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Explicit Construction of Local Conserved Quantities in the XYZ Spin-1/2 Chain
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We present a rigorous explicit expression for an extensive number of local conserved quantities in the
XYZ spin-1/2 chain with general coupling constants. All the coefficients of operators in each local
conserved quantity are calculated. We also confirm that our result can be applied to the case of the XXZ

chain with a magnetic field in the z-axis direction.
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Introduction.—Understanding and describing non-
equilibrium phenomena in quantum many-body systems
is one of the challenging problems in physics. Particularly
for the past two decades, nonequilibrium phenomena in
integrable systems have been attracting more attention
owing to their experimental realization with ultracold
atomic gases [1-4]. An extensive number of local con-
served quantities, which characterizes integrable systems,
are key elements of nonequilibrium phenomena. For
example, these quantities prevent systems from relaxing
to a thermal state, which is described by the canonical
ensemble, and it is proposed that the steady states in
integrable systems are described by the generalized Gibbs
ensemble [5,6], whose density matrix is constructed from
an extensive number of local and quasilocal conserved
quantities as well as the Hamiltonian [7,8]. The second
example is the generalized hydrodynamics [9,10], which
describes large scale nonequilibrium dynamics in inte-
grable systems and is formulated from the set of continuity
equations for conserved quantities. In many interacting
integrable systems which are solved by the Bethe ansatz
and the quantum inverse scattering methods [11,12], the
existence of local conserved quantities and the mutual
commutativity of them were proved from the commuta-
tivity of transfer matrices 7'(1) with different values of the
spectral parameter A: [T(4), T(u)] = 0. Local conserved
quantities are obtained from the expansion of In7(1) in
terms of A, which includes the Hamiltonian. Another
standard method to construct local conserved quantities
is to use the boost operator B [13—15]. In this method, local
conserved quantities are obtained recursively from the
commutation relations as [B, Q,] = Q,.;.

Although how to prove the existence of local conserved
quantities and construct them are known, it is still difficult
to obtain the explicit expression for them because the
calculation is complicated in general, and one needs to find
the pattern of coefficients of local conserved quantities to
express general local conserved quantities. Grabowski and
Mathieu investigated the problem for the XYZ spin-1/2
chain, which is a generalization of the Heisenberg spin-1,/2
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chain and known as an integrable spin chain [12,16-24]
with the use of the boost operator. As a result, they found
the explicit expression in the case of the Heisenberg chain
(also called the XXX chain) [25,26]. In the more general
case, so far, O, has been obtained only in the case of 3 <
n <6 from the Hamiltonian Q, = H, and the explicit
expression for general local conserved quantities was not
found. For the study of nonequilibrium phenomena, the
explicit expression for local conserved quantities is a useful
tool. For example, current operators, which are fundamen-
tal ones in the study of transport phenomena [27], can be
constructed from the continuity equations of the densities
of local conserved quantities.

In this Letter, we present an explicit expression for all the
local conserved quantities in the XYZ spin-1/2 chain with
general coupling constants. We also confirm that our result
can be applied to the XXZ spin-1/2 chain with a magnetic
field in the z-axis direction, which is also known as a Bethe
ansatz soluble model [11,28]. To obtain the expression, we
have used a straightforward way with a notation called
doubling product, which was introduced to prove the
absence of local conserved quantities in the XYZ spin-
1/2 chain with a magnetic field [29] and its extension. We
have directly derived the conditions for the commutator of
each local conserved quantity and the Hamiltonian to be
zero. With the doubling-product notation, we have found
the pattern of coefficients of local conserved quantities and
obtained general solutions of them.

Model and k-support conserved quantities.—We con-
sider the XYZ spin-1/2 chain without a magnetic field for
periodic boundary conditions

H =

1

L
UxXiXips +IyYiYin +J2ZZ,14). (1)

=

where X, Y;, and Z; represent the Pauli matrices ¢¥, ¢”, and

o acting on the spin at the site 7, respectively. We set all the

coupling constants Jy, Jy, and J, nonzero. Following

Ref. [29], we define k-support conserved quantities Qy,
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k L
O = ZZZ%’A%‘ (2)
=1 Al i1
Here, Al = AlA?, | ---Al,,_| is a sequence of [/ operators

acting from the site 7 to the site i + / — 1. Operators at both
ends A', A’ take X, Y, or Z, and the other operators
A% ... Al"ltake X, Y, Z, or the identity operator 1. ; Al is
called an [-support operator. Coefficients {g4:} are deter-
mined from the commutation relation [Q,, H] = 0. For
example, the Hamiltonian itself is a trivial two-support
conserved quantity, and it is easily proved that all the one-
support conserved quantities are Y, X; if Jy = J,, >, ¥, if
J; =Jx,and ), Z; if Jy = Jy. Therefore, we consider Q;
for k > 2 hereafter, and our aim is to determine the
coefficients {g4:} of Q.

