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Continuum Model Applied to Granular Analogs of Droplets and Puddles
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We investigate the growth of aggregates made of adhesive frictionless oil droplets, piling up against a
solid interface. Monodisperse droplets are produced one by one in an aqueous solution and float upward to
the top of a liquid cell where they accumulate and form an aggregate at a flat horizontal interface. Initially,
the aggregate grows in 3D until its height reaches a critical value. Beyond a critical height, adding more
droplets results in the aggregate spreading in 2D along the interface with a constant height. We find that the
shape of such aggregates, despite being granular in nature, is well described by a continuum model. The
geometry of the aggregates is determined by a balance between droplet buoyancy and adhesion as given by
a single parameter, a “granular” capillary length, analogous to the capillary length of a liquid.
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From playing with sand, sugar, or salt, to the large piles
that can be observed in an industrial or agricultural context,
the formation of granular piles is familiar to all. Granular
materials are of particular interest as they can exhibit both
liquid or solidlike behaviors [1-3]. Such systems give rise
to unusual properties such as a characteristic angle of
repose [4,5], clogging through an opening [6,7], intermit-
tent flow and avalanches [8—10], force chains [10-13], and
dynamical heterogeneities [1,14—16]. These properties are
strongly affected by modifying the interaction between
grains; for example, the water added to sand forms
interstitial capillary bridges which facilitate adhesion
strong enough to build exquisite sand castles [17-19].
The adhesion forces can originate from diverse
mechanisms: depletion interactions [20,21], capillary
forces [22,23], electrostatic forces [24,25], or simply
van der Waals interactions [21,26]. Understanding these
interactions and the effects on structure formation impacts a
range of fields; for example, colloidal gels can be used as
models to understand biological systems [27-33] or geo-
physical flows [34], and aggregates of dust particles are
studied in the context of planet formation [35].

Here, we are specifically interested in piles and aggregates
that form at an obstacle. In many cases piles grow in 3D with
a characteristic shape defined by the angle of repose. The
angle of repose and its dependence on surface roughness
[5,36] or the shape of the grains [37] has been extensively
studied. Recent studies have shown that even without
friction, spheres can pack and exhibit granular properties
such as the angle of repose. For example, Ortiz et al. [38]
observed sandpilelike structures when flowing repulsive
colloids against an obstacle in a microfluidic channel.
Similar structures were also observed with glass beads
colliding on a target where friction cannot be discounted
[39]. In another experiment, Shorts and Feitosa [40] defined
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an angle of repose when floating bubbles in a container. A
feature of both studies with frictionless particles was that the
angle of repose was not sustained when the flow was turned
off. Lespiat and co-workers [41] showed that the mechanical
behavior of granular materials can be extended to assemblies
of frictionless bubbles, including the existence of a critical
angle at which the assembly transitions from a solidlike to a
liquidlike behavior. Finally, nonzero angles of repose have
also been reported in numerical simulations of frictionless
particles [42,43]. We contrast these granular piles with the
familiar spreading of a continuum liquid on a surface.
Instead of forming a 3D pile, a liquid droplet grows in
3D as a spherical cap to a maximum height, after which the
liquid spreads in 2D as a pancakelike puddle, with a constant
height. This height is set by a balance between surface
tension and gravity, and of order the capillary length
k' =\/r/pg [44], where y is the surface tension,
p is the density of the liquid, and ¢ the gravitational
acceleration.

