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We study the evolution of a collisionally inhomogeneous matter wave in a spatial gradient of the
interaction strength. Starting with a Bose-Einstein condensate with weak repulsive interactions in quasi-
one-dimensional geometry, we monitor the evolution of a matter wave that simultaneously extends into
spatial regions with attractive and repulsive interactions. We observe the formation and the decay of
solitonlike density peaks, counterpropagating self-interfering wave packets, and the creation of cascades of
solitons. The matter-wave dynamics is well reproduced in numerical simulations based on the non-
polynomial Schrödinger equation with three-body loss, allowing us to better understand the underlying
behavior based on a wavelet transformation. Our analysis provides new understanding of collapse
processes for solitons, and opens interesting connections to other nonlinear instabilities.
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Collisionally inhomogeneous fluids exhibit spatially
varying interactions between their particles. They fre-
quently occur at interfaces, where interaction properties
change due to a variation of an external potential or due to a
change of the fluid’s composition. Examples for fluids at
interfaces with a collisional inhomogeneity are liquid-vapor
surfaces, and material junctions in condensed-matter phys-
ics. Studying quantum gases at boundaries is a current
experimental challenge, with the goal to simulate mecha-
nisms that modify transport, such as Andreev-like reflec-
tions for a gas of electrons [1,2].
In this Letter, we provide a first experimental study of the

dynamical properties of a quantum gas with a linear
collisional inhomogeneity. Specifically, we explore Bose-
Einstein condensates (BEC) with spatially mixed inter-
actions, i.e., wave packets that expand simultaneously into
regions with attractive and repulsive interaction. Starting
from a trapped BEC in a region with weak repulsive
interaction, we monitor its spreading along a vertical
guiding potential into a region with attractive interactions.
We study the density profile of the wave packet as it
evolves and expands, and we observe the formation and
decay of a solitonlike peak, counterpropagating self-inter-
fering wave packets, and cascades of solitons. Modeling
quantitatively the underlying nonlinear dynamics numeri-
cally, we use wavelet transformations to extract position
and momentum information. This allows us to understand
the collapse dynamics, and identify the vital role three-body
processes play in controlling these processes in experi-
ments. This opens intriguing potential connections to
related phenomena, including a recent experimental study
[3] showing shock waves and soliton trains as a result of an

effective negative mass in spin-orbit-coupled BECs, in
which the existence of counterpropagating wave packets
was also predicted [4].
Several methods were previously proposed to create

quantum gases with position-dependent interactions.
Optical Feshbach resonances [5–7], and optically con-
trolled magnetic Feshbach resonances [8,9], can be used
to tune the interaction strength with position-dependent
properties of laser beams [9–12]. However, optical control
methods are typically aimed to change the interaction
strength on short length scales, and they often suffer from
loss and heating of the gas. Our scheme is based on
magnetic Feshbach resonances and magnetic field
gradients as proposed in Refs. [13–16]. It allows for a
long observation time of hundreds of milliseconds, which is
necessary to study the impact of small, spatial changes of
the interaction strength on the dynamical evolution of gas.
We apply a magnetic field gradient ∂zB along the z
direction, BðzÞ ¼ Boff þ ∂zBz, which directly maps the
field-dependent s-wave scattering length aðBÞ to position
space. A drawback of this scheme is the creation of a
strong, constant force due to the field gradient and the
resulting Zeeman shift of the atomic energy levels. In our
experimental setup, we apply a vertical magnetic field
gradient with a value that compensates the gravitational
acceleration, thus effectively canceling both forces.
Depending on the structure of magnetic Feshbach

resonances, the resulting position-dependent scattering
length aðzÞ can be a complicated function showing spatial
regions with attractive, repulsive, and diverging interaction.
While ∂zB is determined by our levitation scheme, we can
use Boff to control the spatial variation of aðzÞ. For a first
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experimental study, we chose a regime with a linear
variation of the scattering length, aðzÞ ¼ aoff þ ∂zaz, with
a constant spatial gradient ∂za, and an offset value aoff at
the center of the cloud at z ¼ 0. The gradient introduces a
new length scale to the system, La ¼ jaoff=∂zaj, which
corresponds to the distance between the center of the cloud
and the position of the zero crossing of aðzÞ. This length
scale La can be compared to typical length scales of the
matter-wave packet Lw, such as the Thomas-Fermi radius
of a BEC or the size of a soliton. For La ≫ Lw, the relative
change of a is small over the extent of the matter wave, and
a propagating wave packet can adapt its size and peak
density while preserving its overall shape. For this regime,
an analytical solution for a bright soliton was derived based
on the perturbed nonlinear Schrödinger equation [13,14].
For a strong interaction gradient with La ≤ Lw, the shape of
the matter wave is changed and local self-amplifying
feedback effects can be expected.
Details of our experimental apparatus and cooling