To describe commutation relations, we use the following
notation [29]:

Xi Yy Zio
Xiva Xiis

=—i[XiYi11Zi2. Xi12Xi15]/2

= XY Yi0Xiis, (3)
and we drop the subscripts hereafter for visibility.
Fundamental formulas using this notation are

XY Xy Xy
XX YY 77
=—1Z, =27I, =0, (4)
XX XX XX
XX YY 77
=0, =0, =0, (5)
X1 X1 X1
XX YY 77
=0, =7V, =-YZ (6)

Doubling-product operators and their extension.—First
we consider the case that the site number L satisfies
k < L/2. As shown in Ref. [29], by considering (k 4 1)-
support operators in [Qy, H], k-support operators in Q; are
restricted to doubling-product operators defined as

AAy - A A
=cA; (A14;) (ArA3) - -+ (Ar2Aiy) Arsy
= A1 A1 Ars - Ap oot At (7)

where A, takes one of {X,Y,Z} and it is required that
Ay # Ay, We define Ay g by {Ag, Ag Auy} = {X, Y, Z}

when A, # Ay. The coefficient ¢ € {£1, £i} is determined
from Eq. (7). Furthermore, after fixing a normalization
factor of Qy, nonzero coefficients of k-support operators are
uniquely given by

A AR A
= 5(A 1Ay A A ) a T ay Ia,Ta, s (8)

where s(XY) = s(YZ) = s(ZX) = —=s(YX) = —s(ZY) =
—s(XZ)=1,and s(A A, - - Ay Ar ) = 5(A1Ay)s(Ar43)
-+ 8(Ax_2A_1). Therefore, for 2 < k < L/2, Q is unique
up to differences of smaller support conserved quantities
Qp <x- Note that Q; + Q- is also a k-support conserved
quantity.

To express k' (< k)-support operators in Qy, it is useful to
extend the definition of doubling-product operators. Let us
allow the case that neighboring symbols in doubling-
product operators are the same A, = A,,,. Then, in the
definition Eq. (7), A, 44 1s replaced by I if A, = A,..
When the condition A, = A, satisfies at m places in an /-
support operator, we call it an (/,m) operator. m is called
the number of holes and used to study the structure of
conserved quantities [25,26]. Under this definition, all the
k-support operators in Q, are (k,0) operators.

We can express (I, m) operators as

A AA, Ay A A
—_——— ——
14+m, 14+m, 1+my_p,_y
— Al+my g l4my Lty
= Al A2 o .Al—m—l ’ (9)

where A, # A, and m; > 0 is an integer which satisfies

=="m; = m. For example, X*Z*> = XXZZ = XIYIZ

and X3Z = XXXZ = XIIYZ are both (5,2) operators.
When we consider commutation relations of (I, m) oper-
ators, we use the following notation:

XYZ2 _ XZXIZ
zZ 7z

= —XIYIZ = -X*72, (10)

where XYZ? is a (5,1) operator, and X?Z? is a (5,2)
operator.
Structure of Q,.—Let us consider the commutation rela-

tion of an (, m) operatorin Q; A; ™™ Ay ... A} "=t and
H. Candidates of operators in the commutator are ( & 1) and /
support. First, (I — 1)-support operators are constructed by

removing A; or A,_,,_;. As for A}, this operator is

my g l4m, I4my_yy
AlAl A2 ”’Al—m—l

Al (11)
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Note that this term is nonzero only if m; = 0 and A; # A,.
Therefore, the number of holes is conserved, and it is an
(I—1,m) operator. The same holds for A,_,_;. Second,
(I + 1)-support operators are constructed by adding Ay (# A, )
on the left side of A;:

A I+my_,

I[-m—1

A}+m|A;+m2 .
Ay : (12)

or A;_,,(# A,_,_1) on the right side of A,_,,_;. Therefore,
these operators are (I + 1,m) operators. The third case of
[-support operators is a bit more complicated. For example,
they are given as

14+m, 1+my_p_
AT A AT

B, . (13)

If A,=B, for 1 < p <[—1, these operators cannot be
expressed as (I,m) operators. However, these terms are
cancelled and do not contribute to the commutator. In the
case of A, # B, from Egs. (4)—(6), only (I, m £ 1) operators
are obtained (see Supplemental Material [30] for the details).