Here we introduce adhesion between frictionless athe-
rmal oil droplets. Droplets are produced one by one and rise
by buoyancy to the top of a liquid cell where they
accumulate against a horizontal glass surface and form
an aggregate. Surprisingly, the aggregate does not assume a
3D sandpilelike structure as is typical of granular materials.
Instead, after an initial regime, the height of the aggregate
saturates and the aggregate grows in 2D, spreading along
the interface. We find that the growth is analogous to the
growth of a liquid puddle, and that the shape of the
aggregate is determined by a balance between buoyancy
and adhesion between the droplets. In analogy with the
capillary length of a liquid x~!, we introduce a “granular”
capillary length, which captures the relative importance
of the droplet’s buoyancy and adhesion strength in the
formation of the aggregates. This granular analog of the
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FIG. 1. (a) Schematic side view of the experimental chamber. A

glass pipette produces monodisperse oil droplets with a radius of
~10 um in an aqueous solution. Droplets float to the top and form
an aggregate that spreads on the top glass slide over time. (b)—(e)
Optical microscopy images of the aggregate at different stage of
the growth (scale bars are 100 um). (f) Images are binarized to
measure the area covered by the droplet aggregate A. (g) Evolu-
tion of the aggregate area as a function of the number of droplets
N (here R = 17.8 um, C = 0.10 mol/l). The black dashed line is
a linear fit of the data for N > 30. Left inset: early growth of the
aggregate with best fit of the model presented in the main text for
Ngroplers < 30. Right inset: the stepwise increase of the area
corresponds to collapsing events.

capillary length is found to well predict the equilibrium
shape of the aggregates.

The experimental setup is illustrated in Fig. 1(a) and
consists of a chamber (55 x 30 mm?) made from two glass
slides separated by a gap of 2.5 mm (larger than the size of
the droplets by 10?). The chamber is filled with an aqueous
solution of NaCl at 1.5% (w/w) and a surfactant sodium
dodecyl sulfate (SDS). The concentration of SDS, C, is
varied from 0.07 to 0.21 mol/I in the experiment. In this
concentration range, SDS not only stabilizes the oil
droplets, but also forms micelles which act as a depletant
resulting in a short-ranged attraction between the droplets
[20]. A pipette is inserted into the chamber to produce
droplets. The pipette is pulled from a glass capillary tube
(World Precision Instruments, U.S.) with a pipette puller
(Narishige, Japan) to a tip diameter of ~10 gm. Mineral oil
is pushed through the pipette to produce monodisperse
droplets, with radius R using the snap-off instability [45].
The variation in R within each experimental trial is less than
1%. The pipette is connected to an open reservoir of
mineral oil placed at a fixed height ensuring a constant
pressure, and hence a constant volumic flow rate. Because
of buoyancy, droplets float to the top of the chamber where
they accumulate under the top glass slide [Fig. 1(a)].

Over time, the aggregate grows and spreads horizontally
at the top glass slide as illustrated in Fig. 1(a). Droplets are
produced a constant rate of about one droplet every 20 s.
The slow rate ensures that the aggregate has time to
rearrange and that the results upon addition of each droplet
are quasiequilibrium. The friction between droplets and the
top glass slide is negligible and droplets can freely move
along the horizontal direction [46]. The chamber is placed
atop of an inverted microscope for imaging while the
aggregates are growing. The aggregate is a 3D object which
is imaged with an optical microscope; thus the images
shown in Figs. 1(b)-1(e) are 2D projections. The darker
regions show areas where the aggregate has more layers of
droplets in the vertical direction, which corresponds to a
thicker aggregate. As shown in Fig. 1(e), the aggregates are
not always dense and patches without droplets can form
within the aggregate. Raw images are analyzed to measure
the area covered by droplets A. Holes within the aggregate
are excluded from the measured area, as shown in
Fig. 1(f) [47].

The evolution of the area A as a function of the number
of droplets N in the aggregate is shown in Fig. 1(g). The
aggregate does not spread continuously on the glass slide.
Rather, the system alternates between droplets which
accumulate vertically to some critical height, followed
by small avalanches which collapse the aggregate.
During the vertical growth the area remains constant while
the pressure due to buoyancy grows. Eventually the
aggregate reaches a critical height when the pressure cannot
be sustained and the structure collapses. These avalanches
are accompanied by an increases in the area of the cluster.
Alternating between these two stages results in the
“avalanche steps” shown in Fig. 1(g) and continues as
long as droplets are added to the aggregate.

