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Decoherence-Free Rotational Degrees of Freedom for Quantum Applications

J.S. Pedernales®, F. Cosco®, and M. B. Plenio
Institut fiir Theoretische Physik und IQST, Albert-Einstein-Allee 11, Universitit Ulm, D-89081 Ulm, Germany

® (Received 14 January 2020; accepted 21 July 2020; published 26 August 2020)

We employ spherical t-designs for the systematic construction of solids whose rotational degrees of
freedom can be made robust to decoherence due to external fluctuating fields while simultaneously
retaining their sensitivity to signals of interest. Specifically, the ratio of signal phase accumulation rate from
a nearby source to the decoherence rate caused by fluctuating fields from more distant sources can be
incremented to any desired level by using increasingly complex shapes. This allows for the generation of
long-lived macroscopic quantum superpositions of rotational degrees of freedom and the robust generation
of entanglement between two or more such solids with applications in robust quantum sensing and

precision metrology as well as quantum registers.
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Introduction.—Quantum metrology and sensing re-
present promising near term applications of quantum
technologies as they require the control of a few or even
single quantum systems. A wide variety of physical systems
are being developed for these purposes ranging from solid
state spins [1] to ultracold trapped atoms and ions [2], atom
interferometry [3], optomechanical systems [4], and levi-
tated massive particles [5].

A central challenge common to all quantum sensor
designs is the necessity to achieve both robustness to
environmental noise and, at the same time, high sensitivity
to a signal of interest. To this end, while affecting the signal
as little as possible, we need to either filter noise, correct for
its effect, or encode the system to reduce its sensitivity to
environmental noise. This becomes possible whenever
signal and noise have some characteristic in which they
differ. Frequently used examples include cases in which
signal and noise differ in spectral or temporal support, in
the symmetries of signal and noise or in the operator with
which they act on the system. These allow us to separate
signal and noise, e.g., via dynamical decoupling [6—12],
time gating, decoherence-free subspaces [13,14], or quan-
tum error correction [15-20], respectively.

The principles of levitation and feedback cooling of
massive particles in a high vacuum have been demonstrated
by Ashkin [21,22] and with it came the recognition that
such systems are promising for ultraprecise metrology and
sensing due to the lack of friction and a high degree of
isolation from nearby sources of noise and decoherence.
Reference [5] was the first to propose their use in the
quantum regime and this has led to theoretical and
experimental work towards the cooling of optically levi-
tated silica nanomicrospheres [23-29], magnetically levi-
tated diamond [30], and silica nanocrystals [31]. The
control of single electron spins in trapped diamond nano-
crystals was first demonstrated in [32-34] motivating
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subsequent theoretical explorations [35-37] as well as
further experimental works that include the control of their
torsional degrees of freedom under optical forces [38] and
ion traps [39,40]. An important long term goal in this field
is the realisation of tests for possible minute deviations
from quantum physics [35-37,41-43], for the detection of
corrections of known force laws due to extra dimensions
[44] and new forces and particles [45,46] or the realization
of early proposals of gravitationally induced entanglement
[47,48] using levitated particles [49-53]. A common goal
of many of these approaches is the detection of minute
interactions with nearby sources in the presence of noise
from more distant sources. However, current proposals for
matter-wave interferometry with translational degrees of
freedom of massive particles are susceptible to first order
(gradient) fluctuations and hence perturbing signals of the
same nature emanating even from distant sources [54].
Therefore, we are faced with the challenge of suppressing
perturbations from distant sources without suppressing the
desired signals from nearby sources.

In this Letter, we address this challenge by designing the
shape of rigid bodies such that their rotational degrees of
freedom can be made robust against decoherence from
distant sources, while at the same time allowing for inter-
action with signals from nearby sources. To this end we
introduce a systematic method, based on the mathematical
theory of spherical #-designs, to construct rigid bodies whose
rotational states are degenerate up to a desired order of the
multipole expansion of their energy in a perturbing potential.
In this manner, we ensure that superpositions in the basis of
rotational states of a suitably designed solid can, in principle,
exhibit arbitrarily long coherence times in the presence
of perturbations from distant sources. Moreover, we show
that the ratio of the entangling to decoherence rate between
two of these objects scales favorably with the order of the
spherical 7-design.
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Multipole expansion and spherical t-designs.—Consider
a rigid body that is held in free space and whose rotational
degrees of freedom we aim to control and place in super-
position of different orientations of this body. The elimi-
nation of decoherence of such a superposition requires
the construction of an object whose potential energy in an
external field is the same for all of its orientations, so that
when the object is placed in a superposition of two different
orientations, fluctuations of the perturbing field translate
into global phase variations, keeping the relative phase of
the superposition constant, and in this manner preserving
its coherence. A shape which, thanks to its rotational
symmetry, trivially fulfils such a goal is that of a uniform
sphere. However, it is important to note that such an object
is, for our purposes, useless as the different orientations of a
sphere are indistinguishable, and, as a consequence, super-
positions of different orientations of the sphere become
experimentally inaccessible. Therefore, our goal will be the
design of a body that decouples from the external fields as
well as possible and, simultaneously, deviates as much as
possible from the spherical symmetry, such that different
orientations of such a body can be placed in superposition
and can be made to interact between two such bodies.

