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We study oscillations and instabilities of relativistic stars using perturbation theory in general relativity
and take into account the contribution of a dynamic spacetime. We present the oscillation spectrum as well
as the critical values for the onset of the secular CFS instability of neutron stars, and propose universal
relations for gravitational wave asteroseismology, which may help constrain the neutron star radius and/or
the nuclear equation of state. The results are relevant for all stages during a neutron star’s life but especially
to nascent or remnant objects following a binary merger.
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Introduction.—Oscillations and instabilities of neutron
stars were always considered among the promising
sources for gravitational waves. This was the reason that
attracted the interest of Kip Thorne and collaborators
[1,2] already from the mid-1960s, while instabilities
associated with spinning neutron stars, e.g., the so-
called CFS instability, discovered and analyzed by
Chandrasekhar [3] with Friedman and Schutz [4,5], are
still promising sources. Rotational instabilities, such as
the CFS instability, can be excited in core collapse
scenarios [6] and they can be potential sources of
gravitational waves in the late postmerger phase [7], i.e.,
when the final object survives for periods longer than a few
tenths of seconds. Furthermore, the CFS instability of the
r-mode can be active in low-mass x-ray binaries [8] and
even affect the evolution of single neutron stars as proposed
recently [9-11].

The different oscillation patterns of a neutron star are
characterized by their restoring force, e.g., p (pressure)-
modes, g (gravity)-modes, i (Coriolis)-modes, s (shear)-
modes, or w (wave)-modes. The f-mode is the fundamental
mode of the p-mode sequence and it is the oscillation mode
most likely to be excited in violent processes such as
neutron star mergers or neutron star formation by super-
nova core collapse [12—15]. The f-mode is associated with
major density variations and thus can potentially be an
emitter of copious amounts of gravitational radiation. The
emission of gravitational waves is the primary reason
for the mode’s rapid damping at least for newly born
neutron stars.

The efforts to associate the patterns of oscillations with
the bulk parameters of the stars, e.g., their mass, radius, or
equation of state (henceforth EOS) was initiated in the mid-
1990s and continued for almost two decades, advancing the
field of gravitational wave asteroseismology [16-22]. To
date, very robust empirical relations have been derived
for nonrotating neutron stars, connecting observables such
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as frequency, damping time, or moment of inertia / to
the bulk properties; for example, relations of the form

6o = a+ f\/My/R or Moy = F(M3/I) (cf. [16,22])

could provide the average density or the moment of inertia
of the star if the f-mode frequency o is known.

In the era of gravitational wave astronomy, the various
oscillation patterns (traced already in numerical simula-
tions, e.g., [23-25]), if observed, can provide a wealth of
information about the emitting sources and their effects can
leave their imprints both in the gravitational but also in the
electromagnetic spectrum. Moreover, recent studies relate
the f-mode frequencies to the Love numbers [26-28] and
even to the postmerger short gamma-ray bursts [29].

In these early works the rotation of neutron stars was not
taken into account within a relativistic framework, but its
effect was typically extrapolated from Newtonian studies.
In nature, neutron stars will always rotate and their rotation
rate may reach extreme values. In fact, from the point of
view of gravitational wave detectability of oscillation
modes, the most relevant scenarios are likely to involve
rapidly rotating stars. Unfortunately, the aforementioned
empirical relations cannot be trivially extended to rotating
stars. Rotation splits the oscillation spectra in a similar
fashion as the Zeeman splitting of the spectral lines due to
the presence of magnetic fields. In rotating stars, the
splitting leads to perturbations propagating in the direction
of rotation (so-called corotating modes) and perturbations
traveling in the opposite direction (counterrotating modes).
The oscillation frequency as observed by an observer at
infinity will either increase or decrease depending on the
propagation direction of the waves; for slow rotation there
will be a shift of the form ¢ = 6, & kmQ + O(Q?) where
m is the angular harmonic index, x a mode-dependent
constant, and Q the angular rotation rate of the star. If the
spin of the star exceeds a critical value, which depends on,
e.g., the EOS and its mass—i.e., when the pattern velocity
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o/m of the backward moving mode becomes smaller than
the star’s rotation rate Q/2z—then the star becomes
unstable to the emission of gravitational radiation; this is
the aforementioned CFS instability [3—5]. This instability
is generic (independent of the degree of rotation) for the
r-modes [30,31] while it can be excited only for relatively
high spin values (230.8Qk, where Qg is the Kepler
velocity) for the quadrupolar f-modes. An extensive
discussion can be found in [32,33].

For the sake of clarity, we will use upper indices “s”
and “u” on the coefficients of our models to distinguish
between the stable (corotating) and the potentially unstable
(counterrotating) branch of the f-mode.

