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The hyperfine structures of the 23S1 states of the 6Liþ and 7Liþ ions are investigated theoretically to extract
the Zemach radii of the 6Li and 7Li nuclei by comparing with precisionmeasurements. The obtained Zemach
radii are larger than the previous values of Puchalski and Pachucki [Phys. Rev. Lett. 111, 243001 (2013)] and
disagree with them by about 1.5 and 2.2 standard deviations for 6Li and 7Li, respectively. Furthermore, our
Zemach radius of 6Li differs significantly from the nuclear physics value, derived from the nuclear charge and
magnetic radii [Phys. Rev. A 78, 012513 (2008)] bymore than 6σ, indicating an anomalous nuclear structure
for 6Li. The conclusion that the Zemach radius of 7Li is about 40% larger than that of 6Li is confirmed. The
obtained Zemach radii are used to calculate the hyperfine splittings of the 23PJ states of 6;7Liþ, where an
order of magnitude improvement over the previous theory has been achieved for 7Liþ.
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Introduction.—High-precision atomic physics measure-
ments [1–7] and associated theory [8–10] are playing a
rapidly increasing role as a probe for both nuclear structure
and new physics. In addition to helium, the Liþ ion is a
promising candidate to probe the distribution of magnetic
moment inside the nucleus as characterized by the Zemach
radius [11]. Recent work on hyperfine structure (hfs) for the
ground state of neutral lithium [12] suggested a large
unexplained discrepancy for the Zemach radius of 6Li, as
opposed to relatively good agreement for 7Li. Their results
showed that, although the nuclear charge radius of 7Li is
smaller than 6Li, the Zemach radius is about 40% larger than
6Li, which is inconsistent with the nuclear data value, as cited
by Yerokhin [13]. The analysis depends critically on the
theory of hyperfine structure for the isotopes 6Li and 7Li,
including higher-order relativistic and quantum electro-
dynamic (QED) effects up to the mα6 limit of current
technology. From this, one can determine the Zemach radius
as a variable parameter in comparing theorywith experiment.
The present work is motivated by an analysis of the recent

experimental results for the hfs of 7Liþof Guan et al. [14], as
well as by the ongoing experiment on 6Liþ in our laboratory
at Wuhan. Following earlier work [15–20], their measure-
ments represent amajor step forward in precision for the fine
and hyperfine structure for the 23S1 and 23PJ states of 7Liþ,
with uncertainties of less than 100 kHz. These experimental
activities will present an important opportunity to probe the
nuclear structure of lithium isotopes, particularly for the

existing large discrepancy between theory and experiment in
the Zemach radius of the 6Li nucleus. We calculate here the
hyperfine splittings of the 23S1 and 23PJ states of 6Liþ and
7Liþ with QED corrections included up to order mα6, and
find a similarly large disagreement with experiment for the
Zemach radius of 6Li.
The advantage of working with the Liþ ion is that it is a

two-electron system for which highly accurate non-
relativistic wave functions in Hylleraas coordinates are
available [21], and so this is removed as a source of
uncertainty for all practical purposes. The relativistic
corrections of ordermα4 to the hfs of 6;7Liþ were calculated
by Drake and co-workers [19], including the contributions
from the nuclear electric quadrupole moment and other
nuclear structure effects, and the theoretical accuracy is
submegahertz and megahertz, respectively. For the parallel
two-electron case of 3He, the hyperfine structures of the
23S1 and 23PJ states were studied by Pachucki et al.
[22,23], including the QED corrections up to order mα6.
Their calculations for 23PJ improved the previous
theoretical predictions by an order of magnitude.
Theoretical method.—The nonrelativistic quantum

electrodynamic theory for quasidegenerate states is used
to calculate fine and hyperfine structure splittings [23–26].
In order to obtain the energies of the 23χFJ (χ ¼ S or P)
states, where the energy level diagram is shown in Fig. 1,
we need to diagonalize the effective HamiltonianH with its
matrix elements being
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EF
JJ0 ≡ hJFMFjHjJ0FMFi; ð1Þ

where MF is the projection of the total angular momentum
F, which can be fixed arbitrarily since the energies are
independent of it. For convenience, we treat the 23PJ
centroid as a zero level. The above matrix elements (1)
can be expanded in powers of the fine structure constant α:

