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We describe the geometry of bend distortions in liquid crystals and their fundamental degeneracies,
which we call f lines; these represent a new class of linelike topological defect in twist-bend nematics. We
present constructions for smecticlike textures containing screw and edge dislocations and also for
vortexlike structures of double twist and Skyrmions. We analyze their local geometry and global structure,
showing that their intersection with any surface is twice the Skyrmion number. Finally, we demonstrate
how arbitrary knots and links can be created and describe them in terms of merons, giving a geometric

perspective on the fractionalization of Skyrmions.
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Fresh perspectives invariably accompany the discovery
of a new phase: The experimental discovery of the twist-
bend nematic phase [1-3] invites fresh consideration of
nematic geometry and topology. The twist-bend nematic is
a fluid mesophase in which the nematic orientation exhibits
a heliconical modulation with nanoscale pitch and modest
cone angle [4]. It occurs in bent core compounds (banana
molecules) and is characterized by a state of nonzero bend
[5,6]. The geometrical and topological features of bend are
thus a natural vehicle for describing the degeneracies and
defects of the twist-bend phase, however, they arise more
generally and apply to any material described by a unit
vector, or line, field.

Geometric elastic distortions pervade soft matter physics
[7], providing a common conceptual framework as well as
numerous methods—including boundary conditions, sub-
strate topography, and surface curvature—for designing
properties or functionality [§-16]. Geometric methods also
relate to topological properties through the Gauss-Bonnet
theorem and Berry phase physics, giving them greater
potential for material control. A common feature of many
materials are degeneracies along lines or curves, with
examples including flux lines in superconductors [17],
fluid vortices [18], nodal lines in optical beams [19], C lines
in electromagnetic fields [20], defect lines in liquid crystals
[21,22], and umbilic lines in general [23]. In many
instances these lines are fundamental to the organization
and properties of the entire material, simultaneously
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characterizing it and offering a mechanism for controlling
and engineering specific responses.

In this Letter, we introduce a linelike geometric degen-
eracy associated to zeros of the bend in a unit vector field,
that we call 8 lines. These occur in all materials with vector
or orientational order, such as liquid crystals and ferro-
magnets, but have added significance when there is an
energetic preference for nonzero bend, and in such materi-
als S lines are a topological defect. We give constructions of
both smecticlike textures and Skyrmion states in twist-bend
nematics and characterize them in terms of their  lines. We
describe the local structure of generic f lines and show that
their intersection number with a surface gives a Skyrmion
count. Finally, we show how complex textures encoding
knotted f lines may be constructed, analogous to the
“heliknotons” recently created in cholesterics [24], and
characterize them in terms of merons. Additional illustra-
tions and examples, as well as further technical details, are
presented in the Supplemental Material [25].

Orientational order is described by a unit vector n, called
the director. Nematic symmetry, n ~ —n, corresponds to
linelike alignment, rather than vectorial. The bend b =
(n-V)n = —n x (Vxn) is the curvature of the director
integral curves; it is a globally defined vector whose sign
does not reverse under n — —n. As n is a unit vector the
bend is everywhere orthogonal to it, b-n = 0. Thus,
although bend is a vector field in three-dimensional space,
it is atypical, having only 2 degrees of freedom. In
particular, the set of points where it vanishes—the inflec-
tional points of the integral curves—is one dimensional,
and forms a collection of fundamental curves in the
material that are characteristic of it; we call them f lines.

A model system for exploring £ lines is the twist-bend
nematic. It may be described by a Frank free energy with
negative bend elastic constant [5], or by coupling the bend
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Examples of /3 lines in smecticlike twist-bend singularities. Director and its integral curves shown in blue, with the bend vector

in orange and f lines in green. (a), (b) Screw dislocations in the helical phase of the twist-bend ground state, with strength s = +1 (a)
and s = —1 (b). Color indicates the phase ¢ from Eq. (2). Insets show the winding of the helical phase around the /8 line from multiple
perspectives. Orange surfaces in the bottom inset show ¢ = 0 with points of equal phase along the integral curves marked by black dots.
(c) Edge dislocation in ¢; color indicates the xy angle of the bend vector. In passing from negative to positive x the director integral
curves pick up an extra turn, implying the existence of a f line. The f line location is not the phase singularity in ¢ (D), but the

hyperbolic point H where V¢ vanishes.

to a vector polarization p, coming from the “banana” shape
of the molecules, with a free energy [6],

K C U
F= [S19nP =2b-p+ 5P (=P, (1)

where K is a Frank elastic constant, A is a coupling constant,
C is an elastic constant for the polarization, and U sets the
scale of the bulk ordering energy. This favors the heliconical
director n = cos e, + sin #(cos gze, + sin gze,), with the
conical angle # and helical wave vector g determined
by the elastic moduli [4,6]. The integral curves are
helices of constant curvature and torsion; the bend b =
g sin @ cos §(—sin gze, + cos gze,) has constant magnitude
and rotates at the same rate as the director. We review the
geometry of the heliconical director and the free energy (1) in
the Supplemental Material [25], which includes Refs. [26—
31]. On scales large compared to the helical pitch 27/ ) the
twist-bend phase has the same elastic energy as a smectic
[32-35] and exhibits all the same features, textures, and
defects, despite there being no mass-density wave. These
smecticlike defects are all associated with f lines.

