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We propose a microphysical theory of the triboelectric effect by which mechanical rubbing separates
charges across the interface between two materials. Surface electrons are treated as an open system coupled
to two baths, corresponding to the bulks. Extending Zel’dovich’s theory of bosonic superradiance, we show
that motion-induced population inversion can generate an electromotive force. We argue that this is
consistent with the basic phenomenology of triboelectrification and triboluminescence as irreversible
processes, and we suggest how to carry out more precise experimental tests.
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Introduction.—The word electricity comes from the
ancient Greek for amber, a solid material that
charges when rubbed with silk or fur. In the sixth century
BCE, pre-Socratic philosopher Thales of Miletus pointed to
magnets and amber as evidence of “a soul or life even to
inanimate objects” [1,2]. The microphysics of dry friction
remains poorly understood and there is still no widely
accepted theory of triboelectrification, the separation of
charges by rubbing. The Bohr–van Leeuwen theorem
establishes that classical physics cannot explain the pro-
perties of magnetic materials [3], but it is less widely
appreciated that classical electrodynamics is insufficient to
account for triboelectricity.
Consider the triboelectric generator shown schematically

in Fig. 1. The inner cylinder of material A rotates about its
axis with angular velocity Ω. For the right choice of
material B in the outer, hollow cylinder, a voltage is
established between A and B, which can sustain a current
I through an external circuit. The classical electromotive
force (emf) E vanishes by the Maxwell-Faraday law:

E ≡
I

E · ds ¼ −
d
dt

Z
B · da ¼ 0; ð1Þ

as there is no significant variation of the net magnetic flux
through the plane of the circuit. Thus, at the interface
between the two materials A and B, electrons are being
transported against the average electric field by a noncon-
servative force (the emf), effectively acting as a negative
resistance. The power for this evidently comes from the
motor that spins A. But how mechanical energy is con-
verted into the electrical work done by the emf calls for
explanation.
Note that the generation of an emf by the relative motion

of A and B must be irreversible, since the direction of
the emf cannot depend on the sign of Ω. On the emf as an

active nonconservative force, and on the impossibility of
accounting for it using potentials, see [4]. Recently, the
irreversible dynamics of work extraction by a quantum
system coupled to an external disequilibrium has become a
subject of theoretical and practical interest in quantum
thermodynamics [5].
In 1971, Zel’dovich described a process, later dubbed

“superradiance” by Misner, by which the kinetic energy of
a moving dielectric can be partially converted into coherent
radiation [6,7]. This result played a key role in the
development of black-hole thermodynamics and it provides
a useful guide to a broad class of active, irreversible
processes [8,9]. As in a laser, superradiance depends on
population inversion, which in the case of rotational
superradiance results from the disequilibrium associated
with the dielectric’s macroscopic motion. Work may then
be extracted from the population-inverted states through
stimulated emission while generating entropy in the rotat-
ing dielectric, which we may treat as a moving heat
bath [10].
The exclusion principle prevents stimulated emission of

fermions, and therefore their superradiance. However, we
will show here that the motion-induced population inver-
sion of fermions can sustain a macroscopic current between

FIG. 1. The triboelectric generator sketched maintains a current
I along the circuit if an external motor spins the cylinder of
material A and radius R at a sufficient angular velocity Ω with
respect to another material B.
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two baths coupled to those fermion states. Such a process
has not, to our knowledge, been considered before,
although the authors of [11] noted the presence of Fermi
surfaces of singularities in the Green’s functions of
fermions in the background of a charged black hole.
Here, we argue that this offers a plausible theory of
triboelectricity, including such remarkable phenomena as
the generation of x rays by peeling ordinary adhesive
tape [12,13].
Experimentalists have stressed that triboelectrification

and associated effects depend strongly on the relative
velocity of the materials in contact and are therefore
essentially off equilibrium [14]. The process that we
describe here is irreversible and velocity dependent. As
such, it is qualitatively different from the reversible
processes, describable in terms of Hamiltonians, consid-
ered in recently proposed theories of the triboelectric effect
[15] and the related phenomenon of contact electrification
[16]. More details on the theoretical and experimental
motivations for our non-Hamiltonian, open-system theory
of triboelectricity are provided in the Supplemental
Material [17].
Open system.—Consider surface electrons as an open

quantum system, weakly coupled to two baths correspond-
ing to bulk materials A and B. In accordance with the setup
of Fig. 1, we assume cylindrical symmetry so that each
electron mode, both in the surface and in the bulk, is labeled
by the common magnetic quantum number m (our final
results will not, however, depend on this cylindrical
symmetry). Any remaining quantum numbers are labeled
by σ and κ.
The second-quantization formalism and notation are

similar to those applied to rotational superradiance in
[10]. Annihilation and creation operators are, respectively,
denoted by c·ð·; ·Þ and c†· ð·; ·Þ, while the corresponding
energies are denoted by ω·ð·; ·Þ. The subsystem is indicated
by the index, while the quantum numbers of the mode are
given as arguments. We work in ℏ ¼ 1 units.
At rest, the system Hamiltonian is the sum of terms

