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Extremely light bosonic wave dark matter (ψDM) is an emerging dark matter candidate contesting the
conventional cold dark matter paradigm and a model subject to intense scrutiny of late. This work for the
first time reports testable salient features pertinent to gravitational lenses of ψDM halos. ψDM halos are
distinctly filled with large-amplitude, small-scale density fluctuations with δρ=ρhalo ∼ 1 in form of density
granules. This halo yields ubiquitous flux ratio anomalies of a few tens of percent, as is typically found for
lensed quasars, and may also produce rare hexad and octad images for sources located in well-defined
caustic zones. We have found new critical features appearing in the highly demagnified lens center when
the halo has sufficiently high surface density near a very compact massive core.
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Introduction.—The wave dark matter (ψDM) model is
motivated in part by string theories engaging axion-like
particles [1] and in part by solving small-scale crises in
local galaxies [2–7]. ψDM predicts several novel features
absent in the conventional cold dark matter (CDM) model.
The linear matter power spectrum that emerged from the
radiation era has a sharp cutoff at a short wavelength [8],
thereby suppressing the number of dwarf galaxies [2,9–11].
In a nonlinear axion ψDM model, the linear power
spectrum of ψDM may even overpower that of CDM
immediately before the cutoff [8,12,13], which mitigates
the Lyman-α tension [14–16] and predicts abundant mid-
sized (of a few 1010 M⊙) dwarves as first-generation
galaxies for which frequent major mergers are a major
mode of galaxy growth [17].
ψDM halos form through aggregation of matter waves

[18] with large-amplitude interference patterns (density
granules) on typical scales of kpc in dwarf galaxies to 10 pc
in massive galaxy clusters for the favorable axion mass
ma ∼ 10−22 eV. The central regions of all galaxies are also
predicted to host prominent cores with densities much
higher than the inner halo densities but comparable in size
with halo granules [19]. These massive cores or solitons are
stable, even in the presence of baryons [20,21] and
moderate tidal forces [22]. These distinct halo features
have been the focus of recent active studies [23–34]. In this
work, we shall report new features of strong gravitational
lensing arising from halo turbulence [35].

Quasar quad image flux anomalies.—A strongly lensed
quasar yields an odd number of multiple images, including
a highly demagnified unobservable central image; therefore
an even number of lensed images are often referred. Highly
magnified images are tangentially or radially stretched on
the tangential critical curve (Einstein ring) or the radial
critical curve when sources are near the respective caustics.
The tangential caustic is of a diamond shape with four
cusps (see Fig. 1). When a source is located near the cusp, it
produces a cusp quad configuration of images consisting of
three highly magnified images lying close to each other on
one side of the critical curve and a fourth less-magnified
image on the other side. The three bright images of cusp
quads are known to obey approximate flux conservation in
smooth lenses [36,37].
When subhalos are near any of the three bright images,

the conservation can be broken, yielding flux ratio anoma-
lies. Quasar flux ratio anomalies have in past decades been
employed for investigating CDM subhalos [38–41] and
recently used to constrain the warm dark matter model
[42,43]. However, subhalos are rare near the small Einstein
ring, and so these subhalos are suspected to be sparsely
distributed outside lens galaxies intercepting the lensed
images along sightlines [44–46]. Consequently flux ratio
anomalies can at best be moderate for CDM lenses. By
contrast, ψDM halos consist of granular density irregular-
ities of finite granule mass. Such gravitational lenses are far
from smooth, more so near Einstein rings, and hence the
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flux ratio anomalies are expected to be a rule rather than an
exception. However, to what degree is the flux conservation
to be violated? In this work we will use violation of flux
conservation for cusp quads as a convenient measure for
flux ratio anomalies of generic quads, as halo fluctuations
are everywhere around the Einstein ring and affect all kind
of bright quads to a comparable degree.
Unlike CDM simulations, the state-of-art ψDM cosmo-

logical simulations are limited only to simulation boxes of a
few Mpc due to the very high spatial and time resolutions
required, and therefore massive lenses are difficult to come
by. One attempt has been to construct 3D massive halos by
solving for all halo eigenmodes consistent with the self-
gravity [47]. This is a nonlinear self-consistent solution
using iteration for the construction of the entire halo,
including the halo fluctuations.
However, even a Milky Way-sized halo requires tens of

