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We present acoustic modeling, measurements, and interpretation of the angular momentum carried in an
ultrasonic vortex beam that is obliquely reflected off a flat water-air interface. The experimental
measurements observe the theoretically predicted reversals of phase rotation, topological charge, and
orbital angular momentum in a reflected vortex beam in direct analogy to optical phenomena. The spatial
and temporal evolution of the linear and angular momentum during the reflection are determined by
calculating the velocity field from two-dimensional scanned pressure fields. A conversion of the angular
momentum indicates a radiation torque along the oblique reflecting surface. We understand this radiation
torque originates from the break of rotational symmetry with respect to the incident plane for normal
components of the energy flux and linear momentum density at the reflecting surface. Our study provides
mechanical evidence on the effect of a flat surface on the reflection of vortex beams and gains insight into
the underlying physics, impacting non-contact manipulation of objects and communication.
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The law of reflection states that the direction of reflected
light is in the plane of incidence, and the angle of reflection
equals the angle of incidence. Nevertheless, the law of
reflection is not enough to describe angular momentum
carried by reflected vortex beams. Vortex beams with a
twisted wave front, stemming from an azimuthal depend-
ency exp(il¢g) (¢ the azimuthal angle), carry orbital angular
momentum (OAM) that is quantified by the topological
charge / (integer) for any type of waves (including acoustic
[1,2], optical [3], and electron [4]). In the fundamental
problem of optical vortex beam reflection from a flat
surface [5-8], the vortex phase rotation and OAM carried
by the reflected beam reverse their direction in reference to
the propagating direction resulting in an opposite topo-
logical charge —/. This phenomenon of topological charge
and OAM reversals implies a nondissipative radiation
torque on the reflecting surface upon the reflection of an
obliquely incident vortex beam (Fig. 1). The reflected beam
can be deflected out of the plane of incidence when using
an intense laser beam, deviating the optical reflection law,
as modeled in [6] or in [9] for circularly polarized laser
beams carrying spin angular momentum. In this Letter, we
report our experimental measurements on phase rotation
and OAM in oblique reflection of acoustic vortex beams
from a flat interface and explore the underlying physics.
Our experimental measurements, theoretical model, and
interpretation provide mechanical evidence of the opposite
phase rotation and OAM reversal in reflected vortex beams
and gain insight into the resultant radiation torque on the
oblique reflecting surface.
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Here there is no energy absorption associated with the
conversion of angular momentum, differing from the

Incident Reflected

FIG. 1. Schematic illustration of the total reflection of an
acoustic vortex beam. A counterclockwise (CCW) vortex beam
(with linear momentum L; and angular momentum J;) generated
by a source array S (consisting of a circle of N point sources, each
with 2z/N vortex phase increment defined in our code), is
obliquely incident to the interface at an angle 6. Following from
the method of images, the reflected beam (with L, and J,)
extended from the virtual source S’ rotates clockwise (CW).
During the reflection, change of linear momentum AL = L, — L;
yields an acoustic radiation force F, and change of angular
momentum AJ = J, — J; exerts a torque T at the interface. The
inset shows numerically modeled acoustic pressure amplitude
(normalized) and wave phase at planes normal to the propagating
direction for incident and reflected vortex beams (the source
number is N = 16).
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radiation torque spinning an axisymmetric object by vortex
beams where the transfer of angular momentum is accom-
panied by energy absorption [2,10—12] (see experiments in
[13-25]). Furthermore, the radiation torque of concern here
is not along the beam direction and disappears in the
normal incidence. This differs from another category of
nondissipative OAM conversion that occurred when using
a spiral phase plate to convert an ordinary wave into a
vortex beam, where the OAM conversion and resulting
radiation torque on the structure should be along the beam
direction and normal to the plate (via either reflection [26]
or transmission [27] or diffraction [28-30]). Lastly, the
torque concerned here also differs from the average torque
on a Rayleigh disk exerted by an ordinary wave carrying no
OAM [31,32]. The analogy between optical waves and
acoustic waves has been well emphasized in their carried
linear and angular momentum and interactions with matter
[2,15,33,34]. The radiation torque on obliquely reflecting
interface explored herein due to asymmetry of acoustic
radiation pressure of obliquely incident vortex beams is
also analogous to optical phenomena [6,9].