For a system whose center of mass is placed at
the origin of coordinates, the perturbing field generated
by a distant source admits a multipole expansion ¢(X) =

0>t Miy i ()i (), where M
are the nth order moments of the field. The nth order
moments will scale as 1/L", where L is the distance to the
object generating the perturbing field. The total energy of
an object with a density distribution p(X) in such a
potential is given by V = [ dxp(X)¢(X). Hence, for per-
turbing fields that originate at distances much bigger than
the spatial extent R of the body, the contribution of the nth
order moment to the energy will scale as (R/L)" and
consequently become rapidly negligible.

In order to reduce decoherence from distant fields, we
will engineer a density distribution that results in rotation-
ally invariant contributions to V up to a given order of the
multipole expansion so that only higher moments can
contribute to decoherence. For simplicity, we construct
our distribution as p(¥) = ¢ >V, 8(X — P;), that is, a
collection of a finite number N of point charges and
masses ¢ located at positions I_5i. A systematic strategy
to achieve this makes use of the concept of spherical

t-designs [55,56] which is a set of N points {13,} on the unit
sphere of dimension d + 1, $¢ = {¥ € R :X¥ . ¥ =1},
which satisfies
1 -
FEduE) =5 > _f(P), (1)

s i=1

for all polynomials of degree less or equal to ¢,

FE) =320 20 =t €y (Do (3), -

..... i

Equation (1) implies that, for such a density, the contri-
butions to the total energy are invariant under rigid rotations
up to order ¢ in the multipole expansion. This follows from
the linearity of the rotation operation in terms of coordinate
variables, which guarantees that the potential function
truncated at order ¢ transforms into a polynomial of the
same order in a rotated frame. Therefore, up to order ¢, the
potential energy of the spherical #-design in the rotated field
equals that of a uniform sphere and, as the potential energy
of the sphere is evidently invariant under rotations, so is the
energy of the #-design up to order 7. Now, to relate this
result to our aim of designing a solid with a continuous
density distribution whose potential energy is invariant
under rotations up to order ¢ in the multipole expansion, we
note that, for three spatial dimensions, any choice of points
on the unit sphere can be extended to a simply connected
solid by considering the set of points on all spheres of all
radii r < 1 and adopting a finite volume when allowed to
trace out a solid angle. For an object constructed in such a
manner from a spherical #-design, all contributions up to
order ¢ in the multipole expansion of the potential energy
are rotationally invariant. A fluctuating external potential
field will induce variations in the relative phase between
two orientations of such an object only in the (7 + 1)th
order of the multipole expansion, whose magnitude
decreases exponentially with ¢, leading to a strong
reduction in the decoherence of its rotational degrees of
freedom.

The existence of spherical 7-designs for any choice of ¢ is
well established. In fact, it has been proven that, for each
N > c,t, there exists a spherical ¢-design in the sphere S¢
consisting of N points, where c; is a constant depending
only on d [57] and, most relevant for our work, it is
conjectured that ¢, = 1/2. For orders t ={1,2,3,4,5,7,9},
analytic solutions are known with a number of points N that
is close to the optimal number of elements [58], while close
to optimal numerical solutions have been found up to
orders exceeding ¢t = 300 [59].

In Fig. 1(b), we plot known analytic solutions that are
conjectured to be optimal in N and leave out cases where
solutions are only numerical. We show for each of these
designs the magnitude of the potential energy contribution
due to the first moment of the perturbing potential that is
not rotational invariant, demonstrating an exponential
decay (R/L)"™!'; this indicates the magnitude of the
fluctuations of the relative phase between any two ori-
entations of that object in a perturbing field.

Our approach displays some resemblance with [60]
where coherent superpositions of rotational molecular
states are used to enable active quantum error correction
using measurement and feedback to achieve protection
against angular momentum errors. In contrast our approach
achieves this robustness by classically “baking” the robust-
ness into the structure of the rigid body thus avoiding the
need for active error correction.
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FIG. 1. t-designs in three-dimensional space. Panel (a) depicts a
spherical 2-design consisting of points on a sphere of radius R,
susceptible to the potential field generated by a distant density
distribution (orange object) located at a distance L. Two distinct
orientations (blue and yellow) of such a spherical 7-design may
have different potential energy, however, this difference will
originate from moments of the order of 3 and higher in the
multipole expansion of the potential field about the center of mass
of the body. Panel (b) shows analytical solutions of spherical
t-designs up to the order of 9 and the scaling of the energy
variations that rotations can induce. The leading order in the
potential energy difference between two orientations of a -design
in the field generated by a distant object is provided by moments
of order ¢ 4 1, which for the case of a Coulombian potential, scale
following the power law (R/L)™*!.

