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We perform direct numerical simulations of rotating Rayleigh-Bénard convection (RRBC) of fluids with
low (Pr ¼ 0.1) and high (Pr≈5) Prandtl numbers in a horizontally periodic layer with no-slip bottom and
top boundaries. No-slip boundaries are known to actively promote the formation of plumelike vertical
disturbances, through so-called Ekman pumping, that control the ambient flow at sufficiently high rotation
rates. At both Prandtl numbers, we demonstrate the presence of competing large-scale vortices (LSVs) in
the bulk. Strong buoyant forcing and rotation foster the quasi-two-dimensional turbulent state of the flow
that leads to the upscale transfer of kinetic energy that forms the domain-filling LSV condensate. The
Ekman plumes from the boundary layers are sheared apart by the large-scale flow, yet we find that their
energy feeds the upscale transfer. Our results of RRBC simulations substantiate the emergence of large-
scale flows in nature regardless of the specific details of the boundary conditions.
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In fluid dynamics, viscous boundary layers (BLs)
adjacent to no-slip surfaces are frictional regions that,
despite being relatively thin, can greatly affect the dynam-
ics of the ambient flow. In particular, the so-called Ekman
BL in rapidly rotating flows [1] actively enhances vertical
velocities far beyond the BL region through Ekman
pumping. Likewise, Ekman pumping boosts convective
instabilities of the thermal BL in buoyancy-driven flows, a
highly relevant problem to many geophysical and astro-
physical systems. These flows span the domain height at
sufficiently strong rotation [2–6]. When rotation is much
weaker than thermal forcing, however, plumes emerging
from the BL organize into a large-scale circulation (LSC)
with shearing that ironically sweeps away the plumes
formed by the BL [7,8].
For a surface with stress-free boundary condition, the

buoyancy-driven flow fed by the thermal BL is no longer
enhanced by Ekman pumping. The thermal plumes are then
too weak to affect the ambient flow, which becomes more
prone to turbulence under strong thermal forcing. At
sufficiently strong forcing and rapid rotation, vertical
velocities are largely suppressed, and the resulting turbulent
flow is quasi-two-dimensional (Q2D) [5,9–13]. The flow
then mimics pure 2D turbulence with an inverse energy
cascade [14,15]. The upscale energy transfer is eventually
balanced by friction in finite-size domains or by imposed
large-scale damping. Consequently, energy accumulates at
large scales (spectral condensation) and large-scale vortices
(LSVs; also called vortex condensates) form [16–20].
However, the question is whether similar processes occur

for no-slip boundaries; can LSVs sweep away the (Ekman)
plumes as the LSC does at low rotation rates?
Here, we demonstrate for the first time the presence of

coherent, long-lived LSVs in rotationally constrained
thermal convection despite Ekman pumping interaction
from the BLs. We do so for fluids of different Prandtl
number (defined below) pertinent to geophysical systems:
low Pr ¼ 0.1, relevant to liquid metals as in Earth’s outer
core, and high Pr≈5, water, popular in experiments and
applicable to oceanic processes. We identify nonlocal
energy transfer from smaller scales to the largest horizontal
scale in the domain, while the Q2D turbulent bulk subdues
significant disturbances from the BLs. Our novel observa-
tion of LSVs with no-slip walls paves the way to experi-
mentally explore LSV growth in buoyancy-driven rotating
turbulence, a process omnipresent in large-scale natural
flows. We directly assess the effects of no-slip boundaries
on vortex condensates in 3D anisotropic systems. So far,
simulations have typically employed stress-free conditions.
Recent convection simulations using parametrized Ekman
pumping boundary conditions report upscale transfer of
kinetic energy but no persistent LSVs form [21,22].
We consider rotating Rayleigh-Bénard convection