Mechanism and modeling.—In general, wave reflection
follows Huygens principle—the wave front of reflected
waves is a sum of all waves advancing from new sources at
each reflecting point. When considering reflection of a
point source from a flat surface, this process is simplified to
specular reflection. The reflected path extends from an
imaginary source located on the other side of the interface.
The method of images provides a quick approach to
examine the reflection of vortices using point sources
(Fig. 1). Consider a source array S consisting of a circle
of N identical point sources, each with a 2/ N initial phase
increment forming a counterclockwise vortex beam with a
topological charge of 4-1. Using the method of images, the
imaginary source array S’ forms a reversed phase pattern
and a clockwise rotation. The reflected beam, extending
from §’, has a clockwise phase rotation opposite to the
original vortex beam. Thus, the phase pattern, rotation
direction, and topological charge are all reversed from the
incident to reflected vortex beams in reference to pro-
pagating direction. Whereas the illustration in Fig. 1 is for a
hard boundary, this phase reversal remains after accounting
for an additional 180° phase shift if reflecting from a soft
boundary.

Following wave propagation and phase rotation, the
linear and angular momentum can be obtained (Fig. 1).
While a reversed vertical wave propagation direction
suggests a reversal of linear momentum normal to the
reflecting surface, a reversed phase rotation direction
suggests a reversal of angular momentum parallel to the
reflecting surface. Angular momentum is linked with phase
rotation such that the direction of angular momentum is
along the wave propagation direction before reflection but
against the wave propagation direction afterward. For a
total reflection with an incident angle 0, the change in linear

momentumis AL = L, — L; = 2L; cos @ and normal to the
surface, while the change in angular momentum is AJ =
J, —J; = 2J,sin @ along the surface, where the subscripts i
and r denote the incident and reflected waves, respectively.
The change of angular momentum reduces to zero in
normal incidence.

We simulated the obliquely incident and reflected acoustic
vortex fields using the above N point source model. We used
N = 16 for modeling to qualitatively mimic the vortex
feature of our 16 segment vortex lens in experimental
measurements. To be comparable with our transducer, the
frequency is set to 0.9 MHz, and the sources are located in a
circle of a radius 15 mm. The acoustic pressure field emitted
by the nth point source takes the form of spherical waves:
pa(F) = poexplik(F = 7,) + ilg,/|F — 7|, where the time
dependency exp(—iwt) (where w is the angular frequency,
and 7 is the time) is omitted, p is the pressure amplitude, kis
the wave number, 7 = 7(x, y, z) is the field location, and 7,
and ¢, are the source location and initial phase, respectively.
Applying the method of images, the reflected beam is

modeled with imaginary source located at r 2 (XY, —2).
The total acoustic field is a sum of fields from all point
sources p = »_ p,. The numerical model consisted of
superimposed spherical waves calculated within MATLAB
using a fine spatial resolution of 0.01 mm (about 1/166
acoustic wavelength). Our modeling results (inset of Fig. 1)
show that in the planes normal to the wave propagation
direction, the phase pattern, topological charge, and angular
momentum density are all reversed after reflection, confirm-
ing the theoretical prediction.

Experimental observations and modeling comparison.—
The experiment was conducted underwater to observe the
incident and reflected fields of vortex beams reflecting off a
flat water-air boundary. The boundary exhibits total reflection
by a mismatch of the acoustic impedance on the order of 10°.
The setup of our experiment is in Fig. 2(a). The incident and
reflected acoustic fields from a vortex beam generating
transducer were mapped using a machine controlled hydro-
phone scan tank. The dimensions of the experimental tank are
65 x65x32cm® (L xW xH), and it was filled with
distilled water up to a height of 25 cm. The source transducer
was an Olympus V302 spherically focused acoustic trans-
ducer with a measured center frequency of 0.9 MHz and a
50.8 mm focal length. The source was positioned at a depth of
30 mm below the water surface, oriented upward toward the
water-air boundary at @ = 45°. A Precision Acoustics 0.5 mm
diameter needle hydrophone was initially positioned 40 mm
from the transducer along the axis and at a depth of 10 mm
below the surface.

The acoustic vortex was generated using an 3D printed
phase-plate lens with 16 phase step increments [Fig. 2(b)].
This lens allows the generation of vortex beams with a
topological charge of —1. The precise location of the
hydrophone was controlled via code written in MATLAB.
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FIG. 2. Experimental setup. (a) Photo of the experimental
setup. The scan areas for the incident and reflected are both
20 mm x 20 mm center at the depth of 10 mm. (b) Acoustic
transducer with the 16 segment vortex lens. (c) Example of a
received acoustic signal, where the time is relative to the source.
(d) Frequency spectrum of the signal in (c), indicating a central
frequency of 0.9 MHz.