thousand of pixels to resolve density granules in each
dimension for halo construction, thus a formidable task.
Given this limitation, we select the most massive halo
∼1011.2 M⊙ from ma ¼ 0.8 × 10−22 eV, in concordance
with cosmology ψDM simulations,[19] as the lens. We note
a small halo has a large granule size lσ ∝ M−1=3

h and small
virial radius Rvir. In projection, a small granule number
2Rvir=lσ yields large lens surface density fluctuations that
distort the critical curve. By contrast, a too-small halo
cannot exceed the critical density needed to produce an

Einstein ring. It turns out that a lens of ∼1011.2 M⊙ has a
sufficient central surface mass density to generate a small
Einstein ring and is maximally fuzzy, with the largest
excursion of the critical curve, due to the combination of
the larger granule size and the smaller projected granule
number.
This halo has a central soliton of core radius rc ∼ 300 pc

and mass ∼108.5 M⊙ [5,19] and granules of mass 106 M⊙
in the inner halo. The halo is elliptical with a 2∶1.5∶1 axial
ratio, and we choose projection along the major axis.
Baryons are also considered, following an elliptical de
Vaucouleurs profile to mimic a galaxy of 1.5 kpc minor-
axis half-light radius, within which the baryon fraction is
∼25%, yielding the total baryon fraction ∼5% for a whole
galaxy. Although the addition of a smooth stellar compo-
nent smooths out the total density, making the granule
effect less prominent, the dark matter density is still fully
modulated due to self-interference when stars and ψDM are
evolved self-consistently [20,21]. We have also conducted
a corresponding CDM simulation and identified the same
halo, which is 10% less massive and somewhat less
elliptical, to construct a control CDM lens for comparison.
Given the surface density, the critical curves are first
identified on the lens plane at zl ¼ 0.3 and the caustics
on the source plane at zs ¼ 2 are then identified by reverse
ray tracing. We select a finite-size source to construct
multiple images by ray tracing. Shown in Fig. 1 are surface
densities overlaid with sources and quad images for both
fuzzy and smooth lenses, where the Einstein radii are θEin ∼
0.3 arcsec (∼1.25 kpc) and 0.13 arcsec, respectively. The
magnification μ is proportional to the local area of the
distorted image, and μ is negative when the image reverses
its parity occurring inside the critical curve. Compared to
the smooth lens, the fuzzy lens has a wildly fluctuating
tangential critical curve and the diamond caustic exhibits
unusual spikes, resulting in flux anomalies.
The degree of flux ratio anomaly of the cusp images is

defined as RFA ¼ P
j μj=

P
j jμjj and as j ¼ 1, 2, 3 for the

bright triplet. Accounting for all sources located near four
diamond cusps with ∼103 sources, we find the mean
hjRFAji ¼ 0.19þ0.18

−0.13 ; 0.21
þ0.19
−0.14 ; 0.19

þ0.17
−0.11 [median and (−)

16th(þ)84th percentiles] for the fuzzy lens and hjRFAji ¼
0.08þ0.08

−0.05 ; 0.08
þ0.08
−0.05 ; 0.02

þ0.01
−0.02 for the smooth lens along

three orthogonal axes. Highlighted in Fig. 1 are typical
images of fuzzy and smooth lenses with RFA ¼ 0.28 and
RFA ¼ 0.05, respectively. This result leads us to conclude
that flux ratio anomalies can indeed be sizable for
1011.2 M⊙ fuzzy lenses.
Hexad and octad images.—When a point source is

located inside some well-defined zones of the diamond
caustic spikes, it may yield six or eight magnified images.
These new images appear or disappear when a source
crosses caustics. The right panel of Fig. 2 highlights cusp
and fold hexad images (green circles and light blue circles)
as well as two cusp quads (brown circles and black circles).