(RRBC), the flow confined between parallel horizontal
walls, heated from below and cooled from above, subject to
background rotation. Three nondimensional parameters
govern RRBC: the Rayleigh number Ra ¼ gαΔH3=ðνκÞ
quantifies the intensity of buoyant forcing, the Ekman
number Ek ¼ ν=ð2ΩH2Þmeasures the (inverse) strength of
rotation, and the Prandtl number Pr ¼ ν=κ describes the
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diffusive properties of the fluid. Here, g is gravitational
acceleration, α, ν, and κ are, respectively, the kinematic
viscosity, thermal diffusivity, and thermal expansion
coefficient of the fluid, Δ and H the temperature difference
and distance between bottom and top wall, respectively,
and Ω the rotation rate. The critical Rayleigh number
for onset of oscillatory convection (Pr<0.68) is Rac ¼
17.4ðEk=PrÞ−4=3; for steady convection (Pr ≥ 0.68)
it is Rac ¼ 8.7Ek−4=3 [23,24]; R≡ Ra=Rac measures
supercriticality.
We perform direct numerical simulations (DNSs) of the

incompressible Boussinesq Navier-Stokes and heat equa-
tions [23], nondimensionalized by Δ, H and (free-fall)
velocity Uff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gαΔH

p
, with no-slip boundaries at para-

meters displayed in Fig. 1 (circles). We employ second-
order finite-difference discretizations [25] on a grid
vertically denser near the walls to resolve the thinner
(Ekman or thermal) BL with at least 10 points. At
Pr ¼ 0.1, the dimensions of the horizontally periodic
computational domain are 10lo

c × 10lo
c × 1, where lo

c ¼
2.4ðEk=PrÞ1=3 is the horizontal length scale for onset of
oscillatory convection [23,24]. Resolutions up to 1408 ×
1408 × 1280 points resolve the Kolmogorov length ηK , the
smallest active flow length scale. For Pr≈5 the domain is
20ls

c × 20ls
c × 1 [26], with ls

c ¼ 2.4Ek1=3 the onset scale
for steady convection [23,24]. A fine grid with up to
1536 × 1536 × 2048 points resolves the temperature field
down to the Batchelor length ηB ¼ ηK=Pr1=2, its smallest
active length scale, and a coarser grid resolves the velocity
field to ηK [25]. Three reference cases, indicated with stars
(Fig. 1), are selected for further analysis: LSVs at Pr ¼ 0.1,
R ¼ 20 (L01NS; L01SF is a corresponding stress-free run)
and at Pr ¼ 5.2, R ¼ 80 (L52NS), and plumes at Pr ¼ 5.2,
R ¼ 11 (P52NS).
In the bulk, the relative magnitude of root-mean-square

(RMS) horizontal (uRMS) and vertical (wRMS) velocity

exhibits significantly different behavior specific to the flow
structure that, together with the vertical-velocity kurtosis
(wKURT), provides a generic way to distinguish the flow
regimes identified in Ref. [9]. For cells (C) and convective
Taylor columns (T) vertical velocities are stronger than
horizontal, for plumes (P) [and quasi-3D (Q3D) turbulence
at Pr ¼ 0.1] they are comparable, while for LSVs hori-
zontal velocities are larger (Fig. 2). Larger-than-Gaussian
kurtosis, i.e., wKURT > 3, indicates increased likelihood of
strong vertical velocity fluctuations. Reference [9] reports
wKURT > 3 at midheight for cells, columns, and plumes,
while in the so-called geostrophic turbulence state (where
LSVs are observed) wKURT ≈ 3 as in homogeneous iso-
tropic turbulence. Our midheight observations are the same
(inset I and II).
LSV states are emphasized by the decomposition into 2D

(vertically averaged) barotropic flow and 3D (depth-
dependent) baroclinic convection [9–11]: u ¼ huiz þ u0,
where huiz ¼

