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Subwavelength channels filled with near-zero-index (NZI) media can realize extraordinary optical
functionalities, for example, tunneling electromagnetic wave without reflections, but usually confined in a
narrow wavelength band due to the material singularity (refractive index n ≈ 0), which seriously limits the
practical potentials. In this Letter, we show this limit can be fundamentally overcome by an alternative,
named near-zero-index-featured (NZIF) structure, with the singularity transmuted via a controlled optical
conformal mapping, enabling the device implementation with nonmagnetic normal dielectrics (i.e., relative
permittivity >1). Their equivalence is strictly examined through a subwavelength tunneling waveguide.
Classic wave tunneling features in a broad frequency range are revealed in various confined geometries.
These properties are robust against the disturbance of several kinds of structural defects benefited from the
infinite effective local wavelength. The broadband and lossless NZIF medium proposed here provides
a promising way to pursue the fascinating light controlling functionalities as initially enabled by singular
NZI materials.
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Near-zero-index (NZI) materials can give birth to many
interesting electromagnetic phenomena, including electric-
magnetic field decoupling, diverging velocities, and wave-
length expansion, etc. [1,2], which endow them with
unprecedented measures in controlling light and waves
with prominent functionalities, such as photon tunneling
[3–9], light trapping [10,11], directive emission [12–16],
or extreme nonlinear interactions [17–20]. Among them,
reflectionless light tunneling through subwavelength chan-
nels has attracted particular attention for the potential
application in transmitting light signals [3–7]. So far,
several methods have been proposed to realize NZI media,
such as using metamaterials [21,22], waveguides near the
cutoff frequency [23,24], or photonic crystals [25,26].
However, all these resonance-based approaches have the
inherent shortcomings in controlling bandwidth and
material loss [1,2,27], which nearly rule out any practical
potential. There are several enlightening approaches to
circumvent the narrow bandwidth issue [28,29], for exam-
ple, by applying one-dimensional photonic crystals to
emulate an epsilon-near-zero medium. It is highly desired
to find a different and efficient design framework for this
special category of metamaterials by surmounting the
existing limitations. In this Letter, we solve these problems
by transmuting the material singularities (n ≈ 0) using an
optical conformal mapping (OCM) and build an equivalent

isotropic medium made of normal dielectrics, which is
called a near-zero-index-featured (NZIF) structure. A
paradigm of electromagnetic (EM) energy tunneling wave-
guide is introduced to clarify the conception. Applying the
OCM scheme [30–33], we show that the material singu-
larity can be eliminated; i.e., the ultralow refractive index of
the original NZI media can be vastly increased by several
orders to reach superunit values, thus offering high prac-
tical feasibility. The quasistatic character of the fields inside
the NZIF structure is preserved from the NZI medium
during the OCM, which ensures the tunneling effect. The
broadband and robustness features of the equivalent wave-
guide in tunneling EM waves are numerically elaborated in
arbitrarily deformed geometries with and without structural
defects. The optical transformation provides a promising
way to realize NZI-medium-inspired novel devices, which
mostly have been deemed impossible in practice [1,2].
A brief flow chart is drawn in Figs. 1(a)–1(c) to illustrate

