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The thinning and rupture of thin liquid films is a ubiquitous process, controlling the lifetime of bubbles,
antibubbles, and droplets. A better understanding of rupture is important for controlling and modeling the
stability of multiphase products. Yet literature reports that film breakup can be either stochastic or
deterministic. Here, we employ a modified thin film balance to vary the ratio of hydrodynamic to capillary
stresses and its role on the dynamics of thin liquid films of polymer solutions with adequate viscosities.
Varying the pressure drop across planar films allows us to control the ratio of the two competing timescales,
i.e., a controlled hydrodynamic drainage time and a timescale related to fluctuations. The thickness
fluctuations are visualized and quantified, and their characteristics are for the first time directly measured
experimentally for varying strengths of the flow inside the film. We show how the criteria for rupture
depend on the hydrodynamic conditions, changing from stochastic to deterministic as the hydrodynamic
forces inside the film damp the fluctuations.
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A fundamental process governing the stability of foams
and emulsions is coalescence, which involves the thinning
and rupture of the thin liquid films separating two droplets
or bubbles [1]. Film drainage is governed by hydrodynamic
forces and is well described by deterministic continuum
mechanical models [1,2], the simplest one being the
generalized Stefan-Reynolds (SR) equation [3], albeit valid
only for flat films of constant radius:

−
dh
dt

¼ 8h3ðPH − ΠvdWÞ
3ηeffR2

ð1Þ

where R is the film’s radius, PH is the hydrodynamic
pressure, ΠvdW is the disjoining pressure due to the van der
Waals (vdW) interactions, h is the thickness, and ηeff is an
effective viscosity equal to ηeff ¼ n2η, n is a mobility factor
that describes the ability of the interface to carry stress, up
to a no slip-boundary condition (0 < n ≤ 2), and η is the
bulk viscosity. More complex models are available for
nonplanar films [1], but the simple SR equation captures
that the thickness reduction for a given fluid is driven by the
pressure drop across the film.
The second process, film rupture, is more complicated.

For a nondraining film, Sheludko [4,5] and Vrij [6] showed
how fluctuations in thickness, either due to thermal or
mechanical perturbations, lead to two opposing effects. The
increase of area and curvature leads to a decrease in the
local capillary pressure, while the changes in the local
thickness affect the ΠvdW. This balance results in a critical
wavelength Λc;V that cannot be damped by capillarity [6],
equal toΛc;V ¼ βh2

ffiffiffiffiffiffiffiffiffiffiffi
σ=AH

p
, where σ is the surface tension,

β is a constant, and AH is the Hamaker constant. This
wavelength controls the critical thickness hc at which the

film ruptures which is typically several 10 nm [7], much
higher than the range of the vdW forces of individual
molecules. The direct experimental observation of such
capillary waves causing coalescence came forty years later,
when Aarts et al. [8] used confocal microscopy to study the
fluid-fluid interface of a phase-separated colloid-polymer
dispersion.
Under dynamic conditions, the lifetime of draining films

depends on the competition between the timescales of
drainage and rupture [6,9–12]. Coalescence is hence
expected to be stochastic in nature. Interestingly, literature
reports differ even qualitatively on this point. Some studies
clearly confirm this [13–15], while others report a purely
deterministic nature [16–18]. In this respect, hydrodynamic
stresses couple to capillarity too, and a signature “dimple”
can develop in the films, with their thickness being smaller
near their edge [19]. The critical thickness is reached earlier
at this thinner region, with fluctuations having less time to
develop. Recent simulations accounted for this effect by
coupling a Gaussian noise to the thinning dynamics [20],
predicting a reduction in the standard deviation of the
coalescence time as drainage gets faster. However, such
approaches cannot explain either the deterministic rupture
of stress-free films, which remain flat regardless of the
drainage intensity [21–23], or the strongly stochastic
rupture of different dimpled films [15,24,25]. Moreover,
the underlying assumption of constant critical thickness
seems at odds with most literature reports [26–31]. Overall,
a closer look into the coupling between capillary, hydro-
dynamic, and vdW forces seems warranted.
In this Letter, we use a modified thin film balance (TFB)