R
1
0 udz. The ratio of barotropic Ebt ¼

1
2
ðhui2z þ hvi2zÞ to total Et ¼ 1

2
ðu2 þ v2 þ w2Þ kinetic

energy is largest for LSVs (inset III); the 2D flow
dominates as is common in condensate vortices
[9,20,29]. The large fraction of 2D kinetic energy, larger
horizontal than vertical RMS velocity, and Gaussian bulk
kurtosis are signatures of Q2D turbulence in the LSV flow
state. Near the bottom at height z ¼ δν (the Ekman BL
thickness based on the uRMS maxima) kurtosis follows the
bulk trend for most of the R range, except for LSV states
where it remains larger than 3. We hypothesize that
deviations from Gaussianity are caused by the prevalence

FIG. 1. Phase diagram of rotating convection. Present no-slip
DNS; asymptotic (Ek → 0) simulations, with stress-free [9] and
parametrized Ekman-pumping boundaries [22]; stress-free DNS
[11,12]. Filled symbols represent LSV states. Labeled stars are
reference cases from the present study.

FIG. 2. RMS horizontal (uRMS) and vertical (wRMS) velocities at
midheight (z ¼ 0.5) versus R. Vertical dash-dotted and dashed
lines indicate predicted transitions from cells (C)/convective
Taylor columns (T) to plumes (P) [27,28]. Vertical dotted lines
are our estimated transitions between plumes and LSVs (orange),
and LSVs and Q3D (blue). Inset I and II: vertical-velocity
kurtosis wKURT at midheight (squares) and at the Ekman
BL thickness (z ¼ δν; right triangles). Horizontal dashed lines
at wKURT ¼ 3 indicate Gaussian kurtosis. Inset III: ratio of
barotropic Ebt to total Et kinetic energy. Filled symbols denote
LSV cases.

PHYSICAL REVIEW LETTERS 125, 214501 (2020)

214501-2



of smaller-scale structures formed by Ekman pumping from
the BLs, whose presence, remarkably, does not disrupt the
LSVs. This will be addressed later.
Flow visualizations in Fig. 3 of the reference cases reveal

for both L01NS and L01SF [panels (a) and (b)] one large-
scale vortical structure with cyclonic (positive) vertical
vorticity that extends over the domain height. The vortex
is embedded in an environment with weak anticyclonic
(negative) vorticity. Remarkably, L52NS [Fig. 3(c)] displays
both a cyclonic and an anticyclonic vortex. Just as the vortex
monopole, the dipole spans the domain height. During the
statistically stationary state [approximately 400 (900) con-
vective timesH=Uff at Pr ¼ 0.1 ð5.2Þ], the vortices are long-
lived without significant horizontal displacement. For
P52NS [Fig. 3(d)], plumes dominate the bulk [4,9,30].
Cyclonic vortices are favored over anticyclones: when

both are present, the anticyclone is weaker than the
cyclone. Cyclone-anticyclone asymmetry in rotating flows
has been extensively discussed [31–34], also in vortex
condensates [35].
To study the development of LSVs, we consider the

shell-to-shell energy transfer [11,37,38]. We investigate
[10] transfer from baroclinic to barotropic (3D to 2D) flow:

TbcðQ;KÞ≡ −
Z
V
huKiz · ðu0 · ∇Þu0QdV; ð1aÞ

and barotropic self-interaction (2D to 2D):

TbtðQ;KÞ≡ −
Z
V
huKiz · ðhuiz ·∇ÞhuQizdV: ð1bÞ

The Fourier-filtered 2D field huKiz of wave number K
receives energy from the filtered (2D or 3D) field of wave
number Q via triadic interactions mediated by the energy
giver field; we find that the other transfers to 2D (from 3D
mediated by 2D and from 2D mediated by 3D) are
negligible. If Tbc; Tbt > 0, the mode Q transfers energy
to mode K and vice versa. Equations (1a) and (1b) are
derived from the budget equation of modal barotropic
kinetic energy, where Fourier transforms are performed in
the horizontal periodic directions and the Fourier space
divided into ringlike shells of different horizontal wave
numbers.
In Fig. 4 we plot Tbc (left column) and Tbt (right

column). LSV cases (top three rows) present positive Tbc
over a wide range of modes Q≳ 5 and K ≲ 3, revealing
spectrally nonlocal upscale transfer of kinetic energy from
3D convection at small scales to the largest 2D scales, i.e.,