the key ideas on how to transmute the material singularity
(refractive index n ≈ 0) of a NZI-medium-filled waveguide
with normal dielectrics in two mathematical steps. The
original NZI-medium-based tunneling waveguide, as
shown in Fig. 1(a), typically consists of one arbitrary
shaped NZI medium (purple region) in between two air-
filled rectangular waveguides (cyan region). In the first
step, as shown in Fig. 1(b), a suitable conformal
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transformation is selectively applied to the main part of the
tunneling waveguide so that the middle NZI medium is
transformed into a mu-near-zero (MNZ) medium (yellow
region) with the relative permittivity εr ¼ 1 and relative
permeability μr ≈ 0, while the connecting portions of the
air-filled waveguides in vicinity of the NZI medium are
transformed simultaneously into the OCM adaptors (green
region) with the rest unchanged (cyan region). In the
second step, as shown in Fig. 1(c), the height of the yellow
region is significantly diminished and, as a result, the MNZ
medium is transmuted and simply replaced by air. After
these two step operations, the original NZI waveguide is
successfully transformed into an equivalent device but
filled with normal dielectrics (i.e., εr ≥ 1 and μr ¼ 1)
without influencing waveguide transmission efficiency.
The underlying physics will be addressed in detail later.
Figure 1(d) gives one simulated result for waves traveling
inside the NZIF waveguide, which confirms that our air-
filled subwavelength channels can also perfectly tunnel EM
waves without reflection. An enlarged picture for the
NZIF medium intentionally with some defects is given
in Fig. 1(e), which clearly reflects that our NZIF structure is
immune to the disturbance of some structural imperfec-
tions, as previously observed in the NZI medium [1]. This
novel phenomenon, i.e., electromagnetic wave tunneling

without material singularity (n ≈ 0) by nonmagnetic nor-
mal dielectric, has not been explored before.
For the first step in the above flow chart, we adopt

the two-dimensional (2D) Zhukovski mapping as the
coordinate transformation [34–39], which can give rise
to isotropic permittivity without changing the in plane
permeability of transverse electric (TE) waves,

ξ ¼ ζ þ a2

ζ
or ζ ¼ 1

2

�
ξ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 − 4a2

p �
; ð1Þ

where the complex coordinates ζ ¼ xþ iy and ξ ¼ uþ i v
denote the coordinates in the physical and reference space,
respectively. Zhukovski mapping can transform the branch
cut, i.e., blue line segments in Fig. 2(a), into a blue circle
with radius of a in Fig. 2(b). Correspondingly, the double
Riemann sheets in the reference space are also transformed
into the interior and exterior domains of the transformed
branch cut in the physical space [30,40]. After the mapping,
the original dielectric property εξ will be transformed and in
the physical space can be rewritten by εζ,

εζ ¼ M2ðζÞ · εξ; ð2Þ

FIG. 1. (a) Conventional NZI-medium-based tunneling wave-
guide. (b) Obtain the MNZ medium and adaptors from (a) by the
OCM. (c) Obtain the NZIF structure by reducing the height of the
MNZ medium. (d) Top view of the normalized electric field
distribution inside the tunneling waveguide with the NZIF
structure. (e) Enlarged plot of the NZIF medium with the
PMC defects. The defects are randomly chosen and placed here.

FIG. 2. (a),(b) The basic idea of promoting the relative
permittivity of NZI medium to one with Zhukovski transforma-
tion. (a) A NZI medium (εr ¼ μr ¼ 10−4) (colored in red)
connects two air-filled waveguides (colored yellow) in the
reference space. (b) The corresponding transformed structures
by Zhukovski mapping in the physical space. The MNZ medium
(εr ≥ 1, μr ¼ 10−4) and OCM adaptors (εr ≥ 1, μr ¼ 1) are
colored in red and yellow, respectively. Note regions with the
same color in the reference space and physical space have
different material parameters. (c) The electric field distributions
inside the NZIF-based waveguide in the physical space by
numerical simulation. The wavelength is set to λ0 ¼ a. The right
two insets are the enlarged plots. The blue circle is the
corresponding “branch cut” in the physical space.
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where the multiplier factorMðζÞ for Zhukovski mapping is
defined as