EF
JJ0 ¼ hHfsiJδJJ0 þ hHð4þÞ

hfs i þ hHð6Þ
hfsi

þ 2hHð4Þ
hfs ; ½Hð4Þ

nfs þHð4Þ
fs �i þ hHð4Þ

hfs ; H
ð4Þ
hfsi

þ hHð6Þ
QEDi þ hHho

QEDi þ hHnucli þ hHeqmi; ð2Þ

where hA; Bi≡ hA½1=ðE0 −H0Þ0�Bi, withH0 and E0 being
the nonrelativistic Hamiltonian and its eigenvalue. Hfs is
the effective operator that does not depend on the nuclear
spin and is responsible for the fine structure splittings

[10,19]. The other terms in Eq. (2) are the nuclear spin

dependent contributions. Hð4þÞ
hfs is the leading-order hyper-

fine Hamiltonian of mα4, where the superscriptþmeans
the higher-order terms from the recoil and anomalous

magnetic moment effects. Hð6Þ
hfs is the effective operator

for the hyperfine splittings of order mα6. Hð4Þ
fs and Hð4Þ

nfs are
the Breit Hamiltonians of order mα4 with and without
electron spin. The fifth term in Eq. (2) is the second-order
hyperfine correction, which contributes to the isotope shift,

fine and hyperfine splittings. Hð6Þ
QED and Hho

QED are the two
effective operators for the QED corrections of order mα6

and higher ∼mα7. Finally, Hnucl and Heqm represent the
nuclear effects due to the Zemach radius and the nuclear
electric quadrupole moment. The detailed forms of these
operators are given in Secs. I and II of the Supplemental
Material [27].
In our calculations, we use the Hylleraas variational

technique [21] to determine high-precision wave functions
corresponding to the nonrelativistic part of the Hamiltonian,
and then calculate the relativistic, QED, and nuclear effects
order by order. Two different wave functions with and
without the mass polarization term in the nonrelativistic
Hamiltonian are generated. In calculating the second-order
terms of mα6, the coupling of intermediate states with
different symmetries should be included, where some sin-
gular terms are treated by including more singular functions
in the intermediate states [34]. All the operators in this work
can be expressed in terms of the following ten basic angular
momentum operators [23]: SiLi, IiLi, IiSi, fSiSjgfLiLjg,
IiSjfLiLjg, IiLjfSiSjg, fIiIjgfSiSjg, fIiIjgfLiLjg,
SiLjfIiIjg, and fIiIjgffSmSngfLkLlggij, where SiLi ≡
S⃗ · L⃗, fSiSjg is the second-order tensor part defined by
fSiSjg≡ 1

2
SiSj þ 1

2
SjSi − 1

3
S⃗2δij, and the summation over

6Li+

23P0

23S1

23P1
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23P2

F=1

F=3
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7Li+

23S1

23P0
F=3/2

F=7/2

F=5/2
F=3/2
F=1/2
F=5/2

F=3/2
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F=0

F=2
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FIG. 1. Hyperfine energy levels (not drawn to scale) of the 23S1
and 23PJ states of 6;7Liþ [10,19], in MHz.

TABLE I. The Zemach radii of 6Liþ and 7Liþ. For each ion, two values of the Zemach radius are extracted based on two different
transitions, in MHz. In the table, Etheor represents the theoretical value of the hfs without the contribution of nuclear structure and Re is
the nuclear charge radius.

6Liþ 7Liþ

23S01 − 23S11 23S11 − 23S21 23S1=21 − 23S3=21 23S3=21 − 23S5=21

Etheor 3002.597(22) 6005.279(14) 11 894.581(69) 19 825.291(46)
Eexpt, Kowalski et al. [18] 3001.780(50) 6003.600(50)
Eexpt, Guan et al. [14] 11 890.088(65) 19 817.696(42)
ðEexpt − EtheorÞ=Eexpt −272ð18Þ ppm −280ð9Þ ppm −378ð8Þ ppm −383ð3Þ ppm
Puchalski and Pachucki [12] −261ð3Þ ppm −368ð3Þ ppm
Yerokhin [13] −368ð60Þ ppm −369ð23Þ ppm
Li et al. [12,36] −277ð7Þ ppm
Rem, this work 2.40(16) fm 2.47(8) fm 3.33(7) fm 3.38(3) fm
Rem, Puchalski and Pachucki [12] 2.30(3) fm 3.25(3) fm
Rem, nuclear physics [13] 3.71(16) fm 3.42(6) fm
Rem, Li et al. [12,36] 2.44(6) fm
Re, Lu et al. [37] 2.589(39) fm 2.444(44) fm
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the repeated indices is assumed. Thematrix elements of these
operators can be evaluated analytically using Racah algebra.
Zemach radii.—A combination of the experimental

