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We consider a model describing Bose-Josephson junction (BJJ) coupled to a single bosonic mode
exhibiting quantum phase transition (QPT). Onset of chaos above QPT is observed from semiclassical
dynamics as well from spectral statistics. Based on entanglement entropy, we analyze the ergodic behavior
of eigenstates with increasing energy density which also reveals the influence of dynamical steady state
known as π-mode on it. We identify the imprint of unstable π-oscillation as many body quantum scar
(MBQS), which leads to the deviation from ergodicity and quantify the degree of scarring. Persistence of
phase coherence in nonequilibrium dynamics of such initial state corresponding to the π-mode is an
observable signature of MBQS which has relevance in experiments on BJJ.
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Introduction.—Ergodicity in closed quantum system has
attracted attention in recent years due to its implication in
variety of interesting phenomena related to the nonequili-
brium dynamics of quantum many body system [1,2]. The
emergence of steady states in nonequilibrium dynamics of
certain many body systems and its correspondence to the
generalized Gibbs ensemble is an evidence of thermal-
ization [3–8]. The eigenstate thermalization hypothesis
(ETH) has been proposed to explain thermalization of
such closed quantum systems at the level of individual
eigenstates, [9–11] and its connection with random matrix
theory (RMT) has thoroughly been explored theoretically
[12–16]. On the other hand, there are certain many body
systems which fail to thermalize and remain localized,
giving rise to many body localization (MBL) [17–20]
phenomena [21–27]. Both the extreme phenomena are
related to the degree of ergodicity of closed quantum
system, which is a subject of intense study. As an alternate
route to thermalization and delocalization, underlying
chaotic behavior has also been investigated in certain many
body systems [28,29]. Because of easy tunability of
parameters, the ultracold atomic system has become a test
bed to study both the MBL and nonequilibrium many body
dynamics related to ergodicity [22,30–37].
Nonergodic multifractal wave functions are intermediate

between localized and extended states, which have been
observed in disordered as well as other many body systems
[38–42], giving rise to nonergodic behavior such as
anomalous thermalization, nonergodic to ergodic transi-
tion, and deserves further investigation [43–48].
Apart from above mentioned phenomena, there are other

means by which a quantum system can deviate from
ergodicity and certain states may lead to the breakdown
of ETH hypothesis. In a recent experiment on chain of
ultracold Rydberg atoms [49], the appearance of revival

phenomena for certain specific initial states indicating the
deviation from ergodicity has been attributed to the exist-
ence of many body quantum scars (MBQS) and its under-
lying mechanism has been analyzed theoretically in a series
of recent works [50–54]. After this experiment, MBQS has
also been identified theoretically in other models [55,56] as
well in a recent experiment on dipolar gas [57]. Quantum
scar in single particle wave function can be identified as
reminiscence of unstable classical periodic orbits, which
was first studied in the context of chaotic stadium [58].
However, in quantum many body system, the correspon-
dence between scarred state and unstable classical orbits is
not very obvious. Similarly, the connection between ergo-
dicity in interacting quantum system and underlying chaotic
dynamics remains unclear and deserves further investiga-
tion. Identifying such scar as reminiscence of unstable
collective mode of many body system and to detect its
imprint on ergodicity are main focus of the present study.
In this work, we investigate the effect of dynamical

steady states on ergodic behavior and formation of quantum
scars in a BJJ coupled to a single bosonic mode, which
exhibits quantum phase transition (QPT) accompanied by
onset of chaos. Similar connection between quantum scar
in an interacting system and unstable dynamical modes
of its classical counterpart can also be explored in collective
spin models [59]. We quantify the ergodic behavior
of the states from entanglement entropy (EE), which is
summarized in Fig. 1. Interestingly, the presence of a
dynamical steady state known as π-oscillation of BJJ [60–
62] at an energy density E0 gives rise to deviation from
ergodicity and its imprint remains as scar in the wave
function. Within single mode approximation, BJJ with
fixed number of bosons N can be described as two site
Bose-Hubbard model [63], ĤBJJ¼−ðJ=2Þðâ†LâRþ â†RâLÞþ
ðU=2NÞ½n̂Lðn̂L−1Þþ n̂Rðn̂R−1Þ�, where J and U represent
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the hopping strength and on-site interaction, respectively,
while âL=R and n̂L=R denote annihilation and number
operators of boson in respective sites. The steady states
and dynamics of BJJ have been studied extensively both
experimentally [61,64,65] and theoretically [60–63,66–77].
Model.—Using the Schwinger boson representation