Cyclone Cyclone

Cyclone Anticyclone Plumes

(a) L01NS (b) L01SF

(c) L52NS (d) P52NS

1.8       2.9           4.0

FIG. 3. Snapshots of horizontal kinetic energy 1
2
ðu2 þ v2Þ, scaled

by volume-averaged total energy hEtiV for the reference cases (a)
L01NS, (b) L01SF, (c) L52NS, and (d) P52NS. Actual domains
are slender; their width-to-height ratio Γ ¼ W=H ¼ Oð10−1Þ. For
clarity, they are stretched horizontally by a factor 1=Γ.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 4. Spectral kinetic energy transfer Tbc from (baroclinic)
3D mode Q to (barotropic) 2D mode K [panels (a), (c), (e), (g)]
and Tbt between (barotropic) 2D modes Q and K [panels (b), (d),
(f), (h)], normalized by mean buoyant energy input hwθiV , for the
reference cases (a),(b) L01NS, (c),(d) L01SF, (e),(f) L52NS and
(g),(h) P52NS. Blue curves represent T≥5

bc ðKÞ.
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without participation of intermediate scales. We also plot
T≥5
bc ðKÞ≡

P
40
Q¼5 TbcðQ;KÞ=hwθiV (blue curves), the sum

of nonlocal baroclinic transport to mode K, normalized
by volume-averaged buoyant energy input hwθiV (θ is
temperature). The largest contribution is indeed at LSV
mode K ¼ 1.
For plumes [Fig. 4(g)], a narrower range of baroclinic

modes 5≲Q≲ 25 contributes positively to barotropic
modes 2≲ K ≲ 10, with virtually no contribution to
K ¼ 1. We argue that this upscale energy transfer is due
to plume-plume interactions and merger (plume scale is
Kp ≈ 10); spectrally local unlike the strong interaction of
all Q with K ¼ 1 in LSV cases, together with a direct
downscale cascade.
In all cases Tbt presents positive diagonal K ¼ Qþ 1,

indicating spectrally local downscale transfer within the
2D flow. Additionally, LSV cases reveal spectrally non-
local upscale transfer: positive Tbt at K ¼ 1 over a wide
range of Q modes (likewise, negative Tbt for Q ¼ 1).
Simultaneous downscale and upscale transfers coexist
within the 2D flow [10]. Finally, for P52NS [Fig. 3(d)],
some 2D self-interaction is registered: energy exchanges
among plumes lead to short-range upscale transfer toward
scales that do not involve the largest scale, with concurrent
downscale cascades over a much shorter range than
for LSVs.
To investigate the near-wall dynamics, we calculate the

(nondimensional) height-dependent planar kinetic energy
budget [39–41]:

B þ T þ P þ V −D ¼ 0; ð2Þ

where B≡ hwθiP is buoyant production, T ≡ −∂zhwEtiP
turbulent transport, P ≡ −∂zhwpiP pressure transport,
V ≡ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr =Ra

p ∂zhuisi3iP viscous transport, and D≡
hϵiP ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr =Ra

p hsijsijiP dissipation rate [42]. h� � �iP
denotes horizontal planar averaging, p is pressure, and
sij ¼ 1