[14,18] and theoretical results for the hfs of the 23S1 state
can be used to determine the contribution of nuclear
structure and extract the Zemach radii. Numerical values
of the relevant operators are presented in Sec. III of the
Supplemental Material [27]. Our results are given in
Table I. Since the theoretical uncertainties of our calcu-
lations are mainly from the order mα7 term Hho

QED, they are
taken to be 10% of this contribution calculated approx-
imately; see the Supplemental Material [27]. Two deter-
minations of the Zemach radii from the 6;7Liþ ions are
obtained independently based on two different transitions,
which are in good agreement with each other. The
uncertainty of the Zemach radius from the 23S01 − 23S11
transition of 6Liþ is larger, which is caused by the accuracy
of experimental measurements. For 7Liþ, we also combined
our theoretical calculations with the experimental values
from Kowalski et al. [18] and derived the two Zemach radii
3.38(6) and 3.39(3) fm, which are consistent with those in
Table I extracted from the measurements of Guan et al.
[14]. Thus, we choose 2.47(8) fm for 6Li and 3.38(3) fm for
7Li as the final recommended values of the Zemach radii.
An important feature to note is that, to a good approxi-
mation, ðEexpt − EtheorÞ=Eexpt for an S state is directly
related to the nuclear Zemach radius, where Etheor is the
theoretical value without inclusion of the nuclear term, i.e.,

Eexpt − Etheor

Eexpt
¼ −2ZRem

a0
: ð3Þ

In other words, this relation is valid for both neutral 6;7Li
and ionic 6;7Liþ. Also in the table are the values derived by
Yerokhin from the nuclear charge and magnetic radii [13].

Figure 2 shows a comparison of the resulting Zemach radii.
Our Zemach radius for 7Li agrees with the nuclear physics
value, whereas our result for 6Li disagrees by 6σ (standard
deviations) from the value of 3.71(16) fm. Furthermore, our
values are all larger than those of Puchalski and Pachucki
[12] by 1.5σ and 2.2σ for 6Li and 7Li, respectively.
However, their Zemach radii were extracted using the
experimental values of Beckmann et al. [35]. If instead
we combine the most recent measurement of 6Li by Li et al.
[36] with the calculation of Puchalski and Pachucki, the
Zemach radius of 6Li turns out to be 2.44(6) fm, which is in
agreement with our result, as shown in Table I and Fig. 2.
Our results confirm the conclusion that the Zemach radius
of 7Li is about 40% larger than that of 6Li, as was first
pointed out by Puchalski and Pachucki [12].
HFS of 23PJ.—We calculate the hfs of the 23PJ states

using our obtained Zemach radii. Numerical values of the
relevant operators are shown in Sec. IVof the Supplemental
Material [27]. Since the contribution from the 1s electron
dominates higher-order QED correction, the assumption
Hho

QEDð1s2pÞ ≃Hho
QEDð1sÞ is used. The uncertainty of

this correction is also estimated as 10% of its contribution.
According to Eq. (2), the hfs calculations of the 23PJ
states require the results of the fine structure splittings,

2 2.5 3 3.5 4

R
em

 (fm)

Zemach radius of 6Li
This work: 23S0

1-23S1
1

This work: 23S1
1-23S2

1

Puchalski
et al. [12]

Zemach radius of 7Li

This work:

23S3/2
1 -23S5/2

1
Puchalski et al. [12]

Nuclear physics value [13]

This work: 23S1/2
1 -23S3/2

1

Li et al. [12,36]

Nuclear physics value [13]

FIG. 2. Comparison of the Zemach radii of 6Li and 7Li.

TABLE II. Theoretical results for individual 23PF
J levels in

6;7Liþ, relative to the 23PJ centroid energy, where the first error in
each entry is due to the fine structure and the second error is due
to the hyperfine structure, in MHz. The Zemach radius used is
2.47(8) fm for 6Liþ and 3.38(3) fm for 7Liþ.