Throughout this Letter, we employ units in which
c=G=My =1

Mathematical formulation.—The mathematical formu-
lation of the problem and the technical description of the
time evolution code we developed, along with convergence
tests, are laid out along with all relevant details in an
companion paper [34]; nonetheless, we repeat the funda-
mentals here for completeness.

We work with the Einstein equations along with the law
for the conservation of energy-momentum,

G, =8xzT,, and V,T" =0. (1)
We restrict ourselves to the study of small perturbations
around equilibrium configurations which allows us to
linearize Eq. (1). The stationary and axisymmetric back-
ground configuration is described in quasi-isotropic coor-
dinates of the form

ds* = —e?dt* + e¥ r’sin’0(d¢ — wdt)?
+ e (dr* + r*de?), (2)

and the neutron star is modelled as a perfect fluid for which
the corresponding energy-momentum tensor takes the form

" = (e + p)u'u” + pg", (3)

where ¢ is the energy density, p is the pressure, and u* is the
four-velocity of the fluid. We generate equilibrium con-
figurations of uniformly rotating neutron stars by means of
the RNS code [35-37]. An EOS links the energy density and
the pressure to each other; while our focus is on realistic
EOSs, we will for the purposes of comparison also utilize
commonly used polytropic EOSs [38]. As in previous
studies, we consider sequences of neutron stars along
which we keep the central energy density constant, with
rotation rates up to their respective mass-shedding limit; we
choose the three different polytropic indices N = 0.6849,
0.7463, and 1. Beside the polytropic EOSs, we employ
piecewise-polytropic approximations [39] to the four tabu-
lated EOSs (APR4, H4, SLy, and WFF1) for the scrutiny
of more realistic neutron star models, for which we also
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FIG. 1. Universal relations for the [=|m|=2 f-mode

frequencies for sequences of constant central energy density as
observed in the inertial frame. The graph shows the results from
21 such sequences (three sequences per EOS; three polytropic
and four realistic EOSs). The potentially unstable f-mode branch
displays a strikingly universal behavior; the largest deviations
from a quadratic fit occur close to the mass-shedding limit of the
sequences, mainly for the polytropic EOSs.

generate rotational sequences of fixed baryon mass.
Our nonrotating configurations have gravitational masses
M € [1.13,2.19]M. Even though current astrophysical
constraints play a role in our particular choice of EOSs,
it is largely motivated by our desire to provide robust
universal relations by covering a wide part of the para-
meter space.

Results.—As shown in the companion paper [34], our
code produces results in excellent agreement with previ-
ously published values [13,40] and our convergence tests
demonstrate an accuracy of the obtained frequencies of
1-2%. In this Letter, we will provide some highlighted
results in order to demonstrate the existence of asteroseis-
mological relations of various types and we lay out the way
that one can make use of these relations in analyzing
gravitational wave signals.

More specifically, we will show different universal
relations providing accurate estimates for the f-mode
frequency given some bulk parameters of the star and vice
versa. First, we observe a universal behavior of the f-mode
frequency o; as observed in the inertial frame as a function
of the star’s angular spinning frequency €2 along sequences
of fixed central energy density models when we normalize
both frequencies with the f-mode frequency o, of the
corresponding nonrotating star. Figure 1 displays this
behavior for more than 230 different neutron star models
of each the co- and counterrotating branches of the f-mode
for seven EOSs and various central energy densities (with
corresponding central rest mass densities p,. € [2.2,7.3]py,
where py, = 2.7 x 10'* g/cm?® is the nuclear saturation
density); we model the universal behavior using the
quadratic function
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FIG. 2. Universal relations for the [=|m|=2 f-mode
frequencies for sequences of constant baryon mass as observed
in the comoving frame. The graph shows the results from 12 such
sequences (three sequences per EOS). The stable f-mode branch
displays universal behavior.
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——1+a1<—>+a2<—> . (4)
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The results of a least squares fit are af = —0.193 and a =
—0.0294 for the potentially unstable branch and aj = 0.220
and a3 = —0.0170 for the stable branch of the f-mode. The
quadratic fit accounts well for the increasing oblateness of
the star with its rotation; however, close to the Kepler limit,
deviations from this simple model become visible. As this
deviation is most pronounced for the less realistic poly-
tropic EOSs, we do not take them into account for the
quadratic fits. The root mean square of the residuals is
0.024 for the counterrotating branch and 0.048 for the
corotating branch.