Ŝx ¼ ðâ†RâL þ â†LâRÞ=2 and Ŝz ¼ ðn̂R − n̂LÞ=2, ĤBJJ rep-
resents a large spin system with magnitude S ¼ N=2; as a
result, the BJJ coupled to a single bosonic mode can be
described by the following spin Hamiltonian [77]:

Ĥ ¼ −JŜx þ
U
2S

Ŝ2z þ
λŜz

2
ffiffiffiffiffiffi
2S

p ðb̂þ b̂†Þ þ ℏω0b̂
†b̂; ð1Þ

where λ is the coupling strength and b̂ is annihilation
operator of the bosonic mode with energy ℏω0. We redefine
effective coupling strength as γ ¼ λ2=ω0 and scale energy
(time) in units of J (1=J) with ℏ ¼ 1.
Semiclassical analysis.—For S ¼ N=2 ≫ 1, the spin

system is treated semiclassically by the wave function
jΨsci ¼ jz;ϕi ⊗ jαi, where jz;ϕi and jαi represent the
coherent states of the spin and boson, respectively [78]. The
variables ϕ and z ¼ cos θ are canonical conjugate coor-
dinates describing the orientation of the classical spin
vector S⃗ ¼ ðS sin θ cosϕ; S sin θ sinϕ; S cos θÞ while α ¼ffiffiffiffiffiffi
2S

p ðqþ {pÞ=2 denotes the dimensionless coordinates of
the corresponding oscillator. In BJJ, z and ϕ denote the
number imbalance (magnetization) and relative phase
between the two sites, respectively [63]. The corresponding
classical Hamiltonian is given by [77]

Hcl¼−
ffiffiffiffiffiffiffiffiffiffiffi
1− z2

p
cosϕþU

2
z2þ λ

2
zqþω0

2
ðq2þp2Þ: ð2Þ

The classical energy E and Hcl are scaled by S to make
them intensive. In isolated BJJ with U > 0, the interaction
is antiferromagnetic and the spin vector is aligned along the

x-axis giving z ¼ 0. Whereas in the presence of bosonic
mode, the effective interaction Ũ ¼ U − γ=4 can become
ferromagnetic, due to which BJJ undergoes a QPT at
γc ¼ 4ð1þ UÞ to a state having finite imbalance (z ≠ 0)
[77]. Such transition has also been confirmed from full
quantum analysis [79]. The equation of motion (EOM) for
collective coordinates can be obtained from Hamilton’s
equations [77,79]

_X⃗ ¼ ∂Hcl

∂P⃗ ; _P⃗ ¼ −
∂Hcl

∂X⃗ ; ð3Þ

where X⃗ ¼ fϕ; qg and P⃗ ¼ fz; pg are canonical conju-
gates of each other. The fixed points (FPs) obtained from
the EOM and their stability are analyzed near QPT [77].
For γ > γc, we categorize the FPs as I. symmetry broken:
fz ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1=ŨÞ2

p
; ϕ ¼ 0; q ¼∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γz2=4ω0

p
; p ¼ 0g

with energy density EGS ¼ − 1
2
ð1=jŨj þ jŨjÞ, II. symmetry

unbroken: fz ¼ 0;ϕ ¼ 0; q ¼ 0; p ¼ 0g with energy den-
sity Ec ¼ −1, and III. corresponds to π-oscillation: fz ¼
0;ϕ ¼ π; q ¼ 0; p ¼ 0g [60,77] with energy density
E0 ¼ 1. The stable FPs corresponding to I and III are
visible in classical phase portrait [Fig. 2(a)]. Influence of
this π-mode on ergodic behavior of the system is the main
focus of the present study.
Ergodicity and chaos.—Phase space trajectories corre-

