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Unstable Invasion of Sedimenting Granular Suspensions
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We investigate the development of mobility inversion and fingering when a granular suspension is
injected radially between horizontal parallel plates of a cell filled with a miscible fluid. While the
suspension spreads uniformly when the suspension and the displaced fluid densities are exactly matched,
even a small density difference is found to result in a dense granular front which develops fingers with
angular spacing that increase with granular volume fraction and decrease with injection rate. We show that
the timescale over which the instability develops is given by the volume fraction dependent settling
timescale of the grains in the cell. We then show that the mobility inversion and the nonequilibrium
Korteweg surface tension due to granular volume fraction gradients determine the number of fingers at the

onset of the instability in these miscible suspensions.
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Instabilities in the invasion of sedimenting granular
suspensions in confined domains are important to natural
and industrial systems ranging from microfluidics to
hydraulic fracturing, and complementary to fluid flows
in porous medium that lead to erosion and rich pattern
formation [1-3]. Gravitational instabilities because of
buoyancy inversion like the Rayleigh-Taylor instability
are well known in such suspensions [4-6]. Less obvious
are pressure-driven instabilities like the Saffman-Taylor
instability [7-9] which arise because of spatial variation in
the granular component which affects the effective viscos-
ity of the medium [10]. In the case of a neutrally buoyant
suspension radially invading a fluid confined between two
parallel plates, it has been shown that the suspension can
break into fingers even when its effective viscosity is
greater than the displaced fluid [11]. The meniscus plays
an important part in this observation as it blocks the further
advance of grains which arrive there in greater proportion
because of shear-induced migration to the faster moving
regions away from the boundaries [12]. The trailing edge
of an accumulating annulus of grains is said to become
unstable [11,12] following a mechanism analogous to
viscous fingering observed in Newtonian fluids [7,13,14].
But the phenomena when a meniscus is absent is unclear, as
for example when the domain is initially flooded by a similar
fluid, and when shear-induced migration is not sufficiently
strong to overcome gravity.

To address Saffman-Taylor-like instabilities in sedi-
menting suspensions, we discuss experiments with granular
suspensions which are injected radially between horizontal
plates filled with a similar miscible fluid. Because of the
addition of the grains, the viscosity of the injected suspension
is effectively higher than the fluid which is displaced. We find
that even a small density difference leads the granular
component to sediment and lag behind the interface where
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the fluid components meet and mix, leading to an annular
region with lowered mobility. Although the fluids are
miscible and the interfacial tension at equilibrium is zero,
we show that the nonequilibrium Korteweg surface tension
[15] due to volume fraction gradients plays an equivalent
role in determining unstable growth.

Figure 1(a) shows a schematic of the experimental
system consisting of 20 cm wide plates separated by
distance 7 = 1.15 mm. A noncohesive granular suspension
consisting of sodium chloride, distilled water, and poly-
styrene spheres with diameter d = 200 4- 50 pym and density
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FIG. 1. (a) A schematic of the experimental cell consisting of
parallel plates filled with a miscible fluid and the suspension
injection system. Quadrant view of the advancing granular
suspension with ¢p,=0.2 and Q = 0.05 cm?s™! at time 7 = 20 s,
50 s, 100 s, 150 s when p, = p, (b), and p, = 1.07p, (c). The
granular component appears blue and the fluid component in
the suspension fluoresces green under combined white-blue-
UV lighting. Fingers are observed to develop when p, # p,. See
movies in Supplemental Material [16].
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py=107¢g cm™ is prepared with granular volume fraction
¢, from 0.05 t0 0.30 [16]. The density of the fluid is matched
to p, by using appropriate salt concentration to ensure that
the grains do not sediment and jam inside the injection
system [18,19]. Thus, the density of the injected suspension
ps = 1.07 gcm™ in all our experiments. The plates are
immersed inside a larger reservoir filled with an aqueous
fluid to prevent an air-liquid interface. The density of this
fluid p, is varied relative to p, by varying its salt concen-
tration and has a similar viscosity as the fluid component of
the suspension 77, ~ 1 x 1073 Pas at 24 °C. The suspension
is injected through a small hole at the center of the bottom
plate with an injection rate Q and the flow can be considered
to be in the low Reynolds number regime [16]. We use a
cylindrical coordinate system (7, 8, z) with origin located at
the injection point and midway between the top and bottom
plates. The system is imaged through the top plate using a
megapixel camera. The grains scatter light and appear bright
against a dark background with the color of the illumination
light which can be mapped to the granular volume fraction ¢
at that location [16]. The fluid in the suspension is visualized
by adding a dye which fluoresces green under ultraviolet
illumination.