FIG. 1. Surface densities normalized to the critical density
(color scale) of a zl ¼ 0.3 fuzzy lens (top left) and a smooth lens
(top right) of 1011.2 M⊙, overlaid with critical curves (red) and
the corresponding caustics (black). Note the wildly fluctuating
critical curve and the spiked caustic in the fuzzy lens. A zs ¼ 2
point source (green star) is placed at the top caustic cusp and
yields cusp quad images where magnifications are given. A 40 pc
circle around the source is also mapped into tangentially stretched
images. The probability distributions of jRFAj (bottom) show the
flux ratio anomalies to be jRFAj ¼ 0.19, 0.21, 0.19 and
jRFAj ¼ 0.08, 0.08, 0.02 along three orthogonal sightlines for
fuzzy and CDM lenses.

PHYSICAL REVIEW LETTERS 125, 111102 (2020)

111102-2



The cusp hexad has five bright images on the near side
of critical curve with magnifications μ ¼ ð19.0;−27.3;
39.5;−33.7; 41.6Þ from top left to top right. The left panel
of Fig. 2 is the enlargement of a caustic cusp, where
different color zones represent different image numbers. A
cusp hexad can transition to two different quads (right
panel) when the source crosses different zone boundaries
(left panel). The number of images changes in pairs, which
either appear or disappear on crossing a caustic boundary.
The brightness of these image pairs is similar and becomes
very bright when close to the caustic. A fold hexad can
transition to a fold quad in a similar manner.
The probabilities of these new images are proportional

to respective caustic zonal areas. We have computed the
probability ratios of quads, hexads, and octads to be
1∶7.5%∶0.1%, assuming point sources. However for very
faint sources, detectable images are biased to lie along the
caustic boundary where they are highly magnified. Hence,
we estimate boundary lengths as the measure of probability
for highly magnified images. Here one boundary is shared
by two types of images. Highly magnified quad, hexad,
and octad probability ratios now roughly become
1∶28%∶0.8% as a result of the drastic reduction of highly
magnified quads.
Extension to massive fuzzy lenses.—Given the difficulty

in obtaining massive halos via simulations, we describe
how to construct a fuzzy lens of a more massive halo
or a fuzzy lens of larger ma. The fluctuating halo
wave function ψðxÞ can be Gaussian random, and since
ρψ ðrÞ ¼ majψðrÞj2, it yields a random density obeying an
exponential density distribution, Pðρψ Þ ¼ ½1=hρψðrÞi� ×
exp½−ρψðrÞ=hρψðrÞi� with a mean hρψ ðrÞi and variance
hδρ2ψ i ¼ hρψðrÞi2. We further assume the Maxwell-
Boltzmann energy distribution for the random phased
classical field [34], jψðkÞj2 ∝ exp½−ð1=2Þðℏk=maσvÞ2�,
which is consistent with the Gaussian statistic of ψðrÞ,
the inverse Fourier transform of ψðkÞ. Here σv is the

1D halo velocity dispersion. From the energy distri-
bution and Gaussian random ψ , it follows jρψðkÞj2 ∝
exp½−ð1=4Þðℏk=maσvÞ2� and the density correlation
hδρψðxÞδρψ ðxþ rÞix ¼ hδρ2ψðxÞi exp½−ðr=lσÞ2� where the
correlation length lσ ¼ ℏ=maσv. Not surprisingly, the
core radius rc of the central soliton [5,19] is almost
identical to lσ .
On projecting the 3D halo into a lens, the central

limit theorem demands the surface density fluctuations,
δΣðr⊥Þ ¼

R
δρψðrÞdz, to be Gaussian random with the

variance hδΣ2ðr⊥Þi ¼
R R hδρψðrÞδρψ ðrþ z0Þidzdz0 ¼R

dzhδρ2ψ ðrÞi
R
dz0 exp½−ðz0=lσÞ2� ¼

R
dzhρψðrÞi2ð

ffiffiffi
π

p
lσÞ ¼ffiffiffi

π
p hlσi

R
dzhρψðrÞi2, where r⊥⊥ẑ. Note that the squared

density weighted correlation length hlσi ¼ lσ if σvðrÞ is
constant over the entire halo. But this is only valid when
r < 2rs where rs is the scale radius of the halo beyond
which the density drops rapidly but σv declines slowly, as
shown by the gradual increase of granule size [47].
Nevertheless, hlσi is strongly biased against contributions
outside rs since hρψi2 decreases outward rapidly and
moreover strong lensing mostly occurs inside rs. Hence
we take hlσi ¼ lσ . The left panel of Fig. 3 displays the
theoretically predicted and reconstructed surface fluctua-
tions hδΣ2i1=2=hΣi for constant hlσi following hρψ i of a
1010.8 M⊙ self-consistent halo with rs ∼ 8 kpc [47]. This
halo, whose actual surface density is to be tested, consists
of random-phased halo eigenfunctions, and has been tested
and found to be stable against the simulation. The com-
parison shows good agreement for r⊥ < 2rs. Beyond 2rs,
the 3D halo has greater surface fluctuations since σv

