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Finite-Component Multicriticality at the Superradiant Quantum Phase Transition

Han-Jie Zhu,' Kai Xu,' Guo-Feng Zhang L and Wu-Ming Liu 234
'Key Laboratory of Micro-Nano Measurement-Manipulation and Physics (Ministry of Education), School of Physics,
Beihang University, Xueyuan Road No. 37, Beijing 100191, China
2Beijing National Laboratory for Condensed Matter Physics, Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China
3School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100190, China
4Songshan Lake Materials Laboratory, Dongguan, Guangdong 523808, China

® (Received 28 February 2020; accepted 8 July 2020; published 28 July 2020)

We demonstrate the existence of finite-component multicriticality in a qubit-boson model where biased
qubits collectively coupled to a single-mode bosonic field. The interplay between biases and boson-qubit
coupling produces a rich phase diagram which shows multiple superradiant phases and phase boundaries of
different orders. In particular, multiple phases become indistinguishable in appropriate bias configurations,
which is the signature of multicriticality. A series of universality classes characterizing these multicritical
points are identified. Moreover, we present a trapped-ion realization with the potential to explore
multicritical phenomena experimentally using a small number of ions. The results open a novel way to
probe multicritical universality classes in experiments.
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Quantum multicriticality, where multiple phases simul-
taneously become identical at a specific quantum critical
point, is a fascinating phenomenon as well as fundamental
concept in the study of quantum phase transitions [1]. Ata
multicritical point, the system is governed by a new
universality class, which results in qualitatively different
critical behaviors including new scaling fields and critical
exponents [2]. Owing to this unique nature, intriguing
features and novel universality classes have been found in
various multicritical systems, including magnetic materials
[3], superconductors [4], optical systems [5], and various
condensed matter systems [6—15].

Despite the novelty and significance, the investigation of
quantum multicriticality is still very limited due to enormous
challenges in experiments. To reach a high-order critical
point, multiple parameters need to be fine-tuned precisely,
e.g., accurate adjustments of composition and magnetic field
are both required to access the tricritical pointin Nb;_ Fe, |
[16]. This imposes a much stricter requirement on the
controllability of actual systems compared to normal critical
cases [16—18]. Furthermore, while universality class plays a
central role in multicritical phenomena, its exploration is
even more difficult since universal behavior emerges only
when the system size is sufficiently large, and such behavior
is vulnerable to environmental noises owing to the long
preparation time of the ground state caused by the critical
slowing down. To reveal a universality class, we need to
maintain the controllability of a large-size system while
preserving universal behavior from noise effects, which is
extremely difficult in realistic settings [19].

Instead of entering the large-size limit, a finite-component
system may also undergo a quantum phase transition (QPT)
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if the thermodynamic limit can be reached in an alternative
way. This is the case for the Dicke model [20-35], which
describes a bosonic mode collectively coupled to multiple
qubits. In this model, a second-order QPT appears when the
ratio of the mode frequency to the qubit transition frequency
approaches zero [36-38]. This model can be realized in
different systems ranging from ultracold atoms [39-44] to
superconducting circuits [45—48], where some of them, e.g.,
trapped-ion systems, have shown the possibility of achiev-
ing a finite-component QPT due to its excellent control-
lability in the required critical regime [49-53]. For such
systems, an interesting question arises: can multicriticality
be induced while maintaining the system size small? If so,
this would be highly desirable since it enables the study of
multicriticality in a system with sufficient controllability and
noise suppression ability due to small system size. More
interestingly, is it possible to explore universality classes
through probing the critical behavior under realistic
conditions?