Figure 1(b) shows snapshots as a suspension with ¢, =
0.2 is injected when p; = p,. The suspension spreads out
uniformly over time with a circular front centered at the
injection point. Thus, this experiment shows that the air-
fluid meniscus is necessary to observe grain accumulation
and fingering in neutrally buoyant suspensions reported
previously [11,12]. Next, Fig. 1(c) shows an example
where p, = 1.07p,. We observe that the suspension ini-
tially spreads out in a uniform circle before fingers develop
over time. While in the particular example shown p; > p,,
we find fingers form just as well when p; < p,; over a
timescale which only depends on the density differences in
the absence of a meniscus.

We identify the angle-averaged radial distance of the
fluid front r; and the granular front r, from the injection
point by image processing and plot them in Fig. 2(a) for
ps = pq and Fig. 2(b) for p; # p,. While ry and r, are
observed to essentially overlap in Fig. 2(a) with small
differences due to residual differences in their densities,
ry is observed to systematically lead r, when p; > p; in
Fig. 2(b), as is also clear from the green color enhanced
image shown in the inset. If the suspension spreads
uniformly, then the radius of the suspension increases as

R(t) = aj\/ Qt/7h, (1)

where a;, = 1 if the suspension and displaced fluid do not
overlap, and a;, > 1 if they mix or overlap. For example, if
the flow is perfectly parabolic with nonslip boundary
conditions at the top and bottom, @, = v/2. R(f) corre-
sponding to a fitted value of @, = 1.22 is observed to well
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FIG. 2. (a),(b) The radius of the fluid front 7, and granular front
ry as a function of time when p; = p, (a) and p; = 1.07p, (b).
Inset: A green color enhanced image used to identify rp, which
leads r,. The original image corresponds to ¢ = 100 s in Fig. 1(c).
An estimated front of the suspension R(f) plotted assuming
Eq. (1) fita;, = 1.22. (c),(d) The average volume fraction (¢) as a
function of distance r and time ¢ when p; = p, (c) and p, # p,
(d). The color map is scaled by the maximum volume fraction
(@) max = 0.25 in each case to highlight the variation in (¢),.

describe the data in Fig. 2(a) showing some degree of
mixing. The same curve is plotted in Fig. 2(b), and is
observed to systematically lag r;, and lead r,. In fact, in the
case where p, = 1.07p,, we find r; is fitted by Eq. (1) with
a, = 1.35, and r is fitted by Eq. (1) with @, = 1.07. Thus,
we find that the advance of the granular front slows down
relative to the fluid phase leading to a buildup of ¢ near the
front as we quantify next.

We obtain the azimuthally average granular volume
fraction (@), as a function of radial distance r and plot
it in Figs. 2(c) and 2(d) for p, = p, and p, # p,, respec-
tively, over the time that the suspension is injected. We
observe in Fig. 2(c) that (¢), is constant and equals ¢,
before decreasing monotonically to zero at the front. The
effective viscosity of dense suspensions is given by [10]

ny =np(1=¢/p)". (2)

where ¢, = 0.6 is the granular volume fraction at which the
suspension jams [3,16]. Thus, 7, monotonically decreases
with 7 and no fingering instability is observed under these
conditions [7,13]. By contrast, we observe in Fig. 2(d)
that (@), initially decreases monotonically with r, but
becomes nonmonotonic with the formation of a peak which
increases in strength over time. This peak showing the
accumulation of grains results in a relative increase in 7,
before decreasing to 7,. While the mechanism by which
this annulus arises is due to a different reason than in
neutrally buoyant suspensions [12], it nonetheless results
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FIG. 3.