Hx
0 ¼

X
σ;m

ωxðσ; mÞc†xðσ; mÞcxðσ; mÞ ð2Þ

for x ¼ a, b, with a corresponding to the surface attached
to material A, and b corresponding to the surface attached
to material B. Meanwhile, the Hamiltonians for the
baths are

HX
0 ¼

X
κ;m

ωXðκ; mÞc†Xðκ; mÞcXðκ; mÞ ð3Þ

for X ¼ A, B.
If the material A rotates with an angular velocity Ω small

enough that its internal states are not excited by the
rotation, then we have effective Hamiltonians

Ha
Ω ¼

X
σ;m

½ωaðσ; mÞ −mΩ�c†aðσ; mÞcaðσ; mÞ ð4Þ

and

HA
Ω ¼

X
κ;m

½ωAðκ; mÞ −mΩ�c†Aðκ; mÞcAðκ; mÞ: ð5Þ

The sign of Ω in Eqs. (4) and (5) is arbitrary and has been
chosen for later convenience. The shift from theH0’s to the
HΩ’s may be interpreted as a Doppler shift.
The experimental evidence is now clear that triboelec-

trification of solids is dominated by electron tunneling
processes [18]. We therefore consider a weak interaction
between the surface electrons and each of the two baths,

Hx
X ¼

X
κ;σ;m

gxXðκ; σ; mÞc†Xðκ; mÞcxðσ; mÞ þ H:c:; ð6Þ

where the gxX’s correspond to direct transition amplitudes,
to which the Coulomb interaction probably contributes
significantly.
We expect the surface states a and b to be localized along

the transport direction (i.e., perpendicular to the surface), so
that their mutual interaction plays no role in transport. We
therefore neglect ab interactions, which would give only a
hybridization absorbable into modified wave functions.
Moreover, since the ab interaction is not needed to obtain a
triboelectric effect, it is reasonable to neglect it for the sake
of simplicity since our present goal is to formulate a
qualitatively new model rather than a detailed one. We
therefore take the full Hamiltonian to be

Hfull¼Ha
ΩþHb

0þHA
ΩþHB

0 þHa
AþHa

BþHb
AþHb

B: ð7Þ

Kinetic equations.—The occupation numbers for the
surface electron states are

nxðσ; mÞ ¼ hc†xðσ; mÞcxðσ; mÞi: ð8Þ

In the limit of weak coupling between the system and the
baths, we may compute the decay rates γxX↓ using Fermi’s
golden rule [19,20]. The pumping rates γxX↑ are related to
the decay rates by the Kubo-Martin-Schwinger (KMS)
condition. Omitting the quantum numbers, the correspond-
ing kinetic equation may be written as

_nx ¼ γxA↑ þ γxB↑ − ðγxA↓ þ γxB↓ þ γxA↑ þ γxB↑ Þnx: ð9Þ

Let us define

nXðyÞ≡ 1

eβðy−μXÞ þ 1
; ð10Þ

where μX is the chemical potential of the corresponding
bulk material in equilibrium.
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By Fermi’s golden rule, the rate of decay of the a surface
electrons into the bath A is

γaA↓ ðσ; mÞ ¼ 2πf1 − nA½ωaðσ; mÞ�ggaA2ðσ; mÞ; ð11Þ

where

gaA
2ðσ;mÞ≡X

κ

jgaAðκ;σ;mÞj2δ½ωaðσ;mÞ−ωAðκ;mÞ�: ð12Þ

For the pumping rate we have, by the KMS condition,

γaA↑ ðσ; mÞ ¼ 2πnA½ωaðσ; mÞ�gaA2ðσ; mÞ
¼ e−β½ωaðσ;mÞ−μA�γaA↓ ðσ; mÞ: ð13Þ

Because of the shift of the energies in Eq. (4), for the rate
of decay of a surface electrons into the bath B we have