2
ð∂jui þ ∂iujÞ. Summation is over repeated indices,

i ¼ 1, 2 denote horizontal directions and i ¼ 3 vertical
direction (u3 ¼ w). We normalize all terms with hwθiV . B
indicates energy input; transport terms (T , P, V) redis-
tribute kinetic energy vertically; D extracts energy.
Figure 5 shows the z-dependent budgets for the

reference cases; left column for lower half of the domain,
right column zoomed in on the bottom BL. For all cases,
B provides energy in the bulk. For L01SF, this energy
input is nicely balanced by dissipation, i.e., D ≈ B,
whereasD < B for no-slip cases. There, B is compensated
by large D near the walls, as z=δν → 0. The difference
between B and D in the bulk is redistributed toward the
BLs by P; the other two transport terms are marginal
and only participate near the walls. For LSVs, this
extraction may slightly reduce the amount of energy
available for interscale exchanges, but does not prevent
its spectral transfer upscale. To emphasize this, we co-plot

with blue curves the height-dependent transfer to 2D
mode K ¼ 1, T≥5;1

bc ðzÞ≡P
40
Q¼5 TbcðQ;K ¼ 1; zÞ=hwθiV .

We find predominantly positive T≥5;1
bc throughout the bulk

for LSVs, and vanishingly small T≥5;1
bc ðzÞ where no large

scales develop.
Near the no-slip walls [Figs. 5(b), 5(f), 5(h)], the budget

resembles that of rotationally constrained flows [41]:
pressure transport supplies energy to sustain the Ekman
BL against frictional dissipation [1], viscous transport
redistributes energy within the BL, while turbulent
transport has little to no contribution to the budget.
Notably, for LSVs [Figs. 5(b) and 5(f)], no 3D-to-2D
upscale transfer is sustained within the BL: T≥5;1

bc < 0 for
z < δν. Instead, the 2D mode loses energy to smaller-scale
3D motions. T≥5;1

bc > 0 for z > δν and, strikingly, it peaks
just outside the BL to reduce (but remain positive) toward
the bulk. As vertical bursts from the BL [wKURT > 3 at
z ¼ δν, see Fig. 2] are sheared apart by the strong
horizontal bulk flow, their energy feeds the upscale transfer
to the 2D LSV just outside the BL. The thermal BL has no
noticeable effect on these profiles.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 5. Kinetic energy budget in the bulk [panels (a), (c), (e),
(g)] and near the bottom [panels (b), (d), (f), (h)] for the reference
cases (a),(b) L01NS, (c),(d) L01SF, (e),(f) L52NS and (g),(h)
P52NS. Vertical coordinate scaled by viscous BL thickness δν
(for L01SF we use δν from L01NS). Profiles shown for lower half
of the domain; midheight z=δν ≈ 400 for all cases. Dotted blue
(red) horizontal lines denote viscous (thermal) BL thicknesses.
The thermal BL is thicker than the plotting interval in (b),(d).
Blue curves indicate height-dependent nonlocal energy transfer
T≥5;1
bc ðzÞ from 3D modes 5 ≤ Q ≤ 40 to 2D LSV mode K ¼ 1.
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We demonstrate that Ekman BLs cannot prohibit LSV
formation in no-slip RRBC. They, instead, postpone the
occurrence of upscale energy transfers to significantly higher
rotation rates (at the same supercriticality) than for stress-free
boundaries; vertical bursts due to Ekman pumping require
stronger rotational constraint to be diverted into upscale
transfer to LSVs. Ekman plumes are swept away by large
horizontal velocities from the emerging LSVs. The role of the
Prandtl number is similar for no-slip as for stress-free
simulations: LSV formation is more easily reached at smaller
Pr [9]. We postulate that coherent plumes, formed by the
Ekman BLs, with strong temperature contrast, are longer lived
at high Pr given weaker thermal diffusion. Hence they can
more proficiently disturb LSV formation.
Large-scale flow organization is ubiquitous in geo-

physics and astrophysics. Our study identifies that
Ekman boundary layers are unable to prevent vortex
condensation, opening up laboratory modeling of
these flows in the rotating Rayleigh-Bénard configuration
[43]. We provide firm evidence that large-scale vortex
condensation can develop regardless of the boundary
conditions.
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