FIG. 2. Left: An enlarged map of the spiked caustic with a
further blowup view of a diamond cusp to show zones (brown,
green, pink) of different image numbers, where four point sources
(stars) are placed in different zones. Note that the caustic spikes
emerge from the joints of cusps and folds. Right: Cusp and fold
images produced by these point sources inside and outside the
blowup region are also shown. FIG. 3. Top left: Predicted (black) and reconstruction (blue)

profiles of the surface fluctuation, hδΣ2i1=2=hΣi (c.f., the formula
given in the text) compared to that of a control halo of 1010.8 M⊙
(yellow) to show good agreement in the inner halo. Top right: A
reconstructed 1011.8 M⊙ elliptical lens similar to Fig. 1, which
yields a cusp hexad. The critical curve fluctuation is clearly
smaller than those of the less-massive lens of Fig. 1, but the jRFAj
probability distribution (bottom) is comparable.
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becomes smaller and hlσi larger. The central depletion is
due to the presence of a prominent coherent soliton.
Having confirmed the method, we construct a fuzzy lens

for a 8 × 1011 M⊙ elliptical galaxy with the axial ratio
1.3∶1∶1 inside the 5 kpc half-light radius. The Navarro-
Frenk-White halo profile, which ψDM halos largely follow
[5,19], is adopted for lens construction where rs ¼ 13 kpc
and the virial radius is 200 kpc. The lens is made elliptical
via a uniform stretch along the major axis. The baryon
fraction is 50% within the half-light radius and 10% over
the entire galaxy. The right panel of Fig. 3 shows the dark
matter surface density of this medium-mass lens with
ma ¼ 0.8 × 10−22 eV, overlaid with critical curves and
caustics. Again zl ¼ 0.3 and zs ¼ 2. The wiggly critical
curve is similar to that of the 1011.2 M⊙ lens but fluctuates
with smaller amplitudes and on a smaller scale (200 pc); the
caustic cusps also possess similar but somewhat weaker
spikes. The jRFAj probability distribution, however, is
found to be comparable to the less-massive lens, with the
mean hjRFAji ¼ 0.24þ0.17

−0.16 . Also shown in Fig. 3 is the
hexad image, the salient feature found in less-massive
lenses, which also appears in the 8 × 1011 M⊙ lens. But
hexad images have a smaller probability, 3.5% relative to
quad images, than the less-massive lens as a result of
reduced surface fluctuations; the probability of octad
images is even smaller to a level beyond our numerical
resolution.
For even more massive lenses, the wavelength and

amplitude of fluctuations in the critical curve are both
reduced as M−1=3

h , suggesting that the degree of curvature
of the critical curve will be of a similar scale over the full
range of lensing mass. While hexad images will be less
common in a more massive lens, the flux anomaly is
expected to decrease at a much slower rate since these
cusp images are located in close proximity to the critical
curve and are sensitive to the fluctuations. This tendency
of flux anomaly for very small granular fluctuations can
be illustrated in the ensuing investigation where the
axion mass is increased ten times. Employing the lens
reconstruction method for the same 8 × 1011 M⊙ elliptical
galaxy but with ma ¼ 8 × 10−22 eV, we show results in
Fig. 4. Clearly seen are the wiggle wavelength and
amplitude of the tangential critical curve reduced by m−1

a

and m−1=2
a , respectively. The critical curve appears highly

distorted with large local curvatures. Moreover, caustic
spikes are now bristle-like, spreading over the entire
diamond for which zones of higher image numbers
almost disappear. Despite that, the flux anomaly remains
comparable to other lenses discussed previously with
hjRFAji ¼ 0.18þ0.19