(a) Radial cumulative density reveals peaks correspond-
ing to development of fingers denoted by markers plotted in 10 s
time intervals. (b) The angular self-correlation function K, when
ps = 1.07p,. The peak indicated by the arrow corresponds to
growth of the maximum amplitude mode.

in a mobility inversion which gives rise to conditions in
which the invasion can become unstable [7,20].

To quantify the development of fingers, we obtain the
radially averaged volume fraction of the grains (¢), in one
degree sectors out to a fixed distance r = 7 cm. Figure 3(a)
shows (¢), as a function of angle @ for p; # p,. It shows
that (¢), rises more or less uniformly as a function of € as
the suspension moves out initially, but peaks develop over
time as identified by the markers. We calculate the self-
correlation function K,;(6) = ((¢),.(0, + 0)(),(6,)) —

{($),(0,))* by averaging over 6, to identify the mean
angle between fingers. Figure 3(b) shows the correspond-
ing K ;(6), where we observe a clear emergence of a peak at
0, =14 deg. = 1 deg. atatime ¢, ~ 40 s—denoted by the
arrow. The angle 6,, where the peak occurs corresponds to
the mean angle between fingers and can be associated with
the wavelength of the instability 1 ~ 8,,r, ~ 25 mm. Thus,
A>h, and much larger than buoyancy-driven rolls
observed in Newtonian fluids with characteristic length
scale given by A [21].

We varied ¢, and Q to investigate ¢,, and understand
the emergence of the dominant mode. Figure 4 shows
the fingering patterns observed after a fixed volume of the
suspension V; = 20 cm? is injected in each trial. No dye is
added to the liquid, and the brighter regions correspond to
the granular component. We observe that the size of the
final patterns is roughly the same in all the trials, but the
number of fingers, and where they start, is observed to vary
with ¢, and Q. Figure 5(a) shows measured ¢,, when a
clear peak emerges in K, (6) corresponding to the onset of
fingering instability. We observe 6,, increases systemati-
cally with ¢, and decreases systematically with Q. Based
on these observed characteristics of the fingers, we next
develop an understanding of when and where the instability
occurs.

We consider an annulus with inner radius r; and outer
radius r, where grains begin to accumulate as sketched in
the inset to Fig. 5(b). We assume the volume fraction in the
inner region ¢, % ¢,, the volume fraction in the annular
region ¢, & ¢, and the volume fraction in the outer
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FIG. 4. Various finger patterns observed with a black-and-
white camera after a fixed volume of suspension is injected
(py = 1.07p,). The scale bar is 20 mm.

region ¢3 ~ 0. We observe that ¢y, remains close to ¢,
even as the fingers develop [16], where friction between the
grains and the substrate can be important [22]. Thus, ¢ does
not have to reach ¢, for fingering to occur, although such
values can be reached later in the development of the
fingers. We estimate the time over which this annulus
develops by considering the timescale #; determined by the
settling speed of the grains. The Stokes settling speed is
givenby v, = 2 f(a*9Ap/n;), where f is the hindrance due
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FIG. 5. (a) Systematic variations in #,, can be observed with Q

and ¢,. (b) The observed time when annulus form 7, versus
calculated settling time 7, of the grains solving Eq. (3) under
various Q and ¢,. The line corresponds to #,/t; = 1. (c) The
measured radius R. when fingers appear. The lines correspond to
calculated ¢, obtained by solving Eq. (3). (d) The calculated mode
number from Eq. (5) is found to capture the measured mode
number n,, over the entire range of the Q and ¢,. The line
corresponds to slope 1.
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to the presence of the other grains, and is given by f =
ne(1=gg)/ns(¢,) 1231, and Ap = (p; — ps)/2. To find £,
we consider a column of water mixed with the grains.
Initially, the volume fraction of grains is that of the injected
suspension ¢, and the height of the column is the distance
between the plates /. The height of the column decreases as
grains settle, and from conservation of mass, the average
volume fraction of grains in the collapsing column ¢, is a
solution of [16],

d2¢z_ 2 1 dvy de, 2
T <¢z +v7d¢z> (W) ' G)