[32] to study the drainage and rupture of both flat
and dimpled films for a wide range of hydrodynamic
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conditions. By increasing the pressure drop that causes
drainage, the relative timescales are varied, seamlessly
bridging conditions for slow, quasistatic, drainage regimes
with hydrodynamically dominated ones. Moreover, by
using solutions of polyisobutylene-in-hexadecane of vari-
ous concentrations and viscosities, we avoided the effects
of inertia and surface stresses, and specifically interrogated
the interplay between the observed fluctuations and the
applied hydrodynamic forces. We show that film breakup
can appear as stochastic or deterministic depending on the
capillary number, which characterizes the ratio of hydro-
dynamic to capillary stresses.
The TFB consists of a fixed-stage microscope (Nikon

Eclipse FN1=10 × LWD objective) with a 16-bit gray-scale
Hamamatsu ORCA-Flash4.0 CMOS camera (10 ms
maximum temporal resolution) for measuring film thick-
ness by interferometry, and a sealed chamber, where the
bike-wheel microfluidic device [32] is placed. The pressure
of the air inside the chamber is controlled by an Elveflow
MK3þ piezoelectric pressure controller. A monochromatic
wavelength of 508 nm was used for reflection. Sheludko’s
interferometry method [5] allows a thickness resolution of
≃2 nm. Images were analyzed with ImageJ and MATLAB.
Evaporation was prevented by adding solvent in the
chamber.
Initially, a thick film was created and its point

of mechanical equilibrium was determined by applying
an extra pressure in the air side Pi, equal to
Pi ¼ −2σ=Rbw þ P∞, where the second term is the
Laplace pressure due to the curvature of the Plateau border,
with Rbw being the radius of the cell’s hole, and P∞ is
the pressure at the edge of the meniscus [Fig. 1(a)].
Subsequently, the air pressure in the chamber was increased
using pressure drops ΔP of 20 to 1000 Pa causing the film
to drain. Eventually the film becomes so thin that it
ruptures. In the thin film, the pressure balance is [11]

Pi þ ΔPþ 2σ

Rbw
¼ PHðh; rÞ þ P∞ þ ΠvdWðh; rÞ

þ σ

2r
∂
∂r

�
r
∂h
∂r

�
; ð2Þ

where the last term describes the pressure due to curvature
differences. A nomenclature and a description of all
pressures is given in the Supplemental Material [33]. A
coalescence or breakup time tc is defined as the time
between the onset of film expansion and rupture [25]. At
least five measurements were performed for each combi-
nation of pressure drop and polymer concentration. For the
5 wt % solution an extra pressure drop of 1600 Pa and 15
measurements for each ΔP were conducted. More infor-
mation about the experimental protocol, the viscosities, and
the surface tensions of the solutions, can be found in the
Supplemental Material [33].

The experimental coalescence times tc are shown in
Fig. 1(b) for differentΔP. The same trends are observed for
all polymer concentrations (with only different viscosities).
For ΔP < 2σ=Rbw, drainage is slow and there is no strong
dependency on ΔP, indicative of a static film rupture
caused by the fluctuations [20]. In this regime, capillary
forces control coalescence [58]. For ΔP ≫ 2σ=Rbw, we
cross over to a regime where the hydrodynamics dominate.
Here, the tc is inversely proportional to ΔP as predicted by
Eq. (1). Because of the absence of surface active compo-
nents, the mobility factors n2 of all solutions were of
Oð10−2Þ (Supplemental Material [33]). Given the limita-
tions of Eq. (1), the values of n are very approximative.
However, the low surface stress carriage combined with
long drainage times due to the high viscosity and the
occurrence of osmotic effects [59], allowed at low ΔP the
observation of the thickness fluctuations before rupture.
As the fluctuations are damped by capillarity they are