sponding to semiclassical dynamics of BJJ can be studied
from Eq. (3) [77]. In Fig. 2(a), the phase portrait reveals
chaotic dynamics near QPT indicating ergodic behavior. To
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FIG. 1. Ergodic behavior of BJJ based on relative entanglement
entropy Sen=Smax (in color scale) of eigenstates with energy
density E across the QPT (γ=γc ¼ 1). Different FPs: ground state
(red solid line), unstable FP-II at Ec (dashed line), and FP-III
corresponding to π-mode at E0 (dashed-dotted line). Parameters
chosen: S ¼ 30, ω0 ¼ 3 and for all figures U ¼ 0.5, Nmax ¼ 99.
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FIG. 2. Onset of chaos: (a) classical phase portrait for
γ=γc ¼ 1.11, ω0 ¼ 3.0, and U ¼ 0.5. (b) Crossover of hr̃i from
Poissonian (red solid line) to GOE values (blue dashed line) by
tuning γ. (c),(d) Level spacing distributions for γ < γc and γ > γc,
respectively. Parameters chosen: S ¼ 25 and for (b)–
(d) ω0 ¼ 1.0. For spectral statistics, first 1400 energy levels
are considered from the even parity sector [80].
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analyze the system quantum mechanically, we obtain
eigenvalues En and eigenfunctions jψni ¼

PN
i ψ i

njii of
the Hamiltonian [Eq. (1)] using the basis states
jii ¼ jmz; ni, where mz and n are eigenvalues of Ŝz and
number operator for bosonic mode, respectively, where
the latter is truncated to Nmax for numerical calculation.
The dimension of the associated Hilbert space is N ¼
ð2Sþ 1ÞðNmax þ 1Þ. The eigenvectors and corresponding
eigenvalues can be divided into even and odd sector of
parity operator Π̂ ¼ e{πP̂, where P̂ ¼ n̂ − Ŝx þ S. The
occurrence of excited state quantum phase transition at
FP-II leads to the suppression of energy gap between the
consecutive even and odd parity states below Ec separating
the symmetry broken and unbroken states [79,81–85]. To
investigate the signature of chaos at the quantum level, we
study the spectral properties. The eigenvalues En of each
parity sector are sorted in ascending order, and spacing
distribution PðδÞ of the level spacing δn ¼ Enþ1 − En is
obtained following the usual prescription [86,87]. According
to Bohigas-Giannoni-Schmit conjecture [88], the level spac-
ing distribution of classically chaotic system followsWigner-
Dyson (WD) statistics, whereas Poissonian statistics,
PðδÞ ¼ exp ð−δÞ can be observed in regular (integrable)
regime [86,89]. For weak coupling strength γ < γc, the level
spacing follows Poisson distribution as evident from
Fig. 2(c). On the other hand, for increasing γ above γc,
the level spacing distribution resembles WD statistics,
PðδÞ ¼ ðπδ=2Þ expð−πδ2=4Þ corresponding to Gaussian
orthogonal ensemble (GOE) of RMT [see Fig. 2(d)].
Onset of chaos is also evident from the average value of
level spacing ratio defined as hr̃i ¼ hminðδn; δnþ1Þ=
maxðδn; δnþ1Þi, which shows a crossover from Poissonian
limit with hr̃i ∼ 0.386 to GOE limit with hr̃i ∼ 0.530 [90]
across the QPT as seen in Fig. 2(b). Such spectral analysis
indicates chaotic behavior above QPT; however, a detailed
study of eigenvectors can revealmore interesting phenomena
related to ergodicity and nonequilibrium dynamics.
Effect of steady states on ergodic behavior.—In order to

quantify the degree of ergodicity, we study the EE of
energy eigenstates, which is also relevant for understanding
nonequilibrium properties of the BJJ. By tracing out the
bosonic degrees, we obtain the reduced density matrix of
the spin sector, ρ̂S ¼ TrBjψihψ j and corresponding EE,
Sen ¼ −Trðρ̂S log ρ̂SÞ. To quantify the ergodic nature of a
state, we compare it with the EE of maximally random state
partitioned into subsystems AðBÞ with dimensionality
DAðDBÞ [91]. Maximum EE corresponding to smaller
subsystem A with DA ≪ DB can be written as