We integrate Eq. (3) numerically with the boundary
condition that ¢_(0) = ¢, at r = 0 to find ¢, at which ¢,
is within 5% of ¢.. We then plot ¢, as a function of the
observed time ¢, for the onset of dense granular annulus in
Fig. 5(b), and observe a good correspondence.

Once the granular components settle, they slow down
because of nonslip boundary conditions at the bottom
surface, leading to an effective decrease of the thickness
of the flowing region between the plates. This leads to a
decrease in mobility because it is inversely proportional to
the square of the thickness of the flowing region between
the plates. Thus, the radius R, where the instability occurs,

can be estimated using Eq. (1) as R, = a,+/Qt,/7h.
Plotting R, for ¢, = 0.1 and 0.3 in Fig. 5(c), we note that
it describes well the measured radius at which the granular
annulus form for ¢,, with intermediate cases in between
these two limits.

After mobility inversion occurs due to formation of the
annulus, perturbations of the front can grow provided they
can overcome surface tension. While an analysis of
unstable modes in miscible fluids notes that all modes
are unstable, with a lower cutoff given by the thickness of
the cell [20], this is clearly not what we observe. Thus, we
examine the calculated number of fingers at radial distance
r from the injection point in the case of fluids with
interfacial tension I' [13]:

n= \/% {46@:2‘;; "1)] 41, (4)

where, 77; and 7, are the viscosities of the inner and outer
fluids, respectively. While the surface tension between two
miscible fluids is zero at equilibrium, the presence of
volume fraction gradients at the front implies that an oft-
equilibrium Korteweg surface tension can exist at the
interface [15,24,25], and in the case of suspensions is
given by [24], T, = (x/8)A¢?, where k is the Korteweg
constant, and 6 is the radial distance over which the volume
fraction changes by A¢g. In case of thermal systems « is
proportional to the temperature [24]. Because granular
suspensions are athermal, a granular temperature set by
the local shear rate may play a similar role [26].

For sufficiently small |r, — r{| and incompressible flu-
ids, any perturbation of the interface between ¢, and ¢,,
results in a deformation of interface between ¢, and ¢;.
Thus, while the change in volume fraction is small between
the interface 1 and 2, the surface tension effect is essentially
dominated by the value going from interface 2 to 3. Then,
[, = (k/8)dmax- Because ¢, ~ ¢, as the fingers develop
[16], we linearize the change in viscosity in terms of the
change of volume as (17, — ;) = 2.57;(¢> — ¢b1).

Then, we have the mode n,, with maximum amplitude,
assuming n,, > 1, as

0~ /ﬂ\/%\/ﬂfti/zQyz(fﬁz —¢y) (5)
" " 7[3/2 K h5/2¢12nax ’

where, a,, ~0.422 [24] is introduced to account for the
fact that we identify the mode with the maximum ampli-
tude. It is further possible to approximate (¢, — ¢p;) with
(hmax — #,). However, because of the sensitivity of 7,, on
this difference, we have calculated n,, based on the actual
measured difference rather than this last approximation.
Figure 5(d) shows the comparison of the measured number
of fingers n,, = 360/6,, versus those calculated using
Eq. (5). We observe that the data is well described by a
line with /8 = 0.017 N m~! and goodness of fit R* = 0.73
[16]. Thus, we understand the instability occurs when a
mobility inversion develops due to increasing ¢ at the front,
with mode number given by the Korteweg surface tension.
In conclusion, we have demonstrated that the invasion of

a suspension into a miscible fluid is unstable when their
densities are not exactly matched. We show that granular
sedimentation in the resulting mixed suspension gives rise
to mobility inversion and a Saffman-Taylor-like instability
even in the absence of a meniscus. We then explain the
observed maximum amplitude mode as a function of
system parameters by noting the contribution of a
Korteweg-like interfacial tension on the stability of the
patterns in miscible suspensions. The relative contribution
of granular temperature in estimating this nonequilibrium
tension remains an interesting avenue for future research.