expected to develop first in the flat rim of a dimpled film,
where the small thickness ensures strong enough destabi-
lizing vdW forces. Hence, fluctuations evolved in the θ
direction [in the ring where film thickness is ≈30 nm, and
the corresponding ΠvdW is Oð102PaÞ], and not in the
r direction, as usually assumed in axisymmetric models
[20,60]. Images of a 15 wt% film at rupture (ΔP ¼ 50 Pa)
and the corresponding thickness profiles of its rim are
shown in Fig. 2. For t ≤ 190 s, the film is draining and the
rim’s thickness is homogeneous. Differences of ≈1 nm that
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FIG. 1. Pressures and coalescence times. (a) Pressure contri-
butions in our setup. (b) Evolution of the coalescence time with
applied pressure drop for different polymer concentrations.

PHYSICAL REVIEW LETTERS 125, 158001 (2020)

158001-2



are close to the lower limit of interferometry, can be
attributed to noise and small errors in fitting a spline
along the film’s rim. At t ¼ 203 s thickness fluctuations of
Δh ≈ 5 nm appear. Finally, from t ¼ 208 s till rupture
(t ¼ 211 s), drainage is negligible and the average thick-
ness at the rim remains constant at h ≈ 30 nm. However,
the amplitude of the fluctuations increases. The fluctuation
spectra of the 1 wt% and 15 wt% films (with equal σ, AH,
and only different η) were similar, as hydrodynamics do not
matter at rupture [8]. Vrij’s analysis predicts both the
critical wavelength below which fluctuations are damped,
as well as the relative growth rate of the fastest fluctuations
[Eq. (3)]. In our experiments, all observable Λ=h2 (over all
experiments and all times) were larger than the critical one
[6] [Fig. 3(a)], with ΛðhÞ being the distance between two
consecutive minima [Fig. 2(b)]. The amplitude of fluctua-
tions in nondraining films is expected to temporally
increase as [9]

hmax − h
ðhmax − hÞt¼0

¼ exp

�
t

τm;V

�
; ð3Þ

where hmax is the maximum thickness of the fluctuation, t is
the elapsed time after its first observation, and τm;V ¼
96π2σηeffh5A−2

H is the characteristic time for its growth. An
exponential fit describes the experimental evolution well
with h ≈ 47 nm. However, the good agreement with
Vrij’s model does not necessarily mean that the fluctuations
are thermal in origin, nor that they are purely capillary in
nature. Any perturbation of OðkBTÞ (e.g., thermal,
pressure, spatial variation of ΠvdW) with large

enough wavelengths might cause propagating thickness
fluctuations.
The situation changes when the applied ΔP increases.

Vrij hinted to an interplay between hydrodynamics and
capillary waves, suggesting that fluctuations must develop
less for breakup to occur [6], predicting a decrease in hc as
ΔP increases. Both our experiments and literature results
[26–31] show the opposite behavior. The increase in hc can
be rationalized by the combined effects of the increase in
film radius and the damping of the fluctuations by the
spatial variations of PHðrÞ. By expressing the hydrody-
namic stress by the capillary number, Ca ¼ ΔP=ð2σ=RbwÞ,
and conducting a local pressure balance (Supplemental
Material [33]), we obtain the critical wavelength under the
influence of hydrodynamic stresses Λc ¼ Λc;Vð1þ CaÞ,
where Λc;V the critical wavelength for a quiescent film [6].
Similarly, the characteristic time for the evolution of
fluctuations is τm ¼ τm;Vð1þ CaÞ−2. At high ΔP the film
drains so fast down to its hc, that the damped fluctuations
do not fully develop to be detected within the resolution
limit of interferometry. The growth of fluctuations leads to a
rupture time trðhÞ ¼ fτmðhÞ, f being a prefactor equal to
≈6 [6] [Fig. 4(a)]. Given that tr is stochastic, this
corresponds to the most probable value, determined by
the fastest growing fluctuation. The stochasticity can be
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included by considering a variance (s%) of this tr,
conceptually shown as a red-shaded area in Fig. 4(a)
(s ¼ 60%). The competing process has a hydrodynamic
drainage time tdðhÞ roughly given by Eq. (1). Breakup is
most probable at the minimum of tdðhÞ þ trðhÞ. The
distribution of tr causes a subsequent distribution of tc,
conceptually shown by the green area. Extrapolation of
these minima to the td curves allows the determination of
hc. A distribution of critical thicknesses is expected, the
minimum (hc;m), maximum (hc;M), and most probable (hc)
of which correspond to the slowest, fastest, and most
probable coalescence times, respectively. In our analysis,
the determined tr and td are only approximative, given the
assumptions involved in obtaining both equations, and any
discussion is limited to a semiquantitative level.
Regardless of the detailed hydrodynamic model used, it