Figure 1(g) reveals two stages in the evolution of A(N).
Clearly, for N = 30, A(N) is linear, when smoothing over
the underlying avalanche steps. Since the change in area is
linear in N, the growth is in 2D with a constant average
height /... This linear growth is analogous to the spreading
of a liquid puddle once the height of the droplet exceeds a
critical value set by k~! where the area grows linearly with
the volume of the liquid. At early stages, for N <30, a
deviation from the linear growth is observed in Fig. 1(g).
Again this stage is analogous to the growth of a liquid
droplet prior to reaching a critical height: just as a droplet
grows in all three dimensions as a self-similar spherical cap,
the granular system should follow 3D growth with
A « N?/3. The 3D growth scaling is verified in the inset
of Fig. 1(g) for N <30, while a best fit line to the 2D
growth regime for N > 30 is shown in the main plot.
Despite the aggregate being granular in nature, its shape
and growth is analogous to that observed with continuous
media: an initial 3D growth regime is followed by the
aggregate growing horizontally in 2D along the top glass
slide [see schematics Fig. 1(a)]. Underlying the two general
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FIG. 2. (a) Normalized aggregate area as a function of the

number of droplets for different droplet radii, while the strength
of adhesion is kept constant (C,, = 0.10 mol/1). (b) Normalized
aggregate area as a function of the number of droplets for
different adhesion strengths, while the droplet radius
(R =15.3+ 0.4 um) is kept constant. The strength of adhesion
increases with SDS concentration. The purple curves correspond
to the same data shown in (a).

growth laws are the avalanche steps resulting from the
collapsing events, similar to that observed in traditional
granular materials.

In order to investigate the role of buoyancy and adhesion,
we first consider adjusting the droplet radius while keeping
the adhesion between droplets constant. Data for the area of
the aggregate normalized by the size of the droplet A/zR>
are shown in Fig. 2(a) for three different radii at a constant
concentration of SDS. The uncertainty in the droplet radius
originates from the variability from one experimental trial
to another. In Fig. 2(a) it is observed that the growth rate
increases with droplet radii, and hence buoyancy. In the
limit of the puddlelike regime, a faster growth indicates a
thinner aggregate with a smaller average critical height of
the aggregate .. We now change the strength of adhesion
by varying the concentration of SDS while keeping the
radius of the droplets (or buoyancy) fixed. A larger
volume fraction of micelles in solution leads to stronger
adhesion between droplets due to the depletion inter-
action. The volume fraction of micelles is given by
¢ = (C = Cemc)Ny/N,, with Avogadro’s constant Ny,
the critical micelle concentration Ccyc = 8 mM [20], and
the number of SDS molecules in one micelle N, ~ 120
[48]. For simplicity, the control parameter to quantify the
adhesion strength is taken as C,, = C — Ccyc as it is
directly proportional to the micelle volume fraction ¢,,.
Figure 2(b) shows the effect of the micelle concentration for
a fixed droplet size (R = 15.3 £ 0.4 um). Thicker aggre-
gates (larger h,) are formed when the strength of adhesion
is increased. Thus from Fig. 2 we can conclude that the
equilibrium shape of the aggregates is dictated by a balance
between buoyancy and adhesion: (i) increasing buoyancy
results in thinner aggregates and (ii) increasing adhesion
increases the thickness of aggregates.