Our interest was to measure reversals of the vertical
component of linear momentum (normal to the reflecting
surface) and the horizontal component of angular momen-
tum (parallel to the reflecting surface), both of which can be
resolved from vertical 2D planes (y-z plane). The vertical
planes are relatively easy to align in comparison with tilted
planes normal to propagating directions. We scanned two
vertical planes, 20 mm axially away from the transducer for
incident and 40 mm away for reflection. At each axial
location scans were taken over a vertical 20 x 20 mm
plane. The vertical and horizontal scan resolutions are
0.25 mm each. The transducer was driven by a burst of 10
cycles of a 0.9 MHz sinusoid, which was repeated every
5 ms. A burst source was used to minimize standing waves
in the tank and overlap of the desired data from secondary
reflections. The resulting data was averaged over 16 wave
forms. An example of the received acoustic signal is shown
in Fig. 2(c), whose spectrum is further shown in Fig. 2(d).

We output the complex pressure fields at the central
frequency from the 0.9 MHz spectral component of the fast
Fourier transform of the measured signals. As shown in
Fig. 3, the amplitude fields are in toroidal shapes, slightly
elongated due to an oblique projection. The amplitude
minimum at the center indicates the singularity of the
vortex beam. The phase patterns are in stripes because our
scanning planes are not normal to the wave propagation
direction. Using a hologram algorithm, it is possible to
move this oblique projection to the one normal to the
propagation direction. A projection following from propa-
gation in the paraxial approximation is shown in Fig. 3. The
rotation direction of the vortex beam is determined from
the wave phase reduction near the singularity. From our

Exp. Incident  yoger exp. Reflected moger

0 4
y (mm)

y (mm)

FIG. 3. Comparison of experimental measurement (denoted by
Exp.) with numerical model for the normalized acoustic pressure
amplitude (top panels) and phase (center panels) at the scanning
planes for both the incident and reflected beams. Bottom panels:
projection to planes normal to propagation direction (see text).

experimental results, we observed that the incident and
reflected phase patterns are reversed, as theoretically
predicted. The incident beam rotates clockwise and the
reflected one rotates counterclockwise, confirming the
reversals of phase pattern and rotation direction upon
reflection.

The results following from our numerical model, which
uses 16 point sources (like inset of Fig. 1 but now for a
source with a topological charge of —1), are also shown in
Fig. 3 for qualitative comparison. Our modeling results
show close agreement with measurements, including
stretched toroidal shapes, striped phase patterns, and
correct rotation directions of vortex beams before and after
the reflection. The interference pattern seen in the experi-
mental results after the reflection stems from the super-
position of the incident and reflected waves but is not seen
in the modeling, which does not include the superposition.

Angular momentum reversal and asymmetry—We
determined the linear momentum and angular momentum
from experimentally scanned acoustic pressure fields. The
angular momentum density follows from the linear momen-
tum density with J = x L, where / is the location
relative to the center of the vortex beam found via searching
the minimum of pressure amplitude near the vortex center.
The linear momentum density for acoustic waves is given
by L= pii/c} (where ¢ is the sound speed), requiring
calculation of the velocity field # from the pressure p.

We calculated the ith component of () via a spatial
gradient and then the time integral of the scanned pressure
p(t) as follows:

1 [rop()

l/lit = —
) poJo Ox;

dr, (1)
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FIG. 4. Experimental results of the temporal evolution of
(a) vertical linear momentum L, and (b) horizontal angular
momentum J, contained in the scanned planes, exhibiting
reversals from the incident (left) to reflected (right) field. The
values have been normalized to their own maximum.

which follows from the equation of motion pydi/dt =

v p, where p is the medium density and u; is the velocity
component in the x; axis. The spatial gradient is satisfied by
our fine spatial resolution of 0.25 mm in the scan, which is
about 1/7 of the wavelength (1.67 mm). The time integral
in Eq. (1) was started with an initial pressure field before
the arrival of vortex beams at the interface. The horizontal
angular momentum normal to the vertical scanning plane
follows from the components of linear momentum density
in the scanning plane. The linear and angular momentum
densities were averaged over a period corresponding to the
central frequency. The total linear and angular momentum
follows from the sum of the linear and angular momentum
density over the entire measured plane.

Figure 4 shows our results for the time evolution of total
vertical linear momentum L, and total horizontal angular
momentum J, contained in the scanned planes. The results
show that the vortex beam arrives at the incident plane at
around 35 us, and then the vertical linear momentum and
horizontal angular momentum (the minus sign denotes a
negative direction) both gradually increase. The angular
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FIG. 5.