is expected that as ΔP increases, drainage proceeds faster,
while rupture decelerates and fluctuations are damped. This
results in a reduction of the stochastic character of
coalescence, reflected in the standard deviation, σ̄, of tc.
The predicted relative σ̄ for rupture times with different
variances is plotted as a function of Ca in Fig. 4(b), along
with experimental values for the 5 wt% films. In all cases, σ̄
decreases with increasing Ca, in line with earlier studies
[18,20,61–63]. In experiments, coalescence appears as

deterministic when σ̄ is lower than the experimental noise
(≃18% in our experiments). The differences observed
between predicted and experimental σ̄ at high Ca are most
likely due to the assumptions involved in Eq. (1), i.e., flat
films of constant radius. If the tc are plotted as cumulative
distributions and fitted with a Weibull function, then their
spread narrows as Ca increases [Fig. 4(c)]. The shape factor
of the distribution c was found to increase as c ∝ ð1þ
CaÞ2=7 [inset of Fig. 4(c) and Supplemental Material [33] ].
A quantitative prediction of the changes in σ̄ and c is only
possible through detailed numerical simulations which
include the interplay between capillarity and hydrodynam-
ics [1] yet furthermore also account for the random
evolution of propagating fluctuations.
The critical thickness also depends on Ca. Solving

dtdðhÞ=dhþ dtrðhÞ=dh ¼ 0 with respect to hc results in

hc ¼ hc;Vð1þ CaÞ2=7; ð4Þ

where hc;V ≃ 0.268ðA2
HR

2P−1
totf−1σ−1Þ1=7 is Vrij’s result

[6], with the generalization that all pressure contributions
(Ptot) must be considered at rupture. For high PH, the extra
pressure due to the evolution of fluctuations is negligible,
and Eq. (4) is equivalent to a local pressure balance, similar
to the one proposed by Leal et al. [64,65] for deterministic
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rupture. The dimensionless critical thickness h� ¼ hc=hc;V
is shown as function of Ca in Fig. 4(d), together with results
from earlier studies [26–31]. Good agreement with Eq. (4)
is observed. For Ca < 1, there is a weak dependence of
h� ∝ Ca1=7, following the effect of film expansion on hc.
Further increasing Ca causes a more pronounced hydro-
dynamic damping and a gradual transition to a h� ∝ Ca2=7

scaling (Supplemental Material [33]).
Similarly, effects that accelerate drainage, such as

changes in the stress-boundary conditions [66] and insta-
bilities [67], are expected to promote determinism as they
will decrease the absolute values of σ̄. Although in films
with surface stresses fluctuations are damped [68,69], dust
contamination [70] or surface concentration fluctuations
[71] are expected to act in a way similar to the randomly
evolving capillary waves. Evidently, detailed numerical
simulations that account both for changes in the stress-
boundary conditions and for the random evolution of
propagating fluctuations are essential in precisely quantify-
ing the reduction in the stochastic character of coalescence
and in exactly defining the regimes that this change
takes place.
In this Letter the competition between the characteristic

timescales of drainage and rupture has been experimentally
determined. Our experimental results rationalize previous
disagreements in literature about the stochastic versus
deterministic nature of coalescence. Both characters can
manifest themselves, depending on the relative importance
of hydrodynamic and capillary stresses, as described by the
capillary number Ca.
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