γaB↓ ðσ; mÞ ¼ 2πf1 − nB½ωaðσ; mÞ −mΩ�ggaB2ðσ; m;ΩÞ;
ð14Þ

where

gaB
2ðσ; m;ΩÞ≡X

κ0
jgaBðκ0; σ; mÞj2

× δ½ωaðσ; mÞ −mΩ − ωBðκ0; mÞ�: ð15Þ

The pumping rate is given by the modified KMS relation

γaB↑ ðσ; mÞ ¼ e−β½ωaðσ;mÞ−mΩ−μB�γaB↓ ðσ; mÞ: ð16Þ

Thus, when

mΩ > ωaðσ; mÞ − μB ð17Þ

the corresponding state exhibits population inversion
(γaB↑ > γaB↓ ), making it possible to extract electrical work
from it. A similar analysis gives us γbX↓ and γbX↑ .
Equation (17) corresponds to the “anomalous Doppler
shift” of the Ginzburg-Frank theory of radiation by uni-
formly moving sources [21,22].
Work may be extracted by superradiance from a single

moving bath because the pumping of the population-
inverted bosonic state leads to stimulated emission [10].
In the case of fermions, on the other hand, a second bath is
needed to remove the pumped fermion from its population-
inverted state, before another fermion becomes available to
sustain an active current. Whereas superradiance and other
forms of bosonic radiation by uniformly moving charges
may be described classically [8,21], the fermionic case
(which we propose here as the microphysical basis of the
triboelectric effect) requires a quantum treatment.
Tribocurrents.—In the steady state ( _na ¼ 0), Eq. (9)

implies that

na ¼ na ≡ ðγaA↑ þ γaB↑ Þ=Γa; ð18Þ

where

Γa ≡ γaA↑ þ γaA↓ þ γaB↑ þ γaB↓ : ð19Þ

For each channel ðσ; mÞ, the number of electrons per unit
time that flow from A to a is

ja ¼ γaA↑ − ðγaA↓ þ γaA↑ Þna: ð20Þ

By Eqs. (13) and (16), this can be reexpressed as

ja ¼ γaA↑ γaB↓ ½1 − eβðmΩþμB−μAÞ�=Γa: ð21Þ

In the steady state this is also the current the flows fromB to
a (see Fig. 2).
Similarly, _nb ¼ 0 implies that

nb ¼ n̄b ≡ ðγbA↑ þ γbB↑ Þ=Γb; ð22Þ

where

Γb ≡ γbA↑ þ γbA↓ þ γbB↑ þ γbB↓ : ð23Þ

The current that flows from B to b (which in the steady state
equals the current from b to A) is then

jb ¼ γbB↑ − ðγbB↓ þ γbB↑ Þn̄b
¼ γbA↓ γbB↑ ½1 − e−βðmΩþμB−μAÞ�=Γb: ð24Þ

As illustrated in Fig. 2, the total electric current from
A to B is

J ¼ −e
�X
σ;m

jaðσ; mÞ −
X
σ0;m

jbðσ0; mÞ
�
: ð25Þ

By Eqs. (13) and (14) we have that

γaA↑ γaB↓ ∼ nA½ωaðσ; mÞ�f1 − nB½ωaðσ; mÞ −mΩ�g: ð26Þ

As the ratio μ=kBT for ambient temperature is ≃102, we
replace the Fermi-Dirac distributions by step functions
nXðyÞ ≃HðμX − yÞ giving

FIG. 2. Sketch of the currents ja of Eq. (20) and jb of Eq. (24),
for the open system a, b in a steady state.
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γaA↑ γaB↓ ∼ χ½μBþmΩ;μA�½ωaðσ; mÞ�; ð27Þ

where χE is the indicator function of the set E. Thus, only
surface modes of electrons satisfying

mΩ < μA − μB; ð28Þ

contribute to the tribocurrent ja in Eq. (21), so that ja > 0.
By a similar reasoning we find that only modes satisfying

mΩ > μA − μB ð29Þ

contribute to jb in Eq. (24) and therefore jb > 0.
Phenomenology.—The jx currents depend on surface-to-

bulk tunneling rates that are exponentially sensitive to
potential barrier heights and widths. The sums in Eq. (25)
also depend on the density of surface electron states. But
even without detailed characterization of this complex
landscape we can show that our theory is nontrivially
consistent with key observations.
The sign of J in Eq. (25) depends on the relative

magnitudes of γaA↑ γaB↓ =Γa and γbA↓ γbB↑ =Γb, controlled by
the couplings between bulks and surfaces. For two materi-
als in rubbing contact, the sign of J can therefore vary with
the surface’s geometry, corrugation, stress, etc. This agrees
with the observation of patches of positive and negative
charge, with sizes at the roughness scale ≃1 μm [23].
According to Eqs. (28) and (29), as jμA − μBj increases

under net charging, fewer modes contribute to the jx in
Fig. 2 giving the charging, while more modes contribute to
the opposing current. This may explain why significant
triboelectrification is usually seen only when two materials
well separated in the “triboelectric series” are rubbed
against each other [24]. It may also explain why the net
current between the rubber belt and the metal brush is
opposite at the two terminals of a Van de Graaff generator,
where the brushes are identical except for their respective
voltages [25].
A larger work function for material A implies a higher