We thank Benjamin Allen for discussions. This work
was supported by the US Department of Energy Office of
Science, Basic Energy Sciences program under DE-
SC0010274. This work was also partially supported by
the National Science Foundation under Grant No. CBET
1805398.

“Corresponding author.
akudrolli@clarku.edu

[1] B. Sandnes, E. G. Flekkoy, H. A. Knudsen, K. J. Maloy, and
H. See, Patterns and flow in frictional fluid dynamics, Nat.
Commun. 2, 288 (2011).

054501-4


https://doi.org/10.1038/ncomms1289
https://doi.org/10.1038/ncomms1289

PHYSICAL REVIEW LETTERS 125, 054501 (2020)

[2] I. Bischofberger, R. Ramachandran, and S.R. Nagel,
Fingering versus stability in the limit of zero interfacial
tension, Nat. Commun. 5, 5265 (2014).

[3] A. Kudrolli and X. Clotet, Evolution of Porosity and
Channelization of an Erosive Medium Driven by Fluid
Flow, Phys. Rev. Lett. 117, 028001 (2016).

[4] I.C. Carpen and J.F. Brady, Gravitational instability in
suspension flow, J. Fluid Mech. 472, 201 (2002).

[5]1 M. J. Niebling, E. G. Flekkoy, K. J. Maloy, and R. Toussaint,
Mixing of a granular layer falling through a fluid, Phys. Rev. E
82, 011301 (2010).

[6] C.P. McLaren, T. M. Kovar, A. Penn, C. R. Mller, and C. M.
Boyce, Gravitational instabilities in binary granular materi-
als, Proc. Natl. Acad. Sci. U.S.A. 116, 9263 (2019).

[7] P.G. Saffman and G.I. Taylor, The penetration of a fluid
into a porous medium or Hele-Shaw cell containing a more
viscous liquid, Proc. R. Soc. A 245, 312 (1958).

[8] G.M. Homsy, Viscous fingering in porous media, Annu.
Rev. Fluid Mech. 19, 271 (1987).

[9] O. Johnsen, C. Chevalier, A. Lindner, R. Toussaint, E.
Clément, K.J. Maloy, E. G. Flekkoy, and J. Schmittbuhl,
Decompaction and fluidization of a saturated and confined
granular medium by injection of a viscous liquid or gas,
Phys. Rev. E 78, 051302 (2008).

[10] I. M. Krieger and T.J. Dougherty, A mechanism for non-
Newtonian flow in suspensions of rigid spheres, Trans. Soc.
Rheol. 3, 137 (2000).

[11] H. Tang, W. Grivas, D. Homentcovschi, J. Geer, and T.
Singler, Stability Considerations Associated with the
Meniscoid Particle Band at Advancing Interfaces in Hele-
Shaw Suspension Flows, Phys. Rev. Lett. 85, 2112 (2000).

[12] J. Kim, F. Xu, and S. Lee, Formation and Destabilization of
the Particle Band on the Fluid-Fluid Interface, Phys. Rev.
Lett. 118, 074501 (2017).

[13] L. Paterson, Radial fingering in a Hele Shaw cell, J. Fluid
Mech. 113, 513 (1981).

[14] S.S.S. Cardoso and A. W. Woods, The formation of drops
through viscous instability, J. Fluid Mech. 289, 351 (1995).

[15] D. Korteweg, Sur la forme que prennent les équations des
mouvements des fluides si ’on tient compte des forces
capillaires par des variations de densité, Arch. Neerlandaises
Sci. Exactes Naturelles 6, 1 (1901).

[16] See  Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevLett.125.054501 for mov-
ies, methods, and analysis, which includes Ref. [17].