Consequently, operators in Q, are classified as (I, m)
operators as shown in Fig. 1. Here, we fix the degrees of
freedom to add Qp.,. For example, coefficients of

Hole m
k=10|0 1 2 3 4
11 [X
4 Components of QlO
10 1O — X
{ )
9 X« 0O—-»X
t { )
810> X«0O0—>X
~ \ T \ T
E 7TIX«0>X«0—>X
§ ) { ) X )
% 6|02 X<0=>X<0,_g
{ ) { )
T 1 t
410> X<0_ _
P el
3 X<=0p=3
T
210 =4
FIG. 1. Structure of a k-support conserved quantity Q, for

k=10. Circles represent (I,m) operators in @, where
[ =k —2n —m. Crosses represent operators generated by the
commutation relation of H and operators represented as circles,
which are to be cancelled.

(k—2n—1,0) operators (n =0, 1,...) are set to zero. In
Fig. 1, circles represent ([, m) operators in Qy, and crosses
shown by arrows represent operators generated by the
commutation relations of (/,m) operators in Q; and H.
From this structure, Q, is represented as

Z Z qA —2n— mmA (14)

0<n+ms|! ZJ 1,

k—2n—m,m)operators
n.m=0 ( ) P

A = Altmgltm Tmyon—om-1
Here, the sumofA = A, ""'A, " - - A, 7, 372" runs over

all (k — 2n — m, m) operators that satisfy n > 0, m > 0, and
k —2n —2m > 2, which corresponds to circles in Fig. 1.

Recursive way.—One of the main results of this Letter is
that we have found a simple recursive way to determine all
the coefficients {qg—zn—m.m} in Eq. (14) [30]. By introduc-
ing some functlons we describe the way.

First, ¢ i —2n=mm s expressed using the function R as
¢ = 5(AjAy - A (Ux Ty )"

Al+m1Al+m2 A|+m,

13
1-m;
X (HJAJ' 1>Rw’m(A1A2'-'At), (15)
=l

where we introduce the notation w=k —2n—m, t =k —
2n — 2m — 1 for simplicity. A|A, - - - A, is a character string
of length 7 > 1, and A, A,, ..., A, take one of {X,Y,Z},
respectively. s is the function we introduced in Eq. (8).
= (JxJyJ7)*R52(XZ) and q% =

(IxIyJ2)*(J7/Tx)R>*(XZ). We remark that R does not
depend on where holes are because it does not depend
on my,myp,...,m;.

Second, R is represented as a linear combination of the
function S:

Rw:m (AIAZ .

Zgn -

where S is defined as Sy(A,A, - -

J(AAy A, (16)

-A;) =1 and
S:(AjAy---A,) = Z Jﬁjl‘]iﬂ...Jiﬁ (17)

for i >1, and ¢,"5(0 <7t <n) does not depend on
AA; -+ - A,. By definition, R is a symmetric polynomial
inJ3 ,J5 .. er.

w,m

Finally, g,”> is determined as follows. From Eq. (8),
which corresponds to the case of n =0, gk""’” =
because R = 1. Figure 2 shows how to determine
the other ¢'"’s recursively. Suppose that R"*!m=1 =
S gt lmlss (the upper left circle) and R¥ 171 =
Son-lgitlmtls, (the upper right circle) are determined.
Then R"™™ (the lower center circle) is determined as

o gatim g, 4 Sl gl mtlg. | Here, in the case
of m = 0, the term with respect to R¥*!""~1 is regarded as
zero. a,, is defined as
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_ Ji. (Jfl(n+2)

_Jé(nu)) +J%/(J§(n+2)

Ji("ﬂ)) + J%(JZ(nwLZ)

2(n+2
X -

Y

= BB B E-7) ' (18)

W, s

By following this recursive way, all the other g, s are
determined. a, is characterized as the coefficient of u?
the remainder of the division of a monomial "> by
(u—J%)(u—J%)(u—J%), and plays an important role in
our proof that this recursive way is correct [30]. We note that
even if Jy = Jy, a, does not diverge by the characterization
of a,. a, is also obtained from the recurrence relation
apy = (Jx + I3 + ) an0 — (URJy + T35 + J3J%)
ap + J%J3J%a,, a_, = a_; =0, and ay = 1.

In the case of the XXX chain (Jy =Jy =J, = 1), the
pattern of R""" becomes more simple [30]. It is satisfied that
RvMm = RwHLm=1 4 pwrlm+l for 1 >1, which reproduces
the known structure called a Catalan tree in Refs. [25,26].