6Liþ 7Liþ

23PF¼1
0

103 646.261(612)(1) 23PF¼3=2
0

104 395.489(54)(6)

23PF¼3
2

13 371.488(283)(27) 23PF¼7=2
2

21 709.266(27)(53)

23PF¼2
2

9243.564(283)(14) 23PF¼5=2
2

9936.263(27)(15)

23PF¼1
2

6385.602(283)(40) 23PF¼3=2
2

327.952(27)(52)

23PF¼2
1

−50 782.508ð350Þð14Þ 23PF¼1=2
2

−5875.456ð27Þð79Þ
23PF¼1

1
−53 670.888ð350Þð14Þ 23PF¼5=2

1
−47 679.845ð33Þð27Þ

23PF¼0
1

−54 988.619ð350Þð27Þ 23PF¼3=2
1

−57 646.278ð33Þð20Þ
23PF¼1=2

1
−61 885.185ð33Þð45Þ

TABLE III. Theoretical hyperfine transitions in the 23PJ states
of 6Liþ, in MHz. In our work, the nuclear electric quadrupole
moment used is Qd ¼ −0.000806ð6Þ × 10−24 cm2 [41] and the
Zemach radius is Rem ¼ 2.47ð8Þ fm.

State ðJ; FÞ–ðJ0; F0Þ
Drake and

co-workers [19] This work

23P2 (2,1)–(2,2) 2858.002(61) 2857.962(43)
(2,2)–(2,3) 4127.882(44) 4127.924(31)

23P1 (1,0)–(1,1) 1317.649(47) 1317.732(31)
(1,1)–(1,2) 2888.327(29) 2888.379(20)
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which are hHfsiJ¼0 ¼ ð8f01 þ 5f12Þ=9, hHfsiJ¼1 ¼
ð−f01 þ 5f12Þ=9, and hHfsiJ¼2 ¼ ð−f01 − 4f12Þ=9, rela-
tive to the 23PJ centroid, with f01 ¼ 155704.00ð57Þ MHz
and f12 ¼ −62676.96ð62Þ MHz for 6Liþ [19] and f01 ¼
155704.584ð48Þ MHz and f12 ¼ −62679.318ð59Þ MHz
for 7Liþ [10]. The hfs of 23PJ of 6Liþ and 7Liþ can be
obtained by diagonalizing the matrix in Eq. (2), and the
results relative to the 23PJ centroid are listed in Table II.
In calculating the second-order energy, we subtract out

the dominant 21P1 − 23P1 singlet-triplet mixing term
(ignoring for now hyperfine structure for purposes of
illustration) and replace it with the energy shift Δ obtained
by exact diagonalization of the corresponding 2 × 2
Hamiltonian matrix, thereby summing the perturbation
series for this term to infinity [38–40] according to the
formula

Ẽ ¼ E −
jh23PjHmixj21Pij2
Eð23PÞ − Eð21PÞ þ Δ; ð4Þ

where Hmix is the singlet-triplet mixing operator.
This procedure rapidly becomes essential with increasing
Z or with increasing L in order to avoid saturation of
singlet-triplet mixing. This modification of the mixing

effect alters the hyperfine transitions ð1; 1=2Þ–ð1; 3=2Þ
and ð1; 3=2Þ–ð1; 5=2Þ of 7Liþ by 14(2) and 11(3) kHz,
respectively. More details are presented in Sec. V of the
Supplemental Material [27]. Our results of hfs for 6Liþ and
7Liþ are shown in Tables III and IV. It is noted that the
present theoretical values listed in the last column of
Table IV improve the previous corresponding ones in
Ref. [14] by including the small contributions from the
second-order mα6 corrections, as well as by treating the
singlet-triplet mixing more rigorously, as mentioned above.
Tables III and IV show that our results have uncertainties

less than 100 kHz. The theoretical uncertainty mainly
comes from the Zemach radius and the contribution of
mα7. For 6Liþ, our results are consistent with those of Drake
and co-workers [19] at the same level of accuracy. For 7Liþ,
the calculations of Drake and co-workers [19] have been
improved by about one order of magnitude, with the only
exception that the value of Drake and co-workers [19] for
the ð1; 3=2Þ–ð1; 5=2Þ interval in 23P1 differs from the
present calculation. The discrepancy is due to the use of
a different value of the nuclear electric quadrupole moment
Qd, because this interval is particularly sensitive toQd. It is
noted that there is a discrepancy between the experimental
value of Guan et al. [14] and our calculation for the interval

TABLE IV. Experimental and theoretical hyperfine transitions in the 23PJ states of 7Liþ, in MHz. In our work, the nuclear electric
quadrupole moment used is Qd ¼ −0.0400ð3Þ × 10−24 cm2 [41] and the Zemach radius is Rem ¼ 3.38ð3Þ fm.