Symmetry and asymmetry features of a vortex beam at the obliquely reflecting interface: (a) pressure amplitude |p

momentum reaches the maximum at around 45 ps. It then
decreases back to zero at around 50 us when the sound
leaves the interface. Our results confirm the reversals
of linear momentum along the vertical direction and,
importantly, the reversal of the angular momentum along
the horizontal direction. In addition, this result demo-
nstrates the time-varying process of these reversals for
acoustic vortex signals emitted from our source.

The reversal of angular momentum implies a net radiation
torque at the interface due to the change in angular momen-
tum. To interpret this torque, we examine the momentum
density and radiation pressure at the reflecting interface.
Consider our modeling vortex beam where the acoustic
pressure amplitude p [Fig. 5(a)] and the linear momentum
density L [Fig. 5(b)] at the interface are simply symmetrical
with respect to the incident plane (y = 0). In contrast,
the normal component of the momentum density L, is
asymmetric with respect to the incident plane [Fig. 5(c)].
This asymmetry of L, then creates an uneven radiation
pressure on the interface P(x, y)Z with respect to the incident
plane, leading to a net radiation torque [which is the integral

of ¥ x P(x, y)Z over the surface] along the % direction in the
reflecting surface.

The asymmetry of the normal component of momentum
density results from the corresponding asymmetry of normal
projection [see the projection angle f# = arccos(L,/L) in
Fig. 5(d)]. We understand this projection asymmetry by
illustrating the twisted energy flux (and correspondingly
twisted linear momentum) of the vortex beam crossing to the
oblique reflecting surface [Fig. 5(e)]. The illustration
displays that the twisted flux has a rotational symmetry
but ends up having an asymmetric projection to the reflecting
surface normal with respect to the incident plane y = 0 due to
the tilted angle in oblique incidence. Our experimental
measurements of OAM change validate this asymmetry
and resultant torque in oblique reflection of vortex beams.

Summary and outlook—To summarize, we have
explored the reflection of acoustic vortex beams with

°

45° 3 90° 135

0
y (mm)

y (mm)

, (b) total

linear momentum density L, (c) vertical component of linear momentum density L., (d) projection angle # = arccos(L./L). The solid
lines in each plot depict associated values along y axis (x = 0 mm) to highlight the symmetry in (a),(b) and asymmetry in (c),(d). The
incident angle is 45°. (e) Illustration of the asymmetry feature of a symmetric vortex vector field due to an oblique projection.
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model and experiment. Our experimental measurements
confirmed the existence of reversal features as predicted by
theory and model. Our results further imply an acoustic
radiation torque at the interface, which we explain by the
asymmetry of vortex features at the interface resulting
from the asymmetry of the normal momentum density or
radiation pressure at the reflection interface with respect to
the incident plane in the case of oblique incidence. No
absorption is needed for the torque to occur. Our modeling
using the method of images and interpretation by vortex
projection asymmetry is complementary to the studies in
optics.

In communication [35-38], the topological charge is
used as a new degree of freedom for multiplexing. When
sending vortex beams in confined space (for example, the
existence of two natural boundaries—sea surface and sea
floor—for underwater communication), the sign of the
topological charge will be reversed each time it interacts
with the boundary. This effect together with the refraction
[37] should be taken into account to resolve the correct
topological charge for information demodulation. Another
example is for object rotation in acoustic tweezer applica-
tions [13-25]. When manipulating a particle near a surface,
we anticipate that a reversed rotation should be observed,
i.e., the reversed torque after oblique reflection leads to a
reversed rotation of a particle or a disk along the beam axis.

The asymmetry of radiation pressure (or resulting
radiation torque) can cause a deflection of reflected vortex
beam out of incident plane. A deflection in optics was
recently simulated by using an obliquely incident high-
intensity laser beam [6]. Due to the low acoustic power
level used in our experimental setup, we were unable to
directly observe the deflection of the beam or the defor-
mation of the water-air interface. Future research will
explore measurements of radiation torques with high-
intensity ultrasonic vortex beams. We anticipate a sufficient
radiation torque would rotate a light disk about the x axis
(see Fig. 1) if the disk is placed to obliquely reflect the
beam (similar to the configuration in [16,19,20]). The
torque depends on the incident angle and the specific type
of vortex beams. Also to be explored is the field distribution
in the reflected beam [39,40].
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