[17] J.-Y. Tinevez, N. Perry, J. Schindelin, G. M. Hoopes, G. D.
Reynold, E. Laplantine, S.Y. Bednarek, S. L. Shorte, and
K. W. Eliceiri, Trackmate: An open and extensible platform
for single-particle tracking, Methods 115, 80 (2017).

[18] J. Chopin and A. Kudrolli, Building Designed Granular
Towers One Drop at a Time, Phys. Rev. Lett. 107, 208304
(2011).

[19] A. Janda, 1. Zuriguel, A. Garcimartin, and D. Maza,
Clogging of granular materials in narrow vertical pipes
discharged at constant velocity, Granular Matter 17, 545
(2015).

[20] L. Paterson, Fingering with miscible fluids in a Hele Shaw
cell, Phys. Fluids 28, 26 (1985).

[21] F. Haudin, L. A. Riolfo, B. Knaepen, G. M. Homsy, and
A. De Wit, Experimental study of a buoyancy-driven
instability of a miscible horizontal displacement in a
Hele-Shaw cell, Phys. Fluids 26, 044102 (2014).

[22] G. Dumazer, B. Sandnes, M. Ayaz, K.J. Maloy, and E. G.
Flekkoy, Frictional Fluid Dynamics and Plug Formation in
Multiphase Millifluidic Flow, Phys. Rev. Lett. 117, 028002
(2016).

[23] D. Leighton and A. Acrivos, Viscous resuspension, Chem.
Eng. Sci. 41, 1377 (1986).

[24] D. Truzzolillo, S.Mora, C.Dupas, and L. Cipelletti, Off-
Equilibrium Surface Tension in Colloidal Suspensions,
Phys. Rev. Lett. 112, 128303 (2014).

[25] J. Y. Y. Chui, P. de Anna, and R. Juanes, Interface evolution
during radial miscible viscous fingering, Phys. Rev. E 92,
041003(R) (2015).

[26] C.E. Brennen, Fundamentals of Multiphase
(Cambridge University Press, New York, 2005).

Flow

054501-5


https://doi.org/10.1038/ncomms6265
https://doi.org/10.1103/PhysRevLett.117.028001
https://doi.org/10.1017/S0022112002002513
https://doi.org/10.1103/PhysRevE.82.011301
https://doi.org/10.1103/PhysRevE.82.011301
https://doi.org/10.1073/pnas.1820820116
https://doi.org/10.1098/rspa.1958.0085
https://doi.org/10.1146/annurev.fl.19.010187.001415
https://doi.org/10.1146/annurev.fl.19.010187.001415
https://doi.org/10.1103/PhysRevE.78.051302
https://doi.org/10.1122/1.548848
https://doi.org/10.1122/1.548848
https://doi.org/10.1103/PhysRevLett.85.2112
https://doi.org/10.1103/PhysRevLett.118.074501
https://doi.org/10.1103/PhysRevLett.118.074501
https://doi.org/10.1017/S0022112081003613
https://doi.org/10.1017/S0022112081003613
https://doi.org/10.1017/S0022112095001364
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.054501
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.054501
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.054501
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.054501
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.054501
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.054501
http://link.aps.org/supplemental/10.1103/PhysRevLett.125.054501
https://doi.org/10.1016/j.ymeth.2016.09.016
https://doi.org/10.1103/PhysRevLett.107.208304
https://doi.org/10.1103/PhysRevLett.107.208304
https://doi.org/10.1007/s10035-015-0583-z
https://doi.org/10.1007/s10035-015-0583-z
https://doi.org/10.1063/1.865195
https://doi.org/10.1063/1.4870651
https://doi.org/10.1103/PhysRevLett.117.028002
https://doi.org/10.1103/PhysRevLett.117.028002
https://doi.org/10.1016/0009-2509(86)85225-3
https://doi.org/10.1016/0009-2509(86)85225-3
https://doi.org/10.1103/PhysRevLett.112.128303
https://doi.org/10.1103/PhysRevE.92.041003
https://doi.org/10.1103/PhysRevE.92.041003