We consider first screw dislocations in the helical
integral curves of the twist-bend ground state, Fig. 1.
Here, the phase of the helices winds by 2zs on a circle
enclosing the screw axis, where s is the integer dislocation
strength; we show s = +1 in Fig. 1(a) and s = —1 in Fig. 1
(b). There is the same winding number in the bend (orange
arrows), guaranteeing the existence of a S line. These
textures are captured by the director field

n = cos e, + sin f[cos pe, + sin pe, ], (2)

where ¢ = gz + s arctan(y/x) and the cone angle 6 varies
smoothly from its far field preferred value to vanish on the

z axis. The integral curves degenerate to a straight line
along the z axis which, having no curvature, is a f# line.
Using instead ¢ = gz + s arctan(z/x) yields an edge dis-
location, Fig. 1(c). Here the $ line does not coincide with
the dislocation itself, where ¢ is singular [y axis, marked D
in Fig. 1(c)], but instead it is displaced to one side, at the
position of the hyperbolic point [H in Fig. 1(c)], where V¢
is zero [36]. A detailed comparison of the winding of ¢
and its singularities versus that of the bend vector is given
in the Supplemental Material [25], which contains
Ref. [37]. These examples can be set in a general context:
For a smectic phase field ¢ with layer normal N we set
n = cos ON + sin O[cos ¢pe; + sin ¢pe,], where e, e, are an
orthonormal basis for the planes orthogonal to N that is
parallel transported along it, (Vye;) - €; = 0. The singu-
larities in the smectic phase field then all induce f lines
in the director. In the Supplemental Material [25], we
provide examples for twist-grain-boundaries [38—40] and
parabolic focal conics [41,42].

A separate set of examples of f lines is provided by the
vortex structures familiar from cholesterics and Skyrmions.
A canonical example is the double twist profile n =
cos gpe, + sin gpe, shown in Fig. 2(a), for which the bend
is radial, b = —(1/p)sin*gpe,, and vanishes linearly along
the axis with winding number +1. Although the winding
number is the same as the s = +1 screw dislocation,
Fig. 1(a), the structure is distinct; each helical integral curve
encircles the /3 line, in contrast to the screw dislocation where
they do not. These two f lines are therefore topologically
distinct, in the sense that one cannot convert one into the other
without creating additional # lines. Such a double twist
cylinder occurs at the core of a Skyrmion embedded
in a twist-bend background, Figs. 2(b), 2(c); Skyrmions
are nonsingular field configurations in cholesterics and
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(a) p line at the center of a double twist cylinder—the integral curves wind about the f# line, making this +1 defect

topologically distinct from the screw dislocation of Fig. 1(a). (b) A single Skyrmion (gray disc) embedded in a heliconical background.
There are two co-oriented f lines with orientations indicated by a choice of tangent vector, and agreeing with the far field heliconical
director having negative z component. (c) Detailed structure of the director integral curves (blue), bend vector (orange), and f lines
(green) of a twist-bend Skyrmion. Red circles highlight the winding of the bend vector about the second, helical,  line. (d) A hexagonal
lattice of twist-bend Skyrmions, with midplane colored by the xy angle of the bend vector. Simulation results in panels (b),(c),(d) are

shown for 8 = 0.1, U/C = 0.3.

ferromagnets with Dzyaloshinskii-Moriya interaction [43—
47], which carry a topological charge Q = (1/4x) [n-
d,n x dyndxdy. The analogous helical director structures
suggest it is possible Skyrmions also arise in twist-bend
nematics, and indeed we find them to be (meta)stable in
simulation, Fig. 2(d). The Skyrmion contains two f lines
[Figs. 2(b), 2(c)], one along the central axis with the structure
of the double twist cylinder, Fig. 2(a), and the second a helix
with pitch equal to that of the heliconical far field director
and winding number of the bend —1. These f lines are a
topological necessity and count the Skyrmion charge Q; we
demonstrate below (and provide further detail in the
Supplemental Material [25]) that there are two S lines per
Skyrmion. A full Skyrmion phase diagram, analogous to that
constructed for cholesterics [48], would be of clear interest,
although it is not the focus of this Letter; here, we simply note
that we have confirmed (meta)stability for the heliconical
far field angle 6 € [0.1,0.5], U/C € [0.1,0.5], in simula-
tions performed using periodic boundary conditions with

box height chosen to match one pitch length (27 rotation) of
the twist-bend director. The stability we have seen suggests
that twist-bend Skyrmions could be directly nucleated by
adapting techniques used in cholesteric cells or in magnetic
systems.

Thus far we have discussed f lines in particular examples
motivated by twist-bend nematics and cholesterics. We now
turn to a general description of their geometry and
topological significance. In our simple examples, the
director n is either collinear with the f line tangent t,
as in Figs. 1(a), 1(b), and 2(a), or orthogonal to it as in
Fig. 1(c). Generically neither is the case, and n and t make
some intermediate angle. Points where they are orthogonal
have codimension 1 and are called Legendrian (see, for
example, Ref. [49]); points of collinearity are codimension
2 and do not occur except in situations of high symmetry.
A local description of a generic point on a f# line can be
developed by introducing adapted coordinates n ~ n,e, +
nye, + e and a Taylor series
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FIG. 3.

Knotted f line meron textures in twist-bend nematics. (a) f line tied into a trefoil knot, embedded in the heliconical

background, with a cross-sectional slice marked and shown in (b). The local structure of the director (b), (c) is an escape-up meron
containing a single f line (color denotes bend phase; same as in Fig. 2). The director in the cross section shown in (b) covers the top of
the unit sphere as shown in (c), corresponding to escape up. In