Applications.—QObjects as described in the previous
section may be constructed from nanoparticles and trapped
either in optical [61,62], Paul [63], or magnetogravitational
traps [30]. The rotational degrees of freedom of irregularly
shaped nanoparticles have been manipulated in such settings
making use of the torque exerted by circularly polarized light
or by magnetic field gradients acting on spin degrees of
freedom that the nanoparticles may host, e.g., NV centers in
diamond [39,40]. In matter-wave interferometry with trans-
lational degrees of freedom of nanoparticles, superpositions
are susceptible to first order (gradient) fluctuations of the
perturbing fields which, in conjunction with the required
long experimental times, set daunting demands on the
degree of isolation of the experimental setups [54].
Hence, we propose the use of rotational degrees of freedom
of bodies constructed according to spherical #-designs
which, due to their extended coherence, are expected to
result in a superior performance. For example, a super-
position of two orientations of such a nanoparticle would
constitute a macroscopic quantum superposition whose
lifetime can be used to set bounds on free parameters of
continuous spontaneous localization models [64,65].

Furthermore, we stress that the enhancement in the
isolation of the rotational degrees freedom of 7-designed
objects from distant perturbation sources does not prevent
them from retaining sensitivity to fields generated by closer

sources and thus allows for their application as robust
quantum sensors. Consider a 7-designed object that is a
distance L from a perturbing source and a distance D from
the signal source of interest, such that L/D > 1. When
initially prepared in a superposition of two orientations
|R1) + |R2), this state will acquire a relative phase at a rate
A = A(R1) — A(R2) due to the action of signal and
perturbing field. As the leading order contributions to this
rate due to signal and perturbation, A = Aggny + Apoises
originate from the (7 + 1)st order contribution in their
multipole expansion, they scale as Agg ~ (R/D)!
and  Apie ~ (R/L)"™"' and their ratio as  Aggua/
Apoise ~ (L/ D)™, see [66] for more details. As a conse-
quence, the signal to noise ratio can be improved by
increasing the order of the design z. The precise value of
the ratio Aggna/Aneise Will, in general, depend on the
chosen orientations R1 and R2, and the specific form of
the signal and noise sources. While signals with smooth
spatial variations over the size of the detector should be
better decoupled, we would require that the 7-design objects
are bigger than the wavelength of the probing field,
ensuring that the latter is not decoupled, and that the
readout of the particle orientation can still take place. As an
illustrative example we consider the case of a 7-designed
object constructed of electric elementary charges distrib-
uted at 2 ym distance from the origin at positions deter-
mined by the known analytic solutions for r-designs. In
practice, these charges could be placed at the tips of neutral
cylinders that meet at the center of the sphere and are
arranged such that they preserve the symmetry of the
t-design, see Fig. 2(a) for the case of t = 2. The source of
the perturbation is taken to be a body of 10° elementary
charges placed at a distance of L = 200 ym. The signal is
generated by a single charge placed at a distance of
D =10 ym. In Fig. 2(b) we show the scaling of both
Apoise and Ay, with the order to the spherical 7-design,
which clearly evidences that the sensitivity of the device
improves with the order of the 7-design.

Following a similar reasoning, one can now consider
the possibility of making the source of this signal a second
t-designed object, which can also be placed in a super-
position of two distinct orientations. The sensitivity to the
signal of this source in superposition translates into the
capability of generating entanglement between the rota-
tional degrees of freedom of the two objects. More
precisely, let us consider that two ¢-designed objects, A
and B, are placed some distance from each other that
ensures that their interaction is not negligible, and that they
are initially prepared in the product state (|R1)+
|R2)), ® (|R1) + |R2)),. Then their global state after a
time 7 is given by (A = 1)

Ze‘i(Eij+Aif>T|RiRj>AB’ @
i,j
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FIG. 2. Numerical analysis. Panel (a) depicts a possible
realisation of a 2-design for electric charges. Panel (b) shows
the resulting scaling of Asignal (orange squares) and A, (blue
dots) as a function of the order of the z-designs. Panel (c) shows
the scaling of magnitudes E,,, (orange squares) and A, ;. (blue
dots) for two electrically interacting bodies at a distance of
10 pum, each corresponding to a spherical t-design with a radius
of 2 ym. In (b) and (c), the noise source is taken to be a body with
total charge 10%¢™ at a distance of 200 um, and rotational states
R1 and R2 are numerically optimized to maximize the signal
sensitivity and the entangling rate respectively. Panel (d) depicts a
possible realization of a r-design for the generation of gravita-
tionally mediated entanglement.