In this Letter, we show the existence of quantum multi-
critical points in a finite-component qubit-boson model via
engineering qubit biases. We show that qubit biases can
introduce novel features in the phase diagram, and multi-
critical points emerge in certain bias configurations. These
points can be characterized by a series of multicritical
universality classes. Critical exponents and scaling relations
describing these universality classes are also obtained. Finally,
we consider a trapped-ion realization with the potential to
explore multicritical phenomena experimentally using a small
number of ions. The numerical results show that it is possible
to correctly reveal universality classes at multicritical points
by nonequilibrium universal functions even with noise effects.
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FIG. 1. A schematic illustration of the qubit-boson model with
staggered bias configuration [Eq. (1)]. Here a bosonic field with
frequency w is collectively coupled to 2N qubits (blue spheres)
which are separated into M subsets. Within each subset, qubits
are divided into two halves and each half experiences a transverse
field with the same magnitude and opposite direction to the other.

Model and phase diagram.—We consider a model that
features a rich phase diagram with finite-component multi-
critical phenomena. The considered system consists of a
bosonic field coupled to qubits with a staggered bias con-
figuration (Fig. 1), characterized by the Hamiltonian (7 = 1)
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where at (a) is the creation (annihilation) operator of the
bosonic field with frequency . Here 2N qubits are split into M
subsets, and for each subset qubits are further divided into two
halves which are equipped with biases with the same magni-
tude (¢ for the jth subset with qubit number 2N ;) but opposite

?21 65»”/2 and

i)/ 2 are composed of the Pauli operators

signs. The collective spin operators J,;_; =

Jrj = ?21 O'E'Nﬁ
0'5’) describing the ith qubit within the jth subset, €2 and g are
the energy spacing of qubits and qubit-boson interaction
strength, respectively. In the absence of biases, the system
returns to the original Dicke model and undergoes a second-
order QPT in the w/Q — 0 or N — oo limit [36]. With the
staggered biases, the system possesses a Z, symmetry
associated with the parity transformation (a, J,5;_1,J,2;) =
(=a,—Jy2j.—J2j-1)- The biases can be introduced in various
realizations of the Dicke model, e.g., by applying effective
transverse Zeeman fields to atoms or ions systems [54], or
tuning the persistent currents in superconducting qubits [47].

The biases can introduce important novel features in the
phase diagram. To investigate the phase structure, we first
resort to the mean-field (MF) approach and the ground-state
properties can be analyzed by minimizing the energy func-
tional per qubit (see the Supplemental Material [55] for details)

4g 42 (\/Z—i-e +1+\/Z—€ —|—1>
(2)

where n; = N;/N is the number fraction of the jth subset,
G =29/VoQ and ¢ ; = €;/Q are the dimensionless cou-
pling strength and bias, respectively, and z = 2, /g is the
rescaled order parameter characterizing the superradiant
transition where ¢ = (a) and 5= (2NQ) '@ are the
bosonic coherence and frequency ratio, respectively. The
superradiant QPT is marked by a transition from normal
phase (NP) (¢ = 0) to superradiant phase (SP) (¢ # 0)
accompanied by the Z, symmetry breaking, and the
corresponding critical points form a manifold in the
parameter space. In this manifold, multicritical points of
at most (M + 2)th order can arise, which can be shown by
expanding E(z) up to (2M + 4)th order of z as E(z) =
Eg+v(ra? /24301 ;2200 [(2j42)+22 M2 [ (2M +4)).
For appropriate {n;} settings, it is possible that the
coefficients r and u, ..., uy; vanish simultaneously since
there exists M + 1 independent parameters g and {&;}. This
point is nothing but an (M + 2)th order critical point if it
further satisfies v > 0. For a complete description of
this multicritical point, we further introduce symmetry-
breaking biases H,, = > hj(Jioj-1 +J2;)/2 to the
Hamiltonian. The resulting energy functional E,(z) can
be expanded as E,,(z) = E(z,,) + v 15w iz (2j=1)
up to O(h;), where h; = h;/Q and z,, = z — z, with the
constant z;, chosen to remove the z2¥*3 term [55]. Then at
this critical point, r, {u;} and {w;} form a complete set of
scaling variables, and the critical behavior can be described
in terms of these variables.

