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The concept of dielectric-laser acceleration (DLA) provides the highest gradients among breakdown-
limited (nonplasma) particle accelerators and thus the potential of miniaturization. The implementation of a
fully scalable electron accelerator on a microchip by two-dimensional alternating phase focusing (APF),
which relies on homogeneous laser fields and external magnetic focusing in the third direction, was
recently proposed. In this Letter, we generalize the APF for DLA scheme to 3D, such that stable beam
transport and acceleration is attained without any external equipment, while the structures can still be
fabricated by entirely two-dimensional lithographic techniques. In the new scheme, we obtain significantly
higher accelerating gradients at given incident laser field by additionally exploiting the new horizontal
edge. This enables ultralow injection energies of about 2.5 keV (β ¼ 0.1) and bulky high voltage
equipment as used in previous DLA experiments can be omitted. DLAs have applications in ultrafast
time-resolved electron microscopy and diffraction. Our findings are crucial for the miniaturization of the
entire setup and pave the way towards integration of DLAs in optical fiber driven endoscopes, e.g., for
medical purposes.
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Dielectric laser acceleration (DLA) was already pro-
posed in 1962 [1,2], however, first experiments came
50 years later [3,4] by means of femtosecond laser pulses
and lithographic nanofabrication. Recent advances in ultra-
short laser pulses have enabled demonstrations of damage-
threshold and self-phase modulation limited record peak
gradients approaching the GeV/m milestone for relativistic
electrons [5,6]. At subrelativistic energies, driven by a
tabletop electrostatic preaccelerator, peak gradients of 133
[7] and 370 MeV=m [8] were achieved in silicon pillar
structures. In order to create a functioning accelerator out
of these impressive gradients, the interaction length needs
to be increased while maintaining a stable 6D phase space
confinement. Such a miniaturized accelerator has applica-
tions in attosecond science [9,10], ultrafast electron micros-
copy and diffraction (UEM/UED) [11–15], lithography
[16], and it would be possible to provide relativistic
electrons within (e.g., medical) endoscopes [17].
First approaches to beam dynamics in grating linacs were

already made in the 1980s [18–20]. In 2012, Naranjo et al.
[21] showed that the nonsynchronous spatial (sub)harmonics
can provide a ponderomotive focusing force, which was later
turned into an accelerator design for medium energy [22].

Our approach starts from showing that a periodic grating
provides phase dependent forces which can be concentrated
in one kick per grating cell [23]. Per Panofsky-Wenzel
theorem [24], this three-dimensional kick is irrotational, and
can thus be modeled as a (time-dependent) potential in the
Hamiltonian. Removing the time dependence is achieved by
lattice integration of the linearized fields according to the
Courant-Snyder (CS) theory [25]. An accelerator lattice
design providing stable motion in the longitudinal and
one transverse direction is obtained by an alternating phase
focusing (APF) arrangement of grating segments treated as
thick lenses [26]. Full scalability of the APF DLA is
achieved by using a pulse-front-tilted laser [27–29] or an
on-chip photonic waveguide system [30], which in principle
allows us to work with arbitrary short pulses.
The equivalent magnetic focusing strength of an indi-

vidual APF segment was predicted [26] and experimentally
demonstrated to be in the MT/m range [31]. Moreover, the
energy modulation of a subrelativistic DLA can also be
turned into ballistic bunching [10,32–34]; however, the
hereby created energy spread is too large to inject into a
scalable APF DLA accelerator. A proposed APF-based
segmented buncher [26] solves this problem and is cur-
rently being experimentally tested. Another ongoing
experiment is the demonstration of a periodically seg-
mented APF transport channel [35], which is however
limited in length by the Rayleigh range of the electron
beam in the invariant direction. In [26], we proposed to
overcome this limit by installing an external quadrupole
magnet which constantly focuses the beam in the vertical
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direction. A major challenge in the experimental realization
of a fully scalable APF DLA is the alignment of this
external magnet and the sufficient homogeneity of the laser
fields in the invariant vertical direction of the structure.
In this Letter, we generalize the APF-based confinement