We point out that our model predicts that the unstable
branch of the quadrupolar f-mode becomes susceptible
to the CFS instability once the angular rotation rate of
the star exceeds Q~ (3.4 +0.1)6, (when considering
sequences of constant central energy density); note that
the given uncertainty is a bound, not a confidence
interval. This finding regarding the critical value com-
plements the well-known threshold of 7/|W|~0.08 +
0.01 in terms of the ratio of rotational to gravitational
potential energy [41,42], which is confirmed in our
simulations and is in contrast to the widely used
Newtonian result of 7/|W| = 0.14.

The stable branch of the f-mode can be fitted more
accurately when switching to the comoving frame and
considering sequences of constant baryon mass. The
frequency o, observed in the comoving frame is related
to the frequency observed in the inertial frame via
6. =o0; +mQ/2x. We show our results for more than
120 different neutron star models using four realistic EOSs
in Fig. 2. We fit our results to the quadratic function

o Q Q\2
e —1qb (=) 4, (=2 5
o T ‘(szK) - 2<9K> ®)

note that we use the Kepler velocity Qg to normalize the
star’s rotation rate in this formula. The results of a least
squares fit are b} = 0.517 and b5 = —0.542 for the
potentially unstable branch (which in the comoving frame
exhibits the higher frequencies) and b} = —0.235 and b}, =
—0.491 for the stable branch of the f-mode. The root mean
square of the residuals is 0.024 for the corotating branch
and 0.051 for the counterrotating branch.

In earlier studies for nonrotating models, fitting relations

of the form 6y = a + fy/My/R3 were derived [17,43].

Here, « and f can be estimated for the EOSs that fulfil the
constraints at the time of observation while M, and R,
correspond to the mass and radius of the nonrotating model.
Thus, this relation in combination with Eq. (4) or (5)
connects three fundamental parameters of the sequence,
i.e., mass and radius of the nonrotating member with the
spin of the observed model. Obviously, from a single
observation of the f-mode frequency, one cannot extract
these values but can put constraints among the three of
them. Any extra observed oscillation frequency, e.g., both
co- and counterrotating frequencies or knowledge of some
parameters of the star, such as its mass, will place more
stringent constraints.

Another fitting relation which can easily be implemented
in solving the inverse problem is incorporating the effective

compactness 7 := \/M?>/1,5 (which is closely related to
the compactness M/R), where M := M/My and I,s:=
1/10% gcem? are the star’s scaled gravitational mass and
moment of inertia, inspired by [22]. We will be guided by
the model employed in the Cowling approximation which
reproduces the f-mode frequency of a particular neutron
star from its rotation rate, gravitational mass, and effective
compactness [44]. We propose the fitting formula

6; = (c; + Q2+ C3Q2) + (dy + d3f22)77’ (6)

where &, := Mo;/kHz and Q := MQ/kHz; note that we set
d, = 0 as it turns out that this coefficient would be afflicted
with a large uncertainty. Using around 100 models based on
polytropic as well as around 400 models based on realistic
EOSs, the resulting coefficients from a least-squares
fit for the counterrotating branch of the f-mode
are  (cy, ¢y, c3)" = (=2.14,-0.201,-7.68 x 1073) and
(dy, d», d3)* = (3.42,0, 1.75 x 1073); for the corotating
branch, we find the coefficients (cy,c¢p,c3)° =
(=2.14,0.220,-14.6 x 107) and (d,, d,,d3)* = (3.42,0,
6.86 x 1073). The error in the above reported coefficients is
less than 10% and the fitting formula recovers the frequen-
cies with a deviation of less than 20%, with considerably
higher accuracy (below 5%) where the f-mode frequency is
larger than ~500 Hz. We show the obtained frequencies
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FIG. 3. The scaled f-mode frequency of the potentially
unstable branch in dependence of the effective compactness
for different values of Q = MQ/kHz. The straight lines represent
the prediction of our fitting formula, cf. Eq. (6).

along with the predictions from our proposed fitting
formula for a few select values of &, spanning the
parameter space up to the Kepler limit, in Fig. 3.

Qualitatively, our coefficients for the counterrotating
branch agree in order of magnitude with those in [44] in
the Cowling approximation; comparing the special case of
no rotation, Q = 0, our fitting formula yields roughly 20%
lower frequencies in our fully general relativistic setup,
which is in accordance with expectations.

The lines of constant & in Fig. 3 may give the impression
that the CFS instability operates more easily in stars with
low (effective) compactness, seemingly in contrast to the
finding that post-Newtonian effects tend to enhance this
instability [45]. This paradox can be resolved by noting that
relativistic effects mainly shift the f-mode frequency to
lower values while the inclination of the lines of constant Q
is largely unaltered (cf. Fig. 3 in [44]). Furthermore, while
stars of lower (effective) compactness may reach the neutral
point of the f-mode indeed at a lower rotation rate, this
happens considerably closer to the Kepler limit (if at all)
than it would do in more compact stars.