The simplest M =1 case permits the appearance of
tricritical points (TCPs). Figure 2(a) presents the extended
phase diagram in the parameter space (7, &, i) (subscripts
of & and h, are omitted in this case). Here the second-order
critical line L, turns into a triple line L, where three phases
coexist as the bias € is strong enough, and their meeting
point additionally connects to two wing critical lines L.
The critical lines L; and L, further connect to the
coexistence surfaces Sy and S, respectively. These struc-
tures are the signatures of tricriticality [56], and the meeting
point is a TCP whose location can be determined by
u=r=0,ie., (§r.ér) = [(5/4)3*, 1/2]. The occurrence
of tricriticality can also be observed through the ground
state order parameter, as shown in Fig. 2(b). Clearly, the
tricriticality causes a bifurcation of the first-order surfaces
Sy into two wings S, ending at L.

The next case M = 2 allows the existence of tetracritical
points (TECPs) where four phases become identical simul-
taneously, as shown in Figs. 2(c) and 2(d) which illustrate
the phase diagram and the corresponding order parameter
z¢ for fixed &,, respectively. When €, is small, two pairs of
SPs arise with a low or high bosonic coherence. Such a
difference in superradiant properties indicates that the
interplay between biases and boson-qubit coupling induces
different collective behaviors of qubits. Moreover, a
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FIG. 2. (a) Phase diagram in the tricritical case (M = 1). The
solid lines and dashed line represent the second-order critical lines
and triple line, respectively. The first-order coexistence surfaces S
separate two superradiant phases with different order parameter
sign, while S, separate a normal phase and two superradiant
phases, respectively. (b) The ground state order parameter z; (left
panels) and the excitation energy ¢ (right panels) as functions of §
and 7. (c) Phase diagram in the tetracritical case (M = 2 and
N; = 3N,), where A, = §— §,(¢,,&,) is the distance to L, for
given & ,. §,(€1,&,) is the coupling value on L; when &, are
fixed, and is the solution to 7(g,, €, &) = Osince L, is determined
by r = 0. (d) The ground state order parameter |z | for fixed . (e),
(f) Schematic illustrations of the energy functional E(z): (e) The
system moves across L, from the low- (dashed line) to the high-
bosonic-coherence (solid line) superradiant phase. (f) The system
moves along L, (dashed line) then into the line of end points
(dotted line) and finally reaches the tetracritical point (solid line).

liquid-gas-like phase transition separates two SP pairs by a
first-order quadruple line L, where four SPs coexist
[Fig. 2(e)], and at its end point the QPT turns into second
order where the difference between two SP pairs vanishes.
As &, is increased to a specific value €, 7., this end point
will finally reach the second-order critical line L, deter-
mined by r = 0. After this value, the end point stays on L,
and turns into a TCP which connects to a triple line L,.
Thus these end points form a quadruple line and a tricritical

line when &, < &, 7, and &, > &, 7., respectively, and at the
meeting point all four SPs become indistinguishable, which
signifies the appearance of tetracriticality. The tetracritical-
ity can also be revealed by an energy functional E(z), where
the minima corresponding to four SPs coalesce at the TECP
[Fig. 2(f)]. Its location can be determined numerically as
(1¢- €1.7¢+ €2.70) = (1.30,0.81,0.15) through the equation
u; = u, =r =_0. For M > 2 cases, higher order critical
points are possible. For example, a pentacritical point,
where the NP and four SPs simultaneously become
identical, exists at (gp, &, p, &y p,&.p) ~ (1.36,0.98,0.37,
017) when N] = 4N2 = 4N3

Scaling behavior and universality.—At an (M + 2)th
order critical point (§(y). {€; () }), the system belongs to a
different universality class compared to lower-order cases
and new scaling behavior emerges with different critical
exponents. The scaling behavior of the ground-state order

parameter z; can be obtained by the equation OE,,,/0z = 0
ﬁW
)s

and takes the form zg = wi" M, ({xa}acr u). ;)
where x4 = .Awl_d)w"A and M, . is the scaling function
[55]. The exponent 4 describes the singularity related to
the variable A and can be calculated as 8, = 1/(2M + 2),
ﬂuizl/(2M—2j+2) and §,, = 1/(2M —2j +5), while
the exponent ¢ 4, 4, = f4,/P.4, characterizes the crossover
between different singularities related to A; and A,.