barrier for a to B tunneling, thus suppressing γaB↓ in
Eq. (21), whereas a larger work function for material B
suppresses γbA↓ in Eq. (24). We therefore expect net J (for
zero initial voltage) to tend to point from the material with
greater work function to the one with smaller work
function, as reported in [26]. Work functions do not,
however, determine triboelectric properties entirely. The
details of the interface barrier can play an important role,
especially for insulators [27].
Let ðkz; kmÞ be the cylindrical components of the wave

vector and let kF be the maximum value of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ k2m

p
,

corresponding to the Fermi wave vector for the surface
electrons. In terms of the linear speed Vs ¼ jΩRj with
which the surface of material A slides against the surface of
material B in Fig. 1,

jmΩj ¼ jkmVsj ≤ kFVs: ð30Þ

From Eqs. (28) and (29) we conclude that

eϕoc ¼ jμA − μBjat zero current ≲ ℏkFVs; ð31Þ

where ϕoc is the tribovoltage (note that we have reintro-
duced ℏ). The bound of Eq. (31) is saturated if and only if
ja is negligible compared to jb, or vice versa.
Taking kF ≃ 1 Å−1 and Vs ≃ 1 m=s in Eq. (31), we

obtain ϕoc ≲ 10−5 V. Rapid mechanical separation of the
charged surfaces increases the voltage accordingly [16].
If the distance between the charged surfaces grows from
angstrom to meter scale, the resulting voltage will
be ≲105 V, as in a Van de Graaff generator [25]. If the
distance goes from interatomic to ≃10 μm scale, the energy
of the electrons can be in the visible range (≃1 eV). On
triboluminescence, see [28] and references therein.
The surface charge density generated by peeling adhe-

sive tape increases strongly with the peel rate [14]. The
surface charge density ≃1010 e=cm2 reported in [13] may
be consistent with our theory, supposing that the maximum
velocity of slippage between the dissimilar materials in
contact is larger, by a couple of orders of magnitude, than
the average peel rate ≃1 cm=s. The x-ray bursts produced
by the peeling are preceded by a further hundredfold
increase in the charge density, in a process connected with
macroscopic stick-slip oscillations [13]. Such acoustic
oscillations can enhance the effective mΩ in the exponen-
tial of Eq. (16), pumping the ϕoc by another 2 or 3 orders of
magnitude.
Recent experiments, in which various materials are

charged using a uniform technique, find triboelectric charge
densities σ lying on an approximately symmetric interval
½−σmax; σmax�; see Fig. 3 in [26]. Since the maximum and
minimum values of σ correspond to entirely different
materials, this symmetry has no obvious explanation in
potential models. On the other hand, it agrees with our
Eq. (31), according to which σmax (proportional to the upper
bound on ϕoc) should be determined by the technique used.
More detailed comparison to data will require a better
understanding of how the effective Vs depends on the
various experimental setups.
Discussion.—Ginzburg stressed that “radiation during

the uniform motion of various sources is a universal
phenomenon rather than an eccentricity” [22], with coun-
terparts “in any field theory” [21]. Considering bosonic
superradiance in terms of open quantum systems clarifies
the respective roles of macroscopic motion, dissipation,
and stimulated emission [10]. Here, we have extended that
analysis to fermions, allowing us to propose a micro-
physical explanation of the persistent conversion of macro-
scopic motion into an emf, something that cannot be
obtained from density functional theory or other equilib-
rium descriptions [28].
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In our treatment, the emf results from motion-induced
enhancement of pumping over decay (i.e., population
inversion) in the modified KMS relation of Eq. (16).
This allows us to obtain active currents from the kinetic
equations for the populations of the surface electron states
coupled to the two bulk materials. This theory has other key
features qualitatively different from what one might expect
in a potential description: Rubbing produces opposing
currents ja and jb (see Fig. 2), and the upper bound on
charging of Eq. (31) (approached when the two materials
are very far from each other on the triboelectric series)
depends only on the Fermi wave vector of the surface
electrons and on sliding velocity. We have argued that these
and other aspects of our theory are compatible with
reported observations. New experiments with precise con-
trol of the sliding velocity (possibly based on setups closer
to Fig. 1) could test our predictions more directly.
Some authors have interpreted triboelectrification as

resulting from phonon production by mechanical rubbing
[29]. The irreversible consumption of mechanical power
by dry friction may result from the generation of phonons
that then thermalize in the bulk [30]. Such phonons may
contribute to the tribocurrent by assisting electron tunnel-
ing, enhancing the effective gxX’s in Eq. (6). On the other
hand, the direct jx’s consume power even when dry
friction is not accompanied by significant net charging.
The roles of phonons and jx currents in both dry friction
and triboelectrification therefore call for further inves-
tigation. In the Supplemental Material [17] we sketch an
argument for why we expect the contribution of phonon-
assisted tunneling to triboelectrification to be rela-
tively small.
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