The fitting formula (6) has the advantage that it does not
rely on specifically defined sequences of neutron stars,
along which a particular property is held constant. For
example, Eq. (5) depends on the f-mode frequency o, of
the (in a very particular fashion) corresponding nonrotating
configuration, which may not even exist in some cases
(e.g., for supramassive neutron stars supported by rotation);
the latter model, cf. Eq. (6), is satisfied with bulk properties
of the star of which we want to know the oscillation
frequency and vice versa. Another benefit of this formu-
lation is that (as demonstrated in [44]) a similar formula can
be derived for higher multipoles, i.e., / > 3. Fitting for-
mula (6) can be useful in imposing further constraints on
the parameters of the postmerger objects since it combines
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FIG. 4. The frequency of the 2f, mode for the entire EOS H4 is
displayed color coded and some contour lines are shown. Each
black dot indicates a neutron star model for which we have
calculated its nonaxisymmetric mode frequencies. All neutron
stars located above the (nearly horizontal) dash-dotted line are
supramassive. The red (thick) contour line at 0.0 kHz separates
the stable models from those that are susceptible to the CFS
instability.

the mass and spin of the resulting object with the f-mode
frequency and, via #, the moment of inertia / or the
compactness M/R. Thus, the latter two can be further
constrained by an observation of an f-mode signal, as mass
and potentially spin can be extracted from the premerger
and early postmerger analysis of the signal. The situation
becomes more attractive if both co- and counterrotating
modes or other combination of modes are observed since
only the mass of the postmerger object will be needed to
constrain its parameters by using only the asteroseismo-
logical relations [43,44,46]. This will be an independent yet
complementary constraint in the estimation of the radius in
addition to those based on the Love numbers [47-50].

Finally, as a graphical illustration of the behavior of
the f-mode frequency across the entire parameter space
of stable equilibrium models, we present in Fig. 4 the
frequency of the counterrotating branch as obtained from the
time evolutions exemplary for EOS H4 (expecting qualita-
tively similar results for other EOSs). We constructed 214
neutron star models across the entire M — R, plane which
has four distinct boundaries: the static limit, the mass-
shedding limit, and the limit of stability with respect to
quasiradial perturbations; furthermore, in line with current
theory and observations [51,52], we limit ourselves to
neutron stars with masses M 2 1.17 M.

Conclusions and outlook.—We report the first extraction
of frequencies of the [ =|m| =2 f-mode of general
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relativistic, rapidly rotating neutron stars without the
commonly used slow-rotation or Cowling approximation
to an extent that allows us to generalize the findings into
universal relations. This concludes a long-standing open
problem, building upon the effort from numerous studies
throughout the past five decades.

We provide different universal relations for the fre-
quencies of the [ = |m| = 2 f-modes of uniformly rotating
neutron stars at zero temperature which are independent of
the EOS; the proposed formulae are calibrated to several
hundred neutron star models that are constructed using
both polytropic and realistic EOSs and are scattered
across the entire parameter space of equilibrium solutions.
Such universal relations will be an essential piece in the
asteroseismological toolkit once the third generation GW
observatories will be able to pick up the ring-down and
fluid ringing signal following the merger of a binary
neutron star system; they allow to solve the inverse
problem, leading to significantly tighter constraints for
mass and radius of the postmerger object. For this task, it is
elementary to have a smorgasbord of universal relations at
hand, which allows to make a practical choice, depending
on which observables are available or in which of the star’s
properties one is interested. We will extend the present list
of such universal relations in future articles, utilizing
different combinations of bulk properties of the star; while
we may obviously be (and already have been) inspired by
previously published fitting formulae that were derived
using different approximative frameworks, we need to be
open minded about models involving novel combinations
of observables.

We also report the discovery of an accurate estimate
for the onset of the CFS instability when the f-mode
frequency of the nonrotating member of the family is
known and verified the corresponding critical value
of T/|W|.

A natural extension of the present Letter will be a more
comprehensive investigation of the spectrum of neutron
stars (i.e., higher multipole f-modes, low p-modes and
g-modes as well as w-modes), which may be excited in
different astrophysical processes. Furthermore, we are
going to extend our code to account for differentially
rotating neutron stars and hot EOSs that are particularly
relevant for nascent neutron stars or postmerger configu-
rations in the immediate aftermath of a binary merger,
both of which will have a considerable impact on the
vibration frequencies or the onset of the CFS instability
(and via two further scaling parameters also on the
universal relations) during a very short but dynamic
interval of their lives.
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UNH supported by the NSF MRI program under Grant
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