Smax ≃ logðDAÞ −OðDA=2DBÞ: ð4Þ

For the present system DA ¼ 2Sþ 1, DB ¼ Nmax þ 1
represents dimensions of spin and bosonic sector, respec-
tively. Relative EE, Sen=Smax is obtained for eigenstates
with increasing energy density E and varying the coupling

γ, which is shown as color scale plot in Fig. 1, summarizing
the ergodic behavior of the BJJ across QPT. It is evident
from Figs. 1 and 3(a), above QPT, the EE of states increases
monotonically with energy density E and approaches the
maximum limit [given by Eq. (4)], suggesting a crossover
from nonergodic to weak ergodic behavior which can also
be confirmed from the nonequilibrium dynamics of BJJ
[79]. A recent study shows such relative EE of a subsystem
below its maximum limit can indicate nonergodic (multi-
fractal) nature of states [92]. Similar behavior in degree of
chaos has also been observed in Dicke model [82,93].
Interestingly, in the weakly ergodic regime, the presence

of π-mode at an energy density E0 ¼ 1 (FP-III) can
influence the ergodic properties. Stable π-oscillation can
exist above QPT and becomes dynamically unstable at a
coupling strength,

γu ¼ ðω2
0 þU − 1Þ2=ω2

0: ð5Þ

As seen from Fig. 3(a), a dip in EE appears at E0 due to the
presence of such stable π-oscillation which gradually
vanishes above γu. By increasing the frequency of the
bosonic mode ω0, enhanced stability of the π-mode and
suppression of chaos is observed around the energy density
E ¼ E0 [79], which is also reflected from the decrease in
hr̃i with ω0, as the unstable π-mode becomes stable [see
Fig. 3(b)] [94].
Quantum scar of π-oscillation.—To search for imprint of

unstable π-mode above the coupling strength γu, we closely
analyze the eigenstates jψni within a small window of
energy density around E0. Unlike EE, Shannon entropy
(SE) of states, SSh ¼ −

P
i jψ i

nj2 log jψ i
nj2 within this

window reveals an interesting structure as shown in
Fig. 4(a). The SE of most of the states forms a bandlike
structure below its GOE limit logð0.48N Þ [12,15], whereas
a few states with lower SE are deviated from this band. We
identify scar of unstable π-oscillation in these deviated
states, which become evident from the Husimi distribution
Qðz;ϕÞ ¼ ð1=πÞhz;ϕjρ̂Sjz;ϕi of reduced density matrix ρ̂S

(a) (b)

-mode
unstable

-mode
stable

FIG. 3. (a) EE of eigenstates with increasing energy density E
for different γ=γc for ω0 ¼ 3. Vertical dashed-dotted line: energy
density E0 of π-oscillation and horizontal dashed line: Smax.
(b) Variation of hr̃i with ω0 for fixed γ=γc ¼ 1.2. The pink
dashed-dotted line at ω0 ¼ 2.48 divides the region of stability of
π-mode. Parameters chosen: S ¼ 25.
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as depicted in Figs. 4(c) and 4(d). We also find that
certain eigenstates around energy density E0 have large
overlap with the coherent state jπi ¼ jz ¼ 0;ϕ ¼ πi ⊗
jq ¼ 0; p ¼ 0i, describing the steady state FP-III of
π-mode. The state with maximum overlap with jπi state
turns out to be the most deviated state [marked by circle in
Fig. 4(a)] due to the scar of π-mode which is visible from its
Husimi distribution with maximum phase space density at
fz ¼ 0;ϕ ¼ πg [see Fig. 4(c)]. More interestingly, the
Husimi distribution of another deviated state [marked by
square in Fig. 4(a)] exhibits scar of an orbit around FP-III,
corresponding to unstable π-oscillation [see Fig. 4(d)]. The
trajectories around steady state of π-mode are also unstable
with positive Lyapunov exponent and scar of such unstable
π-oscillations is observed below energy density E0.
Next, we analyze the statistical properties of the wave
function of such scarred states and compute the distribution
P(η) of the scaled elements η ¼ jψ i

nj2N , which signifi-
cantly deviates from Porter-Thomas distribution PðηÞ ¼
ð1= ffiffiffiffiffiffiffiffi