The balance between buoyancy and adhesion, which
determines #,., is reminiscent of how the height of a liquid

puddle is governed by a balance between gravity and
surface tension given by the capillary length x~! = \/y/pg
[44]. In the granular system the adhesion A (J/m?) favors
contact between droplets and stabilizes aggregates.
Droplets at the surface of the aggregate have a higher free
energy as they are missing neighbors in analogy with the
definition of surface tension [21]. We can then define a
granular capillary length as 6 = \/.A/Apg, with Ap the
difference in density between the aqueous solution and
mineral oil. Within a geometrical factor of order one, the
height of the aggregate, h.~ 6. The volume of the
aggregate can be written as the product of the volume of
one droplet V; and the number of droplets, V=~ V,N/¢,
where ¢ is the packing fraction of the aggregate. Since ¢
ranges from ~0.64 to ~0.74 for random-close-packed and
hexagonal-close-packed spheres, we take ¢ ~ 0.7. We can
approximate that the transition from 3D growth to 2D
growth occurs once the aggregate reaches a volume V*
corresponding to, roughly, a hemisphere with radius 6. This
crossover corresponds to an aggregate area A* ~ 76> and
characteristic number of droplets N*~@(V*/V,) =
(¢#/2)(5/R)*. Thus N* and A* represent the crossover
from 3D to 2D growth. In the initial growth regime we have
A~ z[(3/27)V]*3, which can be renormalized as
A/A* =~ (N/N*)*3. Similarly, for the puddlelike 2D
regime, excluding edge effects [49], the volume of the
aggregate V ~ A5, which leads to A/A* ~2(N/N*). To
summarize, to within geometric prefactors of order one,
there is a crossover from A/A* « (N/N*)*3 at early
growth of the aggregate to A/A* « N/N* at late stages
of the growth, with a crossover at (A*, N*). The parameters
A* and N* depend on the granular capillary length 6. To
calculate &, and thus (A*, N*), the adhesion strength A due
to the depletion force must be measured.

Depletion forces have been shown to scale linearly with
the concentration of SDS micelles, proportional to C,,,
and the radius R [50]. To characterize the droplet-droplet
interaction, the adhesion force was measured directly
following a method outlined in Ref. [51] as follows.
Individual droplets are manipulated using pulled glass
micropipettes with modest suction to hold the droplets.
The left pipette [see Fig. 3(a)] moves at a constant velocity
(v = 0.3 um/s). The right micropipette is long (~1 cm),
thin (~10 um), and bent into an “L” shape so that its
deflection (spring constant, k = 0.12 nN/um) can be used
to measure the adhesion force. Figure 3(a) shows images
of the experiment. The left droplet is initially displaced to
the right (0 < ¢ < 20 s). As contact is made, 7 ~ 15 s, the
force sensing pipette deflects to the right and the force
increases [Fig. 3(b)]. After keeping the droplets in contact
for about 10 s, the motion is reversed and the force
decreases ¢ > 30, eventually becoming negative due to
adhesion forces. The contact between droplets is broken
when a critical unbinding force F,. is reached [see
Fig. 3(b)] [52].
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FIG. 3. (a) Adhesion force measurement: two droplets are
pushed into contact by the left pipette, held constant, and then
pulled apart. The dashed line marks the equilibrium position of
the right droplet. The deflection of the sensing pipette (right) is
converted to a force. The scale bar is 100 ym. (b) Force
measurement between two droplets of oil (R = 39.8 um,
C,, = 0.13 mol/l). The force rises as the droplets are pushed
together, and then decreases as the droplets are pulled apart
(negative slope). A negative force results from adhesion between
the droplets. The contact between droplets is broken when the
force suddenly jumps to 0. (c) Unbinding force as a function of
the droplet radius for various concentrations in SDS: red circles,
C,, = 0.06 mol/1; blue squares, C,, = 0.13 mol/l; green dia-
monds, C,, = 0.20 mol/1. (d) Collapse of the unbinding force by

