Assoc. 92,
1171 (1997).

[36] R. Chaves, G. Carvacho, I. Agresti, V. Di Giulio, L. Aolita,
S. Giacomini, and F. Sciarrino, Quantum violation of an
instrumental test, Nat. Phys. 14, 291 (2018).

[37] T. Van Himbeeck, J. B. Brask, S. Pironio, R. Ramanathan,
A.B. Sainz, and E. Wolfe, Quantum violations in the
instrumental scenario and their relations to the Bell scenario,
Quantum 3, 186 (2019).

[38] R. V. Nery, M.M. Taddei, R. Chaves, and L. Aolita,
Quantum Steering beyond Instrumental Causal Networks,
Phys. Rev. Lett. 120, 140408 (2018).

[39] P.G. Wright, Tariff on Animal and Vegetable Oils
(Macmillan Company, New York, 1928).

[40] J. D. Angrist, G. W. Imbens, and D. B. Rubin, Identification
of causal effects using instrumental variables, J. Am. Stat.
Assoc. 91, 444 (1996).

[41] See  Supplemental Material at  http:/link.aps.org/
supplemental/10.1103/PhysRevLett.125.230401 for proofs
of all the main results and a discussion of the set of
assumptions in the instrumental scenario, which includes
Refs. [42-46].

[42] N. Gisin and A. Peres, Maximal violation of Bell’s inequal-
ity for arbitrarily large spin, Phys. Lett. 162A, 15 (1992).

[43] S. Twareque Ali, C. Carmeli, T. Heinosaari, and A. Toigo,
Commutative POVMs and fuzzy observables, Found. Phys.
39, 593 (2009).

[44] S.Lorwald and G. Reinelt, Panda: A software for polyhedral
transformations, EURO J. Comput. Opt. 3, 297 (2015).

[45] N. Argaman, Bell’s theorem and the causal arrow of time,
Am. J. Phys. 78, 1007 (2010).

[46] H. Price and K. Wharton, Disentangling the quantum world,
Entropy 17, 7752 (2015).

[47] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S.
Wehner, Bell nonlocality, Rev. Mod. Phys. 86, 419 (2014).

[48] J. Pearl, On the testability of causal models with latent and
instrumental variables, in Proceedings of the Eleventh
Conference on Uncertainty in Artificial Intelligence
(1995), pp. 435-443.

[49] B. Bonet, Instrumentality tests revisited, in Proceedings of
the Seventeenth Conference on Uncertainty in Artificial
Intelligence (2001), pp. 48-55.

[50] J.F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Proposed Experiment to Test Local Hidden-Variable
Theories, Phys. Rev. Lett. 23, 880 (1969).

[51] A. A. Méthot and V. Scarani, An anomaly of non-locality,
Quantum Inf. Comput. 7, 157 (2007), https://dl.acm.org/doi/
10.5555/2011706.2011716.

[52] L. A. Khalfin and B.S. Tsirelson, Quantum and quasi-
classical analogs of Bell inequalities, in Symposium on the
Foundations of Modern Physics, Vol. 85 (World Scientific,
Singapore, 1985), p. 441.

[53] M. M. Wolf, D. Perez-Garcia, and C. Fernandez, Measure-
ments Incompatible in Quantum Theory Cannot Be Mea-
sured Jointly in Any Other No-Signaling Theory, Phys. Rev.
Lett. 103, 230402 (2009).