We now include quantum fluctuations and investigate
the energy gap above the ground state. In the w/Q — 0
limit, the low-lying energy states behave as a harmonic
oscillator, and the effective Hamiltonian can be written as
H s = eata + C where ¢ is the excitation energy and
C is a constant [55]. This excitation energy vanishes at
second- and higher-order critical points since & satisfies
& & O?E,/07*|,_,, and the rhs is zero at these critical
points. This can also be demonstrated in Fig. 2(c), which
shows the closing of the energy gap near the critical lines
L, and L. Furthermore, near an (M —+ 2)th order critical
point, the relation between ¢ and 0°E,,;/9z> provides the
scaling relation & = |w; |’ M, .({x4}), where y,,, =
(M +1)/(2M + 3) [55]. Thus the leading singularity is
€~ {E;”' } when approaching the critical point from the
directions with w; # 0. In Fig. 3(a), we show fits of y, ,,
which are obtained numerically, and it converges to the
analytical values as approaching the critical point. In the
symmetry case {;} = 0, the leading singularity becomes

&~ pler ~5¥;"{€j}) for all directions with r # 0 where

#1

8y = 9 — J(um) and 5€j = €; — € (u)> and an M-independent
exponent y,. . = 1/2 presents [inset of Fig. 3(a)].

The difference between these critical points can be
further revealed by considering the finite-frequency scal-
ing, which describes the emergence of critical behavior
as 77 approaches zero. The results show that at the critical
point, the excitation energy vanishes as &~ n% where
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FIG. 3. (a)Fits of the critical exponents y,. ,,, andy, , [inset of (a)]
at critical points of different orders. (b) Fits of the critical exponent
0. (c) Numerical results of the rescaled residual qubit population
S =i (1), = \V2(w/Q)7V2(J.), after quench as a
function of the rescaled quench time T = wry(l*7e)/é =
2732 (w/Q)*wr for different frequency ratio with noise effects
included. The black dashed line is the nonequilibrium scaling
function S, obtained in the # — O limit numerically.

0¢=Ver/Er=Vew, /Ew, 18 the finite-frequency scaling expo-
nent, and &, =(M+3)/(2M+2), ¢, = (M +3)/(2M + 3)
are observable-independent exponents which are specific to
the universality class [Fig. 3(b)] [55]. Apparently, multi-
critical points with different orders do indeed belong to
different universality classes with distinct scaling fields and
critical exponents. These classes are the extensions of the
Dicke universality class M = 0 in the multicritical regime.

Experimental realization.—Instead of the equilibrium
approach, we explore the universality of multicritical points
via nonequilibrium scaling functions arising from near
adiabatic quenching. Such functions are more robust than
equilibrium scaling functions under environmental noises
due to lower time requirement [49,57,58]. Therefore, we
consider a linear quench §(7) = gyt/7 fromt =0tot =7
in the symmetry case while fixing the biases €; = €; 3),
where 7 is the duration of quench. The system is initially
prepared in the ground state, and we focus on the residual
qubit population (J.), = [(J.) (17, 7) — (J)(17)| at the end
of the quench since (J) can be measured with high fidelity
in the trapped-ion setup [50]. Here (J,) ;(n, ) and (J)(n)
denote the expectation value of J, after quench and that of
the ground state when ¢ = 7, respectively. For large enough
7, the adiabatic condition can be satisfied outside the critical
regime during quenching, and failed only near the critical

point. Thus the majority of excitations are produced during
the nonadiabatic quench inside the critical regime, and
(J.), satisfies a scaling relation [55]

<JZ>r — ;/Il_ye.r/érs‘l (T]/I(l""ys.r)/fr)’ (3)

where S, is the nonequilibrium scaling function. If

n~'*7er/(J ), is plotted as a function of zi(1*7e)/% all
data points with different # should collapse to a single
curve, which allows us to determine the order of a critical
point and reveal its universality class via &,.