normalizing by the concentration in micelles. The black dashed
line corresponds to the linear fit including all three datasets.
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Results for F,. as a function of droplet radius and SDS
concentration are shown in Fig. 3(c). The expected nor-
malization of the force F./C,, results in the collapse of the
different curves onto a single line [Fig. 3(d)], which
confirms F,. « C,R. Since the unbinding force between
two vesicles is F, = zRA [53], the slope of the dashed line
in Fig. 3(d) is used to obtain the adhesion strength A(C,),).
For the system studied here, Ap =~ 200 kg m—3, and the
measured values for 6 range from ~36 to ~65 ym. The
crossover values (A*, N*) can now be calculated for each
experiment. In Fig. 4 we show the renormalized area A/A*
as a function of N/N* on a double-logarithmic plot. We
observe not only an excellent collapse of all the data, but a
transition from 3D growth, A/A* « (N/N*)*/3, to 2D
puddlelike growth at long times, A/A* o« N/N*, with a
crossover at (A*, N*), as expected from the model.

Here we have explored using a continuum model for an
aggregate of athermal droplets, but such liquidlike behav-
iors have been observed in other granular systems also. For
example, a column of glass beads can break up into clusters
of grains [54], which is reminiscent of the Plateau-Rayleigh
instability observed as a liquid jet breaks into droplets.
Analogs to the Rayleigh-Taylor instability have also been
reported during the sedimentation of thermal colloids [55].
Other surface-tension-dependent phenomena found at
liquid interfaces are capillary fluctuations and capillary
waves. Similar fluctuations can be seen at the interface
between a granular particle-rich condensed and a
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FIG. 4. Double-logarithmic plot of the renormalized aggregate
area versus the renormalized number of droplets for various
droplet sizes R and adhesion strength .A. The aggregate growth
transitions from (N/N*)?/3 to N/N* at (A*, N*) (nonrenormal-
ized data shown in inset). The data correspond to those presented
in Fig. 2 using the same color code, and three further datasets
are included: black (R =24.7 um, C,, = 0.20 mol/1), gray
(R =247 ym, C,, = 0.20 mol/1), and yellow (R = 18.7 um,
C,, = 0.20 mol/1).

particle-poor gas phase [56-58]. A fundamental advantage
of the system described in this study is that the interactions
between particles are easily tunable and particles can
be imaged and tracked individually. The model is not
specific to depletion interactions and can be generalized to
other sources of adhesion such as capillary interactions,
van der Waals, or biological interactions between cells.
Indeed, foams and emulsions have been widely used to
model complex biological systems [27-33]. The theoretical
framework developed here can be applied to a broad range
of systems through defining a granular capillary length,
provided that the adhesion A can be defined.

While the continuum model presented well explains the
growth rate of the aggregate, the model coarse grains the
underlying avalanches which result in the discrete growth
steps. The literature suggests that the statistics of such
discreet events are independent of the length scale of the
system [59-62]. The droplet experiment provides an ideal
system to study such behaviors and the dependence on the
granular capillary length. The noncircular shape of the
puddle shown in Fig. 1 is also a direct result of the granular
nature of the aggregates not captured by the simple model
presented. It is expected that both the avalanche dynamics
and shape of the aggregates depends on the granular
capillary length; however, these aspects remain outstanding
questions.

In summary, we present a study of the growth of an
aggregate of adhesive oil droplets. Because of buoyancy
forces, the aggregate spreads horizontally along the top
surface of the chamber. However, the adhesion between the
droplets stabilizes the aggregate along the vertical direc-
tion. Aggregates initially grow in 3D until they reach a
maximum height, after which the growth occurs in 2D.
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This growth is analogous to that of a liquid puddle.
The height of the aggregates is entirely determined by
the balance between buoyancy and the adhesion strength
between droplets. We introduce the granular capillary
length, 6 = +/.A/Apg, the granular equivalent of the
capillary length for liquids. Using the analogy with a
liquid puddle, we developed a simple model that fully
captures the aggregate geometry as a function of the
adhesion strength and the droplet size. Despite the aggre-
gates being granular in nature, displaying avalanches in the
growth dynamics, the shape of the aggregates can be
captured using the physics of continuous media.
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