−0.12 .
Besides, new features emerge in Fig. 4. They are two

additional small critical loops located at the edge of the
prominent core and two corresponding very thin caustic
loops. When the source is almost on the new caustic, the
image is an unconventional quad where three images are

centrally packed about one small critical loop and two other
moderately magnified images are located inside and outside
the tangential critical curve. With tiny source displace-
ments, the triplet can either be all demagnified, resembling
that of a double image or have two almost overlapping
bright images (radial arc) and one demagnified image. It
can be so sensitive because the magnification gradient is
enormous there, as shown in the left panel of Fig. 4.
The new critical features arise in the presence of a very

compact massive core (soliton) along with high central
surface density. For a circularly symmetric lens, the new
critical features correspond to new zeros of the inverse
determinant of the deformation matrix [48], proportional to
½κ̄ − κ� − ðκ − κsolÞ þ 1, where κ is the surface density Σ
divided by the critical density Σcr, κ̄ the enclosed average κ
within r, and κsol ¼ ðMsol=πr2ÞΣ−1

cr . At small r where
κ ≫ 1, the square bracket is small and the new zeros are
located near πr2ΣðrÞ ¼ Msol, as is found here. By contrast,
the ordinary radial critical curve corresponds to the zero of
κ ¼ Oð1Þ, which happens to be the only zero for the lenses
discussed previously due to their wide cores yielding
insufficiently large κ throughout these lenses. For ma ¼
0.8 × 10−22 eV, this new zero, contributed by a very
compact core, can only occur in lenses Mh > 1014 M⊙

(inverse soliton radius and soliton mass ∝ M1=3
h [19]).

Nevertheless a less-massive halo that hosts a supermassive
black hole inside the soliton may also generate this novel
feature.

FIG. 4. Fuzzy lens similar to Fig. 3 but with the axion mass
ma ¼ 8 × 10−22 eV. The wavelength and amplitudes of fluctua-
tions on the critical curve are much smaller than those in Fig. 3,
and spikes in the caustic now become bristle-like. However, the
flux anomaly distribution (bottom) still resembles those of the
other lenses shown in Figs. 1 and 3. In addition, new critical
features emerge, where three images of a quad are packed around
one central critical loop (top right) when the source is almost on a
thin caustic (top left). The color scale in the top-right panel
represents the magnification jμj showing large μ gradient near
critical loops.
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Concluding remarks.—We have shown salient strong
lensing features in 1011 M⊙ and Milky Way-sized
(1012 M⊙) ψDM lenses. We have shown salient strong
lensing features in 1011.2 M⊙ and Milky Way-sized
(1012 M⊙) ψDM lenses. The former are predicted to be
several times more abundant than the latter according to the
mass function of galaxies [49], and therefore can have
comparable optical depths for lensing background sources.
Moreover, intercepting caustics are more likely to yield
hexad images despite their small Einstein radii that require
adaptive optics observations [50,51]. Nevertheless, surveil-
lance-type low-resolution observations may prove to be
useful to help detect the hexad images found in this work.
Rapid transients, such as fast radio bursts [52], γ-ray bursts
[53], and stellar gravitational waves [54], originate from
bright distant point sources. The multiple lensed images of
these sources can result in repetitions of the transient signal
due to time delays among images [55]. The interburst
intervals of repetition can range from minutes to hours for a
1011.2 M⊙ lens and from an hour to a day for a 1012 M⊙
lens when a source is located at z ¼ 1.
Flux ratio anomalies have been detected for most quasar

quads over a wide spectrum. Optical and x-ray [56–58] flux
ratio anomalies have largely been attributed to dust extinc-
tion and microlensing on different image pathways.
However, in the infrared and submillimeter observations,
the dust extinction and microlensing are a lesser problem
[59,60]. But even in these wave bands, quasar quads such
as MG J0414þ 0534, B1422þ 231, H1413þ 117, and
B2045þ 265 in radio, submillimeter, midinfrared [61–64],
and/or infrared [65], as well as other quads in narrow lines
[66,67], persistently show substantial flux ratio anomalies.
Aside from the conventional interpretation of intercepting
subhalos, the fuzzy lens of ψDM can offer a compelling
explanation for the commonly reported 10%–30% flux
ratio anomalies, which appear to be the norm and not an
oddity.
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