This approach is possible in experiments. For simplicity,
we focus on the tricritical case, and consider an exper-
imental realization comprised of two trapped ions which
are cooled down to their motional ground states. Here
qubits are encoded using different electronic states [59],
while the bosonic field is the center-of-mass vibrational
mode supported by the Coulomb repulsion and confining
potentials [60]. The qubit biases can be generated by
additional near-resonant lasers [54]. Finally, the spin-
phonon coupling is induced by a pair of laser beams with
frequencies slightly detuned from the red and blue side-
bands, respectively [50,54,61]. In this setup, the system can
be described by an effective Hamiltonian which has the
desired form Eq. (1) with N = M = 1, and the parameters
associate with the experimental ones as @ = (5, — 6,)/2,
Q=(8,+6,)/2, g=V2nyQ and € = Q, [55]. Here 5,
(6,) is the detuning to the blue (red) sidebands, €2, and 7,
are the Rabi strength and Lamb-Dicke parameter of the
blue (red)-sideband lasers, respectively, and Q, is the Rabi
strength of the laser which produces staggered biases. For
typical trapped-ion platforms, it is possible to achieve w =
(27)200 Hz and frequency ratios 50 < Q/w < 400 [59].
To reach the tricritical point, it is necessary to realize
the Rabi frequencies 9.9 < Q/(27) <27.9 kHz and 5.0 <
Q,/(27) <40.0 kHz (17 = 0.06 is considered), which are
attainable in experiment [59].

We now evaluate whether the scaling function can be
correctly retrieved when noise effects are taken into account.
Here we only consider phonon heating as the main noise
source since the qubit dephasing produced by the magnetic-
field fluctuations can be effectively suppressed via continu-
ous dynamical decoupling [62-64], and the qubit decay is
much slower than the phonon heating rate (~1 s qubit lifetime
vs ~100 ms phonon coherence time) [65]. Then the quench
process is governed by a phenomenological master equation
p = —ilH(3(1)).p] + r(ngy + 1)Dla] + yngDla*]  where
DIA] = ApAt — {p,ATA}/2, y is the phonon-reservoir
coupling strength and ny, is the mean phonon number when
the system is in equilibrium with the reservoir. The phonon
heating rate is set to a typical value yny, /@ = 0.05 and the
effective temperature of the reservoir is high enough such that
yhg 2 y(ng + 1). Figure 3(c) shows the quench results of
(J.), with the noise effects, where the quench time is chosen
inarange 0.75 < wr < 2(3.75 < 7 £ 10 ms) which is much
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shorter than the phonon coherence time. We can find that all
data points with different # collapse into a theoretical line of
S,. approximately, thus the scaling function S, can be
faithfully retrieved under environmental noises. This allows
the identification of multicritical universality classes.
Conclusion.—In conclusion, we have shown that finite-
component multicriticality can be induced by the interplay
between qubit biases and boson-qubit coupling. In certain
bias configurations, multiple phases become indistinguish-
able and this relates to a high-order critical point which
resides between a multiple coexistence line and a lower-
order critical line in the phase diagram. These points can be
characterized by a series of multicritical universality classes.
Moreover, we have presented a trapped-ion realization with
the potential to explore multicritical phenomena experimen-
tally. Because of the small system size, we are able to retain
necessary controllability and coherence under realistic
conditions, thus making it possible for experiments to reveal
the multicritical universality classes through nonequilibrium
universal functions. Our work extends the multicriticality
study to finite-component systems, and thus opens a new
way of studying multicritical phenomena and provides a
promising platform for experimental exploration.
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