to both transverse directions. This enables to completely
eliminate external focusing devices in scalable DLAs of
arbitrary length. Moreover, since the additional dimension
provides an additional edge, the accelerating near-field is
increased, which results in either higher gradient, or allows
us to push for lower injection energy at given aperture.
Previously reported minimal injection energies of 9.6 keV
[36] required using higher harmonics (in [36] the fifth) and
confinement was not attained. Here, we intend to stay at the
first harmonic since it provides the slowest dropoff from
the grating surface and thus the highest center gradient.
We show, that injection energies of 16.75 and 2.5 keV are
attainable at laser wavelengths of 2 and 6 μm, respectively.
Thus, bulky high voltage feedthroughs in the experimental
chambers can be entirely omitted.
The 3D APF-based DLA can still be fabricated by 2D

lithographic techniques. The key idea is to work with two
materials, exhibiting an as high as possible refractive index
contrast, see Fig. 1. Such technology is already commer-
cially available in nanoelectronics and -photonics, e.g., as
silicon-on-insulator (SOI) wafers [37], and has been used
to demonstrate a waveguide driven DLA recently [38].
The refractive indices at 2 μm are [39] nSi ¼ 3.67
and nSiO2

¼ 1.44, respectively. At first, we make the
approximation of nSiO2

≈ 1, which will be later refined.
In other words, the oxide serves as just a building brick to

construct 3D silicon structures by 2D lithography, where
the layer thickness h and the pillar semiaxis radii can attain
single digit nanometer precisions.
To model the electromagnetic fields in the (quasi)

periodic structures, we first look at the Helmholtz wave
equation, in temporal frequency domain and Fourier
series expanded in the longitudinal direction (see the
Supplemental Material [40]),

½△⊥ − k2z þ ω2=c2�e1ðx; yÞ ¼ 0; ð1Þ

where △⊥ is the transverse Laplacian, kz ¼ ω=ðβcÞ is the
longitudinal wave number of the synchronous mode e1
to an electron traveling at speed βc and ω ¼ 2πc=λ.
Equation (1) is valid only in the vacuum of the beam
channel. In contrast to conventional metallic accelerators,
boundary conditions, necessary to solve Eq. (1), are not
available. We can however determine the dispersion
relation from Eq. (1) by ∂x → −ikx, ∂y → −iky, and
γ2 ¼ 1=ð1 − β2Þ as

k2x þ k2y ¼
ω2

c2
− k2z ¼ −

ω2

β2γ2c2
≕ − κ2; ð2Þ

which is plotted in Fig. 2. Instead of solving Eq. (1), we
only need to determine e10 ¼ e1ð0; 0Þ and one transverse
wave number, which can be done numerically (see the
Supplemental Material [40]), for each individual grating
cell. The transverse dependence of e1 can then be written
analytically as

e1ðx; yÞ ¼ e10 coshðikxxÞ coshðikyyÞ; ð3Þ

which is numerically confirmed within 5% in the channel
w × h and plotted in Fig. 1 over a slightly larger range.
The assumption that the oxide can be neglected is cross-
checked in Fig. 3 (top), where je10j, kx, and ky are

FIG. 1. Top: 3D APF DLA based on SOI dual pillars. Bottom:
cross sections and je1ðx; yÞj therein for in-phase APF (left) and
counterphase APF (right, with approximation of nSiO2

≈ 1) and
the beam channel w × h in green.

FIG. 2. Relation of ikx and iky. The black dot represents the
two-dimensional APF scheme (kx ¼ 0) as introduced in [26]. The
red and blue dots are examples of the in-phase and counterphase
APF scheme, respectively.
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compared for a free-floating simplified pillar, a full pillar
with the origin centered in h, and a full pillar with the origin
slightly shifted towards the substrate. Since the curves
agree to sufficient accuracy, we will continue with the
simplified pillars for brevity. Figure 3 (bottom) shows a
direct comparison of the peak gradient and focusing
strength to the 2D case [26] for higher velocity, where
an up to twofold gradient enhancement is visible. The
enhancement is even larger at lower β, where the dropdown
of e1 renders the 2D scheme unfeasible.
For the laser traveling in �y direction and polarized in z

direction, iky is always a purely real number. However, ikx
can either be purely real or purely imaginary, see Fig. 2. We
will refer to these cases as in-phase and counterphase
scheme, indicating whether or not both transverse planes
are simultaneously focused.
With no loss of generality, we continue with the counter-