MðζÞ ¼
����1 −

a2

ζ2

����; ð3Þ

which is determined by the length of the branch cut a and
the positions in the complex coordinates. The transforma-
tion details are described in Figs. 2(a) and 2(b). The NZI
medium is transformed to MNZ medium and the air-filled
waveguides are transformed to OCM adaptors. The green
arrows in both the reference space and physical space
indicate the Poynting energy flow with numbers represent-
ing the time sequence. The boundaries of the waveguides
are a perfect magnetic conductor (PMC) for TE waves,
which are invariant during the transformation. Gray rest
regions outside the waveguide are treated as air as they do
not influence the waveguide modes. Note that the in plane
relative permeability (μr ≈ 0) for TE waves is not changed
during the OCM [31].
For the second step in the flow chart, nonmagnetic

materials are used to replace the above MNZ medium, and
scattering at the interfaces will happen due to the imped-
ance mismatch. As proved later, this issue could be
elegantly solved by reshaping the physical dimensions of
the NZIF structure. The only sacrifice is that the device
structure will be evolved from the original 2D design into a
three-dimensional (3D) one by introducing a small-gapped
parallel-plate waveguide as shown in Figs. 1(b) and 1(c).
The electric field distribution in the physical space is shown
in Fig. 2(c), which shows the subwavelength circular NZIF
structure can tunnel EM waves. The NZIF structure can be
designed with more flexibility, e.g., arbitrary shape and
orientation. Details can be found in the first part of the
Supplemental Material [41].
Here, both NZI- and NZIF-based channels can tunnel

EM waves but with different mechanisms. Conventional
NZI-medium-based channels can transmit EM waves due
to its material singularity (n ≈ 0), while the NZIF-structure-
based channels have the same function due to their
structural singular properties, i.e., with the physical dimen-
sions approaching zero. Both material and structural
singularities can lead to the quasistatic character of the
fields inside the channel. In other words, the effective local
wavelength is infinitely large compared with the size of the
tunneling channel. From the view of transformation optics,
the above two tunneling mechanism are unified; i.e.,
material parameters and the spatial geometries have the
same impact on waves and fields.
The mechanism of the above designed NZIF-based

waveguide can be well explained physically by trans-
mission line circuit theory or by directly solving
Maxwell equations inside the waveguide. For the key
portion of the NZIF waveguide as draw in Fig. 3(a), a
simple transmission line circuit can be first used to

qualitatively address the tunneling effect, as plotted in
Fig. 3(c) where Z0 (Z1) and Zb are the characteristic
impedance of the OCM adaptor (the NZIF structure) and
the boundary impedance, respectively. The characteristic
impedance inside the rectangular waveguide can be
expressed as Z ¼ ffiffiffiffiffiffiffiffiffiffiffiðμ=εÞp ðh=wÞ, where μ, ε, h, and w
are the permeability, permittivity, height, and width of the
waveguide, respectively. As the permittivity inside the
OCM region is far larger than that inside the NZIF
structure, we can substantially reduce the height of the
NZIF portion to match Z0 and Z1. To minimize the
boundary effect, we need to add two ultrathin NZIF layers
of the same height with the OCM adaptor at the two ends,
thus effectively forming a U-shaped cross section for the
whole NZIF region as plotted in Fig. 3(a). According to this
design, the two thin NZIF layers have the same height with
the OCM adaptor but much smaller permittivity (εr ¼ 1),
which will contribute to an infinite relative boundary
impedance [42], i.e., Zb ≫ Z0 (or Z1). Therefore, the
incoming wave will not perceive the structural disconti-
nuity and transmit forward without reflection as the
impedance is matched everywhere.
The tunneling effect can also be well explained physi-

cally from the mode distribution inside the waveguide by
solving the Maxwell equations with boundary conditions.
For the structure in Fig. 3(a), the reflection coefficient can
be deduced as (details can be found in the second part of the
Supplemental Material [41])

R ¼ Δhεrk0Sy−z − h2k0L

2ihΔh ffiffiffiffi
εr

p þ Δhεrk0Sy−z þ h2k0L
; ð4Þ

where k0 is the free space wave vector, and εr is the
effective relative permittivity of the OCM adaptors (near
the U-shaped NZIF structure). Sy−z ¼ Δh·(Lþ 2h − 2Δh)

FIG. 3. (a) A 3D structure model of the OCM adaptor and NZIF
structure, similar to Fig. 1(e) without defects. (b) Power trans-
mission coefficient t with respect of the normalized height Δh=h.
Blue curve is the theory calculation and the red dot is the
numerical simulation result. (c) Transmission line model of the
OCM adaptor and NZIF structure. (d) Power transmission
coefficient t with respect of the normalized cross-sectional area
Sy−z=ðLhÞ and the relative permittivity of the NZIF structure. We
choose h ¼ 1=200λ0 and L ¼ 1=100λ0 for (b) and (d).