Experiment Theory

State ðJ; FÞ–ðJ0; F0Þ Kowalski et al. [18]
Clarke and

van Wijngaarden [20] Guan et al. [14]
Drake and

co-workers [19] This work

23P2 ð2; 1=2Þ–ð2; 3=2Þ 6203.6(5) 6204.52(80) 6203.319(67) 6203.27(30) 6203.408(95)
ð2; 3=2Þ − ð2; 5=2Þ 9608.7(20) 9608.90(49) 9608.220(54) 9608.12(15) 9608.311(54)
ð2; 5=2Þ–ð2; 7=2Þ 11 775.8(5) 11 774.04(94) 11 772.965(74) 11 773.05(18) 11 773.003(55)

23P1 ð1; 1=2Þ − ð1; 3=2Þ 4237.8(10) 4239.11(54) 4238.823(111) 4238.86(20) 4238.920(49)
ð1; 3=2Þ–ð1; 5=2Þ 9965.2(6) 9966.30(69) 9966.655(102) 9966.14(13) 9966.444(34)

(1,1/2)-(1,3/2) (1,3/2)-(1,5/2) (2,1/2)-(2,3/2) (2,3/2)-(2,5/2) (2,5/2)-(2,7/2)
-0.2

0

0.2

0.4

0.6

0.8

1

1.2

E
(M

H
z)

Drake and
co-workers [19]
This work
Guan et al. [14]
This work with
Rem from [12]

FIG. 3. Comparison of hfs in the 23PJ states of 7Liþ. ΔE stands for our results for the five indicated transitions relative to 4238, 9966,
6203, 9608, and 11 773, respectively. The blue, red, and purple lines represent the calculations of Drake and co-workers [19], the present
calculations using our Rem ¼ 3.38ð3Þ fm, and the present calculations using the value of Puchalski and Pachucki [12]
Rem ¼ 3.25ð3Þ fm, respectively. The brown lines are the experimental results of Guan et al. [14].
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ð1; 3=2Þ–ð1; 5=2Þ of 23P1 of 7Liþ, which are only consistent
within 1.6σ. We do not have a satisfactory explanation for
this discrepancy and we now call for more investigation
on the Liþ isotopes. Figure 3 shows a comparison of
hfs transitions of 7Liþ. From the figure one can see the
influence of the Zemach radius on each transition. For
example, for the transition ð1; 3=2Þ–ð1; 5=2Þ, the result
calculated using the Zemach radius of Puchalski and
Pachucki [12] is in agreement with the measured value
[14], but it disagrees with the measured value for the
transition ð2; 3=2Þ–ð2; 5=2Þ.
Conclusion.—We have studied the hfs of the 23S1 and

23PJ states of 6Liþ and 7Liþ, including the relativistic and
QED corrections up to order mα6. By comparing with the
measured hfs of 23S1, we have derived the Zemach radii for
the 6Li and 7Li nuclei. While the result for 7Li is in good
agreement, the result for 6Li disagrees by more than 6σ
from the value derived from the nuclear charge and
magnetic radii by Yerokhin [13], indicating an anomalous
nuclear structure for 6Li. Our results disagree with the
previously extracted values from neutral 6;7Li [12] by about
1.5σ and 2.2σ, respectively, but they come into agreement
for 6Li when the more recent measurement of hyperfine
structure of 6Li by Li et al. [36] is used. Our results also
confirm the conclusion [12] that the Zemach radius of 7Li is
about 40% larger than that of 6Li, even though the charge
radius is smaller. Using thus determined Zemach radii,
we have calculated the hfs of the 23PJ states, where the
21P1 − 23PJ mixing has been treated rigorously. Our results
for the hfs of 23PJ in 7Liþ have improved previous
calculations by one order of magnitude.
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