sequence can be found in earlier publications [17,18]. A
BEC of approximately 12 000 cesium atoms [18] in the
Zeeman substate jF ¼ 3; mF ¼ 3i is trapped in the dipole
potential of two crossed laser beams, LH and LV , with
trap frequencies ωx;y;z ¼ 2π × ½40ð1Þ; 40ð1Þ; 5.3ð1Þ� Hz
[Fig. 1(a)]. Two pairs of vertical coils create a homo-
geneous magnetic field Boff and a magnetic field gradient
∂zBlev ¼ 31.1 G=cm to compensate the gravitational
acceleration. The scattering length aoff at the initial position
of the BEC is þ4a0 with an approximately linear variation
∂za ¼ 0.21a0=μm [Fig. 1(b)], where a0 is Bohr’s
radius. We initialize the expansion of the BEC along the
guiding laser beam LV by switching off the beam LH
within 4 ms.
Figure 1(c) shows absorption images of the expanding

BEC over an evolution time t of 300 ms with the
corresponding horizontally integrated one-dimensional
density profiles in Figs. 1(d)–1(g). To facilitate the dis-
cussion, we divide the evolution of the spreading wave
packet into four phases (I–IV). Phase I is dominated by an
asymmetric, interaction-driven expansion of the BEC
[Fig. 1(d)]. In phase II, a sharp matter-wave front develops
in the density profile on the attractive side forming a sharp
solitonlike peak [Fig. 1(e)]. Periodic ripples in the density
profile start to propagate from the attractive side of the
wave packet to the repulsive side when the peak reaches
maximum height [phase III, symbol A at 160 ms in
Fig. 1(c)] and then starts to decay. At 200 ms (symbol
B), only a small cloud of atoms remains where the peak was
located and continues to propagate downward. A second
(symbol C) and a third (symbol D) solitonlike peak are
visible at 220 and 300 ms. The process of formation and
decay of density peaks continues in phase IV [Fig. 1(g)],
e.g., with the decay of the second peak (symbol E at
300 ms). We discuss these four phases successively in the
following paragraphs.

Phase I. Asymmetric expansion.—Our scattering length
gradient causes a linear coupling constant gðzÞ ¼ goff þ∂zgz with an offset goff ¼ 2ℏωraoff and a gradient
∂zg ¼ 2ℏωr∂za. Here, ωr is the radial trap frequency of
LV in the horizontal plane. For small gradients with La≫Lw
and repulsive interactions, the density profile of the ground
state in the Thomas-Fermi approximation is given by

nðzÞ¼max½0;ñðzÞ�; ñðzÞ¼μ−VðzÞ
goff

�
1þ∂za

aoff
z

�
−1
; ð1Þ

with an external potential VðzÞ and a chemical potential μ.
The interaction gradient adds a position-dependent scaling
factor to the density profile, which, as a result, shows a shift
of the peak position and a slant toward the side with smaller
scattering lengths [Fig. 2(a), red lines].
The slanted density profile of the ground state results in

an asymmetric expansion when we remove the vertical

FIG. 1. (a) Experimental setup with coils and with the vertical
and horizontal laser beams LV and LH . The gravitational force,
Fgrav, is canceled by the magnetic force Fmag. (b) Position
dependence of the scattering length (left axis) and the magnetic
field (right axis). Inset: absorption image of the initial density
distribution at position z ¼ 0 μm after a free expansion time of
25 ms. (c) Absorption images of the density distribution after a
variable evolution time t and an expansion time of 25 ms. The
color map of each image is rescaled using the peak density to
enhance the visibility of the evolving structures in the density
profiles. (d)–(g) Horizontally integrated density profiles of the
images in (c).
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confinement. However, a slant can also develop in the
expansion profile for a symmetric ground state wave
function. We observe this effect in an expansion measure-
ment for repulsive interaction with a larger scattering length
[aoff ¼ 36a0, Fig. 2(b)] and an almost symmetric initial
wave function of the ground state [Fig. 2(a), blue line]. The
expansion is driven by the conversion of interaction energy
to kinetic energy [19], with an asymmetry due to the
position-dependent interaction. We find excellent agree-
ment of the density profiles [Fig. 2(c), red lines] with
Eq. (1) [Fig. 2(c), gray dashed lines] assuming a shape
preserving expansion [20].
Phase II. Solitonlike peak.—In addition to the asym-