where Ej; is the interaction energy between the bodies
when object A is in the rotational state Ri and body B in the
rotational state Rj, and A;; = A, (Ri) + Ag(Rj). The state
in Eq. (2) will be entangled if E.,, = [(Ey; — Ej») + (Ex —
E>)| # (2z/T)n for n =0, 1, ..., and if, at the same time,
AT < 1 for both solids, so that the relative phase due to the
interaction between the two particles is not washed out by
the fluctuations of the perturbing field, see [66] for further
details. The latter condition can always be ensured by
choosing a sufficiently high order in the #-design combined
with a sufficiently long duration of the experiment.

We provide a numerical analysis of the scaling of the
quantities E,, and A with the order of the t-design by
simulating the case of two t-designed objects as the one
discussed in Fig. 2(b) with their centers placed at a distance
of 10 ym. In Fig. 2(c), we show the scaling of both E,; and
A, for t-designs with a known analytic solution to ensure
numerical accuracy of the entangling and decoherence rates
and find that the perturbing field is suppressed much faster
than E,,. This shows that two such bodies can get robustly
entangled, suggesting applications of the introduced
t-designed objects in quantum technologies.

One could also envision a more ambitious experiment
where the entangling force acting on the two 7-designed
bodies is due to gravity alone. We consider massive solids
with the properties of #-designs as the one shown in
Fig. 2(d), where a central solid sphere is used to connect
several smaller peripheral ones whose centers of mass are

placed at the positions determined by specific t-design
solutions (in the example a 2-design). Notice that the central
sphere does not contribute to energy differences due to
rotations, as its mass distribution is unchanged under
rotations. For the numerical analysis, we take the case of
diamond, with a central sphere of radius 10 ym. We fix the
total mass of the object to be 1.83 x 10~'! Kg, and
correspondingly adapt the radius of the peripheral spheres
for each t-design. We place two such objects at a distance of
200 pm from each other, such that Casimir-Polder forces do
not exceed the gravitational interaction, and we assume that
the objects are free of spin or charge impurities so that it can
be considered that their interaction is dominated by gravity.
For such a configuration, we find that £, ~ 16 Hz for the
1-design, and ~0.1 Hz for a 2-design [see Fig. 2(d)], while
the magnitude of the fluctuating phase A quickly decays
from ~7 Hz for the 1-design to ~107% Hz for the 2-design,
when the source of perturbation is taken to be a 100 Kg mass
placed 20 m away. The presented results indicate that
gravitationally mediated entanglement should be observable
in the order of seconds for the first three 7-designs, provided
that each object can be put in a superposition of two
orthogonal rotational states within their coherence time,
and that other forms of noise, e.g., scattering of background
gas molecules, act in longer timescales, see [66].

Finally, we would like to remark that the spherical
t-designs can also find application in designing
decoherence-free subspaces for spin degrees of freedom.
The key idea is to use the geometry of 7-designs to place the
spins in space. In particular, consider a set of N spins
located at the positions of a specific #-design, all of which
are in the state up, |1), and a second set of N spins prepared
in state down, |0), located in the positions of the same
t-design but rotated with respect to the first set. Given that
rotations do not affect the value of the energy up to order ¢,
both sets of spins will see the same energy but with opposite
sign, as they are in opposite spin states. It becomes evident
that the global spin state |111, ..., 000) will not acquire any
phase up to the order ¢ of a perturbing magnetic field, and
therefore, that the set {|111, ...,000), [000, ..., 111)} con-
stitutes a robust basis against magnetic field fluctuations up
to order ¢ while maintaining sensitivity to (z + 1)st order
multipole field. This represents a systematic extension of the
earlier observation that entanglement can play a beneficial
role for metrology in the presence of spatially correlated
noise [71,72].

Conclusions.—We have demonstrated that macroscopic
superpositions of different orientations of a solid object
whose shape is suitably determined following the theory of
spherical 7-designs can be made robust to decoherence due
to perturbing potential fields from external sources to any
desired level. Moreover, we argue theoretically and dem-
onstrate numerically that the ratio between phase accumu-
lated from a signal of interest originating from a distance

Lg, and the rate of decoherence imparted by a field
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originating from a distance Lg,. scales as (Lgec/ L)™' for
L, < Lge. and can thus be made arbitrarily large. This
suggests a route for enhancing the sensing capabilities of
levitated particles by the replacement of translational with
rotational degrees of freedom [73-76] and offers a plethora
of applications in the realm of quantum technologies
ranging from sensing to the systematic exploration of
rotational degrees of freedom for quantum applications.
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