Explicit expression for Q,.—By solving the recursive
way discussed above explicitly, we have obtained the

Wm

explicit expression for Q, [30]. The solution for g, =
k—2n—m,m

Gnii is k independent and given by
o = f(n=i,m + 1), (19)
where f is defined as f(0,m) =1 and

f(n.m)

== i:(’H_m) Z aa a (20)

= j1ap jp
TSN P

for n > 1.
Part of components of (g

w+1,m—1 w+1,m+1

R I Hole an I

Z w+1m lsn m—1 m m+1 Z ;U+1177:L+1S

1 Lt
+ <—O—>>(<—O—>
R -
3

Z gw+1 ,m— 1an + Z gw+1 rrH—lS~

FIG. 2. Recursive way to obtain the function R in
Eq. (15) When R*1m=l =371 gvtbm=lg, and R+l =
Sl gvtlmtls, are determined, then R*” is determined as the
sum of two terms; the first term is obtained by the replacement S;
to a; in R"*1"1 and the second term is obtained by the
replacement Sj; to Sz, in R¥1m+1,

|

For k<6, the explicit expression for Q, was
calculated in Ref. [26]. Here, as an example, we present
the coefficients of 0-hole operators in Qg. They are given as
q*0(A1Ay A7) =5(A1 Ay Ay) 7:IJA]-’ q*(A\Ay-As)=
s(A1AyAs)(TT21da,) 223095, g*(A1ArA;) =
s(A1AAS) (T2, Ja) VA, + T4, + T4, + I3, J4, + 5,75, +
a5+ U+ +02) 305 75, and - g*0(A)) =
In WS, 205+ T3+ T4, + QI +203 +205 +3J3J5+
3J3J5+307%)73 1.

Let us compare some properties of Oy and Qopyy,
where k' is a positive integer. We first consider the time-
reversal symmetry. Qop(yq) consists of the sum of
(2K'(+1) = 2n — m, m) operators as shown in Eq. (14).
Since (2k'(+1) —2n —m, m) operators act on an even
(odd) number of sites as the Pauli matrices, these operators
are (anti-)symmetric under time reversal. Therefore,
Osv(+1) 18 (anti-)symmetric under time reversal. We next
consider the similarity between Q,; and Q.. Since
|2K'/2| = | (2K’ +1)/2] =K, n and m included in the
summation of O,y and Q,p . in Eq. (14) take the same
values. For this reason, the coefficients of the operators in
Qov and Q,p1 have a similar structure.

We note that even if one or two coupling constants are
zero, Q) we obtained can be used. However, Q; may be a
conserved quantity multiplied by coupling constants set to
zero, and it needs to be divided by the coupling constants in
this case. Another difference from the case that all the
coupling constants are nonzero is that k-support conserved
quantities are not unique even for 2 < k < L/2. In fact, it is
known that there is another family of local conserved
quantities in addition to Q’s [26,31-34]. For example, in
the case of J, =0, > ;(X;Y;s1 — Y;X;,1) is another two-
support conserved quantity in addition to the Hamiltonian
0, = H itself.

Commutativity with a magnetic field in the case of the
XXZ chain.—In the case of Jy = Jy, we confirm that
(O, > i Z;] = 0, 1i.e., Qy is also conserved in the XX Z spin-
1/2 chain with a magnetic field in the z-axis direction.
Since it is known that the transfer matrix of the XXZ
spin-1/2 chain commutes with the magnetic field
[T(4),>_;Z;] = 0[11], local conserved quantities obtained
from the expansion of In7'(1) in terms of A also commute
with the magnetic field. In addition, the uniqueness of
k-support conserved quantities for 2 < k < L /2 also holds
in the presence of the magnetic field because commutation
relations of the magnetic field and k-support operators
generate no (k + 1)-support operators. Therefore, Q is a
linear combination of local conserved quantities obtained
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from the transfer matrix method, and [Q;. >, Z;] =0 is
satisfied. We note that one can prove this commutativity
explicitly by using Egs. (14)—(20) [30].

Case of L/2 <k < L.—In the case of L/2 <k <L, a
different point from the case of 2 <k <L/2 is that
commutators of different support operators can be can-
celled. In this case, the conditions we impose in the above
discussion for 2 < k < L/2 become not necessary but
sufficient for [Qy, H] = 0. Therefore, the Q; we obtain is
also conserved for L/2 < k < L, although it is not neces-
sarily the unique k-support conserved quantity.

Summary and outlook.—We have presented the rigorous
explicit expression for k-support conserved quantities in the
XYZ spin-1/2 chain {Q;} for 1 <k < L. The doubling
product is a useful notation to find and express them. By
using this notation, we have derived a recursive way to
obtain the coefficients of Q, directly and have found the
solution. We have also confirmed that Q; for k> 2 is
conserved even in the case of the XXZ model with a
magnetic field in the z-axis direction. The XXX chain was
the exceptional case that the expression is known [25,26],
and our result has expanded the scope to general coupling
constants. In particular, it enables us to analyze the
coupling constants’ dependence of the local conserved
quantities. Once the expression Eqs. (14)—(20) is obtained,
one can easily handle the local conserved quantities both
analytically and numerically. Therefore, our result may
serve as a new tool for the study of nonequilibrium
phenomena in interacting integrable spin chains.
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