metric expansion, a further deceleration of the atoms occurs
when the wave packet crosses the point of zero interaction
[80 ms, Fig. 1(e)] and forms a sharp matter-wave front,
similar to a single soliton. Here, we provide an intuitive
explanation for the coherent formation of the single
solitonlike peak. A full numerical simulation of the time
evolution is presented when discussing phase III.
When neglecting the kinetic energy in the 1D-GPE, the

force F on a section of the wave packet at position z is
proportional to the spatial derivative of the interaction
energy nðzÞgðzÞ with

F ∼ −∂znðzÞgðzÞ − nðzÞ∂zg: ð2Þ

The first term in Eq. (2), depending on the density gradient
∂znðzÞ, causes the spreading of the wave packet for

repulsive interaction and a contraction for attractive inter-
action. The second term, which depends on our interaction
gradient, always accelerates the wave packet toward
smaller scattering lengths. As a result, the forces are not
spatially symmetric, but push the section in the middle
of each wave packet toward smaller scattering lengths
[Fig. 2(d), hatched areas]. Patch colors and arrows indicate
the forces acting on different sections of the wave packet in
Fig. 2(d) as prescribed by Eq. (2). A solitonlike peak forms
when a wave packet spreads into the region with attractive
interaction [Fig. 2(e)], because forces on sections with an
increasing density gradient change sign and counteract the
expansion, while the second term in Eq. (2) continues to
push atoms toward smaller scattering lengths [Fig. 2(e),
hatched areas].
Bright matter-wave solitons have been created by seed-

ing modulational instabilities in a dense background gas
with noise or interferences [26–28], and by shaping the
density profile with an external potential before an inter-
action quench [18,29–31]. Here, in contrast, the single
solitonlike peak emerges due to the propagation of the
matter wave in the linear interaction gradient and without
the need of additional seedings or quenches.
Phase III. Decay and fragmentation of the solitonlike

peak.—The solitonlike peak propagates toward regions
with stronger attractive interaction, while growing in height
and shrinking in size as predicted in Ref. [13]. At
approximately t ¼ 160 ms [Fig. 1(c)], periodic ripples
appear in the density distribution and extend, with a
counterpropagating flow, into the region of repulsive
interaction. The solitonlike peak has almost fully decayed
at approximately t ¼ 200 ms with a small cloud of atoms
appearing below its former position. We employ numerical
calculations based on the nonpolynomial Schrödinger
equation (NPSE) [20,32] to simulate the complete evolu-
tion of the matter waves (Fig. 3). The NPSE alone with a
linear dependence of the scattering length reproduces the
expansion and solitonlike peak formation well in phases I
and II. When the local density becomes large, it is
necessary to include a three-body loss term in the model
[33–36].
In the simulation, the peak density of the propagating

soliton increases due to a shrinking of its width [Fig. 3(a)],
until the three-body loss term increases and prevents a rapid
collapse of the soliton [35,36]. To analyze the effect of the
soliton’s subsequent decay, we employ a Gabor wavelet
decomposition of the wave function [20] similar to what
was used in Ref. [4]. In contrast to a Fourier spectrum
which uses delocalized sine and cosine functions, the
wavelet decomposition provides information about the
location, direction, and velocity of motion of wave packets
at a given time. In the wavelet decomposition at t ¼ 150 ms
the soliton is visible as a peak in the region of attractive
interactions [arrow in Fig. 3(b)]. After the soliton starts to
decay at t ¼ 190 ms, a counterpropagating wave packet