PHYSICAL REVIEW LETTERS 125, 207401 (2020)

207401-3



is the cross-sectional area of the NZIF structure in the y�z
plane, h is the height of the OCM adaptors, Δh and L are
the height and length of the NZIF structure [see Fig. 3(a)].
Equation (4) shows that the reflection coefficient is strictly
zero if Δh ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðL=Lþ 2hÞp ðh= ffiffiffiffi

εr
p Þ. Actually, the reflec-

tion coefficient can be small enough when Δh is on the
order of h=

ffiffiffiffi
εr

p
(the impedance matched case deduced by

the above transmission line theory), where jRj¼2πh=λ0≈0

(λ0 is the wavelength of free space). jRj2 is less than 0.1
in Fig. 1(d) calculated by Eq. (4), which ensures a good
tunneling effect.
The power transmission coefficient t ¼ 1 − jRj2 with

varied Δh is shown in Fig. 3(b). The theory calculation
(black curve) using Eq. (4) fits well with the numerical
simulations (red dots), which confirms the validity of elimi-
nating the reflection by reducing the height of the NZIF
structure. Note that whenΔh <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðL=Lþ 2hÞp ðh= ffiffiffiffi
εr

p Þ, the
power transmission coefficient drops rapidly to zero (with
Δh → 0) as large impedance mismatch occurs. If the
relative permittivity of the NZIF structure is much larger
than 1, Eq. (4) cannot give a precise description, as the
quasistatic approximation is no longer satisfied. To get a
comprehensive understanding of the tunneling effect, we
use 2D numerical simulations to obtain the power trans-
mission coefficient with varied relative permittivity of the
NZIF structure εrðNZIFÞ and its cross-sectional area in y�z
plane S, which is shown in Fig. 3(d). The x axis represents
the logarithmic form of εrðNZIFÞ. The y axis represents the
normalized cross-sectional area in the y�z plane of the
NZIF region, i.e., Sy−z=ðLhÞ. The bottom left region inside
the white rectangle is the NZIF region, which correspond
to the zero-order mode, where EM energy can tunnel
through the channel with a constant phase. When Sy−z
increases, some other modes with different relative per-
mittivity can also have a large transmittance, which
corresponds to the high-order modes. However, these
high-order modes are frequency dependent and cannot
work in a broad bandwidth. Note that the waves inside
the OCM adaptor are reflectionless due to the continuous
change of the relative permittivity, which is transformed
from empty space by Zhukovski mapping. Therefore,
the whole waveguide can guide TEM waves without
reflection.
The NZIF structure is not sensitive to some kinds of

structural defects randomly distributed inside the NZIF
structure. When defects are immersed in the NZIF region,
the reflection coefficient can be written as (details can be
found in the third part of the Supplemental Material [41])

R ¼
−iπðsþ Ed

Ez
εdsdÞ

wλ0 þ iπðsþ Ed
Ez
εdsdÞ

; ð5Þ

where Ed is the average value of the electric fields inside
the defects, and Ez is the electric fields outside the defects