230401-6


https://doi.org/10.1103/PhysRevLett.105.250404
https://doi.org/10.1103/PhysRevLett.118.060401
https://doi.org/10.1103/PhysRevLett.121.080403
https://doi.org/10.1103/PhysRevLett.121.080403
https://doi.org/10.1038/s41586-018-0085-3
https://doi.org/10.1038/s41586-018-0085-3
https://doi.org/10.1088/1367-2630/17/3/033002
https://doi.org/10.1088/1367-2630/14/10/103001
https://doi.org/10.1103/PhysRevLett.116.010402
https://doi.org/10.1103/PhysRevLett.116.010402
https://doi.org/10.1103/PhysRevLett.116.010403
https://doi.org/10.1515/jci-2017-0020
https://doi.org/10.1103/PhysRevLett.123.140401
https://doi.org/10.1038/nphys3266
https://doi.org/10.1038/srep18281
https://doi.org/10.1038/srep18281
https://doi.org/10.1103/PhysRevX.7.031021
https://doi.org/10.1088/1367-2630/16/11/113043
https://doi.org/10.1038/ncomms6766
https://doi.org/10.1038/ncomms6766
https://doi.org/10.1088/1367-2630/18/6/063032
https://doi.org/10.1007/s00220-015-2495-5
https://arXiv.org/abs/1906.10726
https://arXiv.org/abs/1909.10519
https://arXiv.org/abs/1909.10519
https://doi.org/10.1103/PhysRevLett.125.110505
https://doi.org/10.1103/PhysRevLett.125.110505
https://doi.org/10.1080/01621459.1997.10474074
https://doi.org/10.1080/01621459.1997.10474074
https://doi.org/10.1038/s41567-017-0008-5
https://doi.org/10.22331/q-2019-09-16-186
https://doi.org/10.1103/PhysRevLett.120.140408
https://doi.org/10.1080/01621459.1996.10476902
https://doi.org/10.1080/01621459.1996.10476902
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.230401
https://doi.org/10.1016/0375-9601(92)90949-M
https://doi.org/10.1007/s10701-009-9292-y
https://doi.org/10.1007/s10701-009-9292-y
https://doi.org/10.1007/s13675-015-0040-0
https://doi.org/10.1119/1.3456564
https://doi.org/10.3390/e17117752
https://doi.org/10.1103/RevModPhys.86.419
https://doi.org/10.1103/PhysRevLett.23.880
https://dl.acm.org/doi/10.5555/2011706.2011716
https://dl.acm.org/doi/10.5555/2011706.2011716
https://dl.acm.org/doi/10.5555/2011706.2011716
https://dl.acm.org/doi/10.5555/2011706.2011716
https://dl.acm.org/doi/10.5555/2011706.2011716
https://dl.acm.org/doi/10.5555/2011706.2011716
https://doi.org/10.1103/PhysRevLett.103.230402
https://doi.org/10.1103/PhysRevLett.103.230402

PHYSICAL REVIEW LETTERS 125, 230401 (2020)

[54] M. T. Quintino, T. Vértesi, and N. Brunner, Joint Measur-
ability, Einstein-Podolsky-Rosen Steering, and Bell Non-
locality, Phys. Rev. Lett. 113, 160402 (2014).

[55] S. Popescu and D. Rohrlich, Quantum nonlocality as an
axiom, Found. Phys. 24, 379 (1994).

[56] M. Navascués, S. Pironio, and A. Acin, Bounding the Set of
Quantum Correlations, Phys. Rev. Lett. 98, 010401
(2007).

[57] L. Vandenberghe and S. Boyd, Semidefinite programming,
SIAM Rev. 38, 49 (1996).

[58] C.H Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres,
and W. K. Wootters, Teleporting an Unknown Quantum
State Via Dual Classical and Einstein-Podolsky-Rosen
Channels, Phys. Rev. Lett. 70, 1895 (1993).

[59] C.H. Bennett, D. P. DiVincenzo, P. W. Shor, J. A. Smolin,
B. M. Terhal, and W. K. Wootters, Remote State Prepara-
tion, Phys. Rev. Lett. 87, 077902 (2001).

[60] C. H. Bennett and S.J. Wiesner, Communication Via One-
and Two-Particle Operators on Einstein-Podolsky-Rosen
States, Phys. Rev. Lett. 69, 2881 (1992).

230401-7


https://doi.org/10.1103/PhysRevLett.113.160402
https://doi.org/10.1007/BF02058098
https://doi.org/10.1103/PhysRevLett.98.010401
https://doi.org/10.1103/PhysRevLett.98.010401
https://doi.org/10.1137/1038003
https://doi.org/10.1103/PhysRevLett.70.1895
https://doi.org/10.1103/PhysRevLett.87.077902
https://doi.org/10.1103/PhysRevLett.69.2881