2πη
p Þ expð−η=2Þ [86] of eigenvectors of GOE matri-

ces [see Fig. 4(b)]. This indicates non-Gaussian distribution

of elements ψ i
n of scarred wave functions leading to the

violation of Berry’s conjecture [95].
Above γu, the instability exponent of π-mode increases

as ImðωÞ ∼ ffiffiffiffiffiffiffiffiffiffiffiffi
γ − γu

p
, which reduces the degree of scarring

(DOS) resulting in enhancement of ergodicity. We quantify
the DOS from the average deviation ΔSSh of SE of the
scarred states from the band of weakly ergodic states. Both

ΔSSh and the average overlap jhπjψij2 decrease with
increasing coupling γ, as shown in Fig. 4(f), indicating
reduction of DOS. As a result of enhanced ergodicity, the
corresponding distribution PðηÞ also approaches to GOE
limit with increasing γ.
Effect of such quantum scar can also be observed

from anomalous behavior of nonequilibrium dynamics.
Time evolution of the jπi state exhibits interesting
features compared to any other arbitrary state at similar
energy density (see Fig. 5). Survival probability FðtÞ ¼
jhψðtÞjψð0Þij2 of this initial state shows oscillatory behav-
ior and in long time deviates significantly from the GOE
limit 3=N [14,15] compared to other initial states [see
Fig. 5(a)]. Also, the Husimi distribution of the final state
in the time evolution retains the scar of jπi state [see
Fig. 5(c)]. From the phase operator ϕ̂ [79,96] defining the
relative phase between two sites of BJJ, we calculate
hcosϕi quantifying the phase coherence [96–98].
Remarkably, such phase coherence persists during the time
evolution of jπi state in contrast to its decay in ergodic
dynamics [see Fig. 5(b)], which can serve as an experi-
mentally observable effect of quantum scar.
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FIG. 5. Time evolution of jπi state (black dashed curve) and
arbitrary state jz ¼ 0.60;ϕ ¼ π=2i ⊗ jq ¼ 0.40; p ¼ 0.0i (red
solid curve) at E ≈ E0 shown by (a) survival probability FðtÞ ¼
jhψðtÞjψð0Þij2 and (b) phase coherence. Inset in (a) shows long
time behavior of FðtÞ compared with GOE limit. (c),(d) show
Husimi distribution of jπi state and arbitrary state, respectively,
after sufficient time t ¼ 25. Parameters chosen: S ¼ 30, γ ¼
1.8γc > γu, and ω0 ¼ 3.0.
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FIG. 4. MBQS of π-mode at E0: (a) Shannon entropy in a small
window near E ≈ E0. Horizontal dashed line represents the GOE
limit. (b) Distribution PðηÞ of scarred states [marked in (a)] at
γ ¼ 1.8γc. Husimi distribution Qðz;ϕÞ of scarred states marked
by (c) red circle and (d) blue square in (a). (e) Overlap of
eigenstates with π-mode. Degree of scarring: (f) variation ofΔSSh
(jhπjψij2 in the inset) with increasing γ=γc. Vertical red line
denotes instability of π-mode at γu ¼ 1.33γc. Parameters chosen:
S ¼ 25 and ω0 ¼ 3.0.
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Conclusion.—BJJ coupled to a single bosonic mode
constitutes an interesting model exhibiting QPT, onset of
chaos, and athermal behavior related to quantum scars. We
identify quantum scars related to collective π-oscillation
and quantify degree of scarring. In contrast to ergodic
dynamics, phase coherence is retained during time evolu-
tion for special choice of initial state corresponding to
π-mode, which is a detectable signature of MBQS relevant
for experiments on BJJ [98]. This model can also be
realized in experiment by coupling a BJJ with cavity mode
similar to the experiments in [99,100] and also in circuit
QED setup [101]. In the absence of interaction (U ¼ 0), the
present model reduces to Dicke model [102], which is also
a promising candidate to study the effect of quantum
scarring, due to its experimental realization [99,100].
The present study elucidates the formation of scar in an

interacting quantum system and its connection with under-
lying collective dynamics, which can also be explored in
other systems [59].

We thank Hans Kroha for discussion.
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