phase scheme only, since the structures are straightforward
to fabricate on SOI wafers. The dependence of the wave
numbers kx=y as well as e10 on the height h of a free-floating
pillar is plotted in Fig. 4. The oscillation of je10j is due to
eigenmodes arising in the x direction. Subsequently, the 2D
case holds only for discrete values of h. These roots (and
the corresponding maxima) of kx are not robust with
respect to perturbations such as attaching the pillar to
the oxide or to the substrate. Robust counterphase focusing
behavior is found below the first root of kx and we choose
h ¼ 0.22 μm (commercially available [37], vertical black
line in Fig. 4), slightly below this first maximum.
In contrast to [26], the pillar shape is kept constant,

i.e., rz ¼ 200 nm and ry ¼ 100 nm for Fig. 3 (top) and
rz ¼ 400 nm and ry ¼ 300 nm for Fig. 3 (bottom), which
set the minimum β to roughly 0.25 and 0.45, respectively.
The occurring phase drift as function of β ¼ λg=λ
is compensated by shifting the pillar center off the cell

center by ΔzðnÞ ¼ λðnÞg ½argðeðnÞ10 Þ − argðeð1Þ10 Þ�=2π, see the

Supplemental Material [40]. The gradient can be further
optimized by using a few additional pillar designs at
different β. Moreover, fabrication errors for identical
pillars are systematic and thus correctable, which
decisively simplifies the fabrication and error estimation
processes.
With the above knowledge of the electromagnetic field,

we proceed to the Hamiltonian H ¼ ΔP⃗2=ð2meγÞ þ V,
where ΔP⃗ ¼ ðpx; py;Δpz=γÞT is the momentum deviation
from the reference particle andme is the electron rest mass.
The time-dependent potential V reads generally (same
procedure as in [26]) as

Vðx; y; sÞ ¼ qImfk−1z e1ðx; yÞeikzs − ise10eiφsg; ð4Þ

where q is the (negative) electron charge, s is the relative
longitudinal coordinate with respect to the laser phase,
and φs is the synchronous phase at which the reference
particle gains energy according to the design acceleration
ramp. Tracking with the nonlinear kicks according to
Eq. (4) is performed by DLAtrack6D [23]. Expanding
Eq. (4) to second order, Hamilton’s equations provide
Hill’s equations

Δs00 þ KsΔs ¼ 0; ð5aÞ

y00 þ Kyy ¼ 0; ð5bÞ

x00 þ Kxx ¼ 0; ð5cÞ

where Δs ¼ s − λgφs=2π. Due to the absence of first order
terms in V, the linearized motion is decoupled. The
focusing functions are

Ks ¼ −
k2z
γ2

jqe10j
meβγcω

sinðφsÞ; ð6aÞ

Ky ¼ ðikyÞ2
jqe10j
meβγcω

sinðφsÞ; ð6bÞ

Kx ¼ ðikxÞ2
jqe10j
meβγcω

sinðφsÞ; ð6cÞ

FIG. 4. Height scan for a free-floating dual pillar (counter-
phase) setup at β ¼ 0.31. Periodically reoccurring vertical
eigenmodes make the 2D case (dashed lines) exceptional.

FIG. 3. Comparison of peak acceleration gradient and focus-
ing strength of counterphase structures: (top panel) low energy
for simplified vs full pillars and (bottom panel) high energy 3D
vs 2D (kx ¼ 0).
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and fulfill Kx þ Ky þ Ks ¼ 0 according to Eq. (2), which
reflects Earnshaw’s theorem [44]. Note that Ks is the same
as K in the 2D scheme [26] and the s and y planes are
alternatingly focused by switching φs using fractional
period drifts. The numerical value of Ky is however
different from the 2D case and thus all three frequencies
and phase advances are disparate. As compared to 2D, the
3D APF provides significantly higher values of e10, kx,
and ky, which allows us to push for lower injection energy
while the confinement is maintained. Moreover, for
β → 1, Kx and Ky scale as γ−1 since kx and ky remain
constant, whereas in the 2D scheme a faster γ−3 decay
occurs (cf. Fig. 3).
This general description of the motion is now turned into

a functioning accelerator that provides 3D particle confine-
ment by individual CS lattice integration [25] in each plane
x, y, s. As in [26], the lattice functions in Eqs. (6) are
converted to CS-functions (also called Twiss parameters)