at the bottom of the U-shaped NZIF structure. s and sd are
the cross-sectional area of the NZIF structure and the
defects in the x�y plane, respectively. εd is the relative
permittivity of the defects, λ0 is the free space wavelength,
and w is the width (x direction) of the NZIF structure. If the
defects are perfect electric conductor (PEC) objects, both
Ez and Ed tend to zero; however, their ratio is still a finite
number and is far smaller than the absolute value of the
permittivity εd [≈Imσ=ðε0ωÞ and is an infinitely large
imaginary number], i.e., jεdj ≫ jEz=Edj, therefore wλ0
can be ignored, and for this case, R ¼ −1; i.e., waves
are totally reflected, which is shown in Fig. 4(b). If the
defects are PMC objects, Ed vanishes, Ez is a finite number,
and the reflection coefficient tends to zero because λ0 is
much larger than the width (w) and the length (L) of the
NZIF structure; i.e., tunneling effect is not influenced by
the PMC defects with arbitrary sizes, shapes, and positions.
As shown in Fig. 4(a), circular and pentagram-shaped PMC
defects are embedded in the NZIF structure, which have
almost no influence on the tunneling effect. For other
dielectric and magnetic defects, Ed is comparable with Ez,
and both Eq. (5) and numerical simulations show that the
tunneling effect is not disturbed with magnetic defects or
weak dielectric defects. However, the tunneling effect gets
worse if the relative permittivity of dielectrics defects gets
larger, see Figs. 4(c)–4(f).
Because both the NZIF structure and the OCM adaptors

are made of normal dielectrics, the device will have
broadband and low loss features. Detailed discussions
about the broadband feature and comparison with conven-
tional NZI-based tunneling waveguide can be found in
Figs. S4 and S5 in the Supplemental Material [41].
Regarding the implementation, the key component is for
the OCM adaptor made of gradient refractive index
materials, which, in principle, can be realized by artificial
composites, e.g., ceramic blocks with different permittivity.
The maximum permittivity in our design is 10000, which is

FIG. 4. Electric displacement distribution of the tunneling
waveguide with defects-embedded-NZIF structures. (a) PMC
defects. (b) PEC defects. (c) Dielectric defects with εd ¼ 10.
(d) Magnetic defects with μd ¼ 10. (e) Dielectric defects with
εd ¼ 10 000. (f) Magnetic defects with μd ¼ 10 000. εd and μd
are the relative permittivity and permeability of the defects.
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available in reality, e.g., barium titanate in the microwave
region [43]. Square-shaped unit cells with side length about
1=5 local effective wavelength are chosen here for practical
realization (no variation in z direction). Each unit cell is
filled with uniform dielectrics with different permittivity, as
shown in Fig. 5(a). The tunneling effect is nearly perfect
with these unit cells. For real application, fabrication errors
may influence the tunneling effect. Here, random noise
of the refractive index is added to each unit cell to check
the fabrication tolerance of the tunneling waveguide.
To do this, the refractive index is modified by nmodified ¼
noriginalð1þ errÞ for each unit cell, where “err” is the
random noise ratio representing the fabrication uncertainty.
Figure 5(b) shows the power transmission coefficient
against the fabrication error. Three corresponding electric
field distribution with different noise ratios (err ¼ 0.01,
0.06, and 0.09) are shown in Fig. 5(c). The results show that
prominent tunneling effect can be obtained with err < 0.06,
where the power transmission coefficient is larger than
0.93. Therefore, the tunneling waveguide is robust against
fabrication errors, i.e., within about 6% fabrication error.
In conclusion, we propose a rigorous method to realize

the NZI medium with a material-singularity-transmuted
configuration, i.e., NZIF structure with its refractive index
above 1. As an illustrative case, the broadband subwave-
length EM wave tunneling effect with NZIF structure is
verified. Numerical simulations show that the designed
NZIF medium can tunnel EM energy through subwave-
length channels between waveguides. The robustness of the
design is also numerically proved against some structural
defects inside the subwavelength channels. The EM energy
tunneling waveguide by NZIF structure can be realized by
normal dielectrics with relative permittivity above 1, which

shows broad bandwidth and low loss features and, hence,
improves the performance of the EM energy tunneling
waveguides by NZI medium. The proposed method can
also be extended to improve the bandwidth and perfor-
mance of other conventional NZI-based devices by using
normal dielectrics with high relative permittivity.
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