FIG. 2. (a) Calculated density profile of the ground state
for N ¼ 13 000, ωr ¼ 2π × 40 Hz, ωz ¼ 2π × 5.2 Hz, a ¼ 3a0
(red) and aoff ¼ 36a0 (blue) with ∂za ¼ 0.21a0=μm (solid lines)
and ∂za ¼ 0a0=μm (dashed lines). (b) Absorption images and
(c) 1D-density profiles of a BEC for varying hold times t and a
constant free expansion time of 20 ms. aoff is 36a0 at the initial
position of BEC. (d) Illustration of forces on sections of a BEC
and soliton, and (e) during the expansion into regions with
attractive interaction. Red (blue) patches and arrows indicate
sections of the matter wave that are pushed toward smaller
(larger) scattering length.
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develops on the side of the soliton [arrow in Fig. 3(c) at
t ¼ 190 ms] and then penetrates the region of repulsive
interactions [arrow in Fig. 3(d) at t ¼ 210 ms]. We interpret
this wave packet as a partial reflection of the incoming
atoms on the sharp edges of the now decaying soliton. The
counterpropagating wave packet coherently interferes with
the atoms moving toward negative scattering lengths,
giving rise to the ripple pattern in the atomic density
observed in both the attractive and repulsive interaction
regions. We observe no change of the ripple pattern at the
zero crossing of the scattering length, where the interaction-
dependent speed of sound in the gas vanishes [dashed lines
in Figs. 3(b)–3(d)].
In Fig. 4, we study the ripples of the density profile in the

experiment and in the simulation. We find qualitative
agreement between the density profiles of the simulation
and the experiment [Figs. 4(c) and 4(d)]. In the experiment,
the pattern shows fluctuations of the peak density and of the
positions of the ripples, but the distances between the
ripples are maintained from shot to shot. To test this, we
identify for each absorption image the peak positions
relative to the position of the first large density peak next
to the decaying soliton [Fig. 4(b)]. The distances between
the peaks are close to 8 μm, with a slow increase in time
(see details in [20]).

Phase IV. Cascades of solitonlike peaks.—In the simu-
lation, we observe that ripples in the region of repulsive
interaction do not grow with propagation time and their
amplitudes decay the further away they are from the point
of zero scattering length. This is markedly different from
atoms in regions of attractive interaction, where experiment
and simulations show the formation of additional soliton-
like peaks for long hold times. The peak-formation process
of phase II repeats itself as atoms are continuously pushed
toward the region with attractive interaction, and, for large
initial densities, the density ripples of phase III attract the
surrounding medium, shrink in size, grow in height, and
form new separate solitonlike peaks [Fig. 3(a)]. This is in
agreement with the appearance of a second and a third
solitonlike peak in the experimental data during phases III
and IV [symbols B and D, Fig. 1(c)]. We also expect
secondary decays to occur, as those solitonlike peaks
propagate toward stronger attractive interaction, and new
ripple patterns form [Fig. 3(a)]. A related scheme to create
multiple solitons was proposed in Ref. [37], based on a
careful tuning of position-dependent interactions and an
optical dipole trap. Our results show that even without the
dipole trap, cascades of solitons form due to the interaction
gradient.
In conclusion, we provided a first experimental study of

the dynamical evolution of collisionally inhomogeneous
matter waves with a linear interaction gradient. We
observed the time evolution of a BEC in quasi-1D
geometry, as it expands with repulsive iteration into non-
interacting and attractive regions. Four characteristic
phases were identified in the time evolution, i.e., an
asymmetric expansion, the coherent formation and decay
of a solitonlike peak, the generation and propagation of
counterpropagating coherent waves, and the creation of
cascades of solitons. Utilizing our spectrum of magnetic
Feshbach resonances, we expect that our experimental
method can be extended beyond a linear interaction

FIG. 4. Ripple pattern in the density profile for approximately
22000 atoms. (a) Absorption image of density profile after a free
expansion time of 25 ms. (b) Positions of density peaks for
multiple absorption images. Mean position and standard
deviation of the numbered peaks are indicated by dashed lines
and by gray areas, respectively. (c) Simulated density distribution
at ΔT ¼ 40 ms after the decay of the soliton. (d) Measured
density distribution at ΔT ¼ 40 ms [20].

FIG. 3. (a) Numerical simulation of the evolution of the density
profile using NPSE with three-body loss (1D density in
atoms=μm). Inset: Zoomed region of the growing and then
decaying soliton. (b) Wavelet decomposition [20] of the atomic
wave function at t ¼ 150 ms [first vertical line in (a)], showing
the emerging soliton (white arrow). (c) Wavelet decomposition at
t ¼ 190 ms [second vertical line in (a)], after the appearance of
the density ripples. The arrow indicates the counterpropagating
wave packet. (d) Wavelet decomposition at t ¼ 260 ms [third
vertical line in (a)], after the counterpropagating wave packet
identified by the arrow penetrates the region of repulsive
interactions (a > 0).
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gradient and small scattering lengths, to study matter-wave
transport in complex potentials with position-dependent
loss and rapid interaction changes as they occur at
boundaries and interfaces.
The data used in this publication are openly available at

the University of Strathclyde KnowledgeBase [38].
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