η ¼ ðβ̂; α̂; γ̂ÞT by solving the Twiss map eigenvector
problem η0 ¼ Tη0 for the initial values and subsequently
mapping them to any other position.
The maxima of the β̂ functions for a strictly periodic APF

cell at β ¼ 0.25 are plotted in Fig. 5. To avoid electron loss
at the aperture, the cell length of choice should minimize
these three maxima at given laser amplitude. A suitable
(not unique) multiobjective optimal cell length, i.e., an
element of the Pareto front, is given by the minimum of the
arithmetic average of these three maxima-curves.
At given injection energy we pick the synchronous phase

as a compromise between desired acceleration gradient and
required longitudinal focusing strength. The laser field
strength is picked as slightly below the damage threshold
fluence for a (curved-tilted) 100 fs pulse. A laser amplitude
of 500 MV=m from each side and a synchronous phase of
�60° off crest are chosen, leading to an average gradient of
G ≈ cosðφsÞhje10ji ≈ 73 MeV=m. Laser pulse shape and
exact average gradient are detailed in the Supplemental
Material [40].
The periodic solutions and their Twiss maps Tx;y;s

P for the
optimal cell length as indicated in Fig. 5 are determined
for a continuum of velocities β. Usually, a lattice obtained
by simple matrix mapping of η0 will exhibit growing β̂
functions, due to cumulation of the small mismatch
between two APF cells. Smooth and slowly growing β̂
functions, such that the envelopes a ¼ ðβ̂εÞ1=2 are non-
growing, are obtained by manual correction of the segment
lengths, which slightly squeezes the beam in one direction
at the expense of another. Note that a slight growth of β̂
is tolerable, since the emittance decreases by adiabatic

FIG. 5. Maximum of each β̂ function for different APF cell
lengths. The bar indicates the Pareto front of the multiminimiza-
tion, where the minimum of the arithmetic average is taken as
initial guess for every cell length in the design.

FIG. 6. Upper panel (design): envelopes for εn ¼ 2.5 pm and kinetic energy ramp. Lower panel (3D analysis): complex electric field
Ezð0; 0; zÞ and spatial Fourier coefficients eðnÞ10 calculated from the full field windowed in each DLA cell n. The dashed lines represent
the individually computed values of e10 under periodic boundary conditions, which were used for the design.
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damping according to ε ¼ εn=ðβγÞ, where the normalized
emittance εn is an invariant of the linearized motion.
The resulting energy ramp and envelopes for a structure

that accelerates from 16.75 keV (β ¼ 0.25) to 70.29 keV
(β ¼ 0.48), consisting of 945 cells and 74 APF jumps, are
plotted in Fig. 6 (top). After a full 3D field simulation [45],
the complex field result along the channel is plotted below.
Windowing this global field for each DLA cell allows a

comparison between the eðnÞ10 in the entire accelerator to the

individual eðnÞ10 initially computed under periodic boundary
conditions (cf. Fig. 3). As visible, the phase drift compen-

sation keeps argðeðnÞ10 Þ constant, but at the φs jumps a Gibbs
phenomenon occurs. This is the main source of excess
emittance growth and particle loss (cf. Fig 7).
The injection parameters were chosen as Gaussian

distributions with geometric emittances εx ¼ 12 pm,
εx ¼ 7 pm, and bunch length σs ¼ 5 nm with matched
energy spread. These values are at the most sensitive beam
loss clipping point and beam loss occurs in the lowest
energy section of the accelerator. The throughput and
energy spread is shown in Fig. 7 for one kick per cell
vs 3D full field tracking. Similar results for 2.5 keV
(β ¼ 0.1) to 16.75 keV (β ¼ 0.25) using λ ¼ 6 μm are
discussed in the Supplemental Material [40] and in prin-
ciple, one could even start at a few eV only, by using a
Terahertz driver. However, lowering the injection energy
poses a challenge to the robustness. Structure bandwidth,
fabrication tolerances, and injection energy mismatch have
to be controlled more precise. Normalized emittances in the
single digit picometer range are available [46,47], however,
after the electrostatic preaccelerator mostly higher values
are reported (e.g., [48,49]). This is due to nonlinear
aberrations in the electrostatic lensing system. Our findings
ease this problem significantly, since aberrations scale with
the overall size of the system, which can be significantly
reduced at lower injection energy. As confirmed by full 3D
simulation, the 3D APF DLA scheme on SOI wafers is
ready for experimental testing in different energy ranges.
Moreover, DLAs with 6D confinement improve our ability
to keep the energy spread small over long distance, e.g.,
to observe and control electron matter waves [50–54].

More detailed theoretical studies are required to assess the
effects of nonlinear and coupled tune spread and emittance
evolution, e.g., with the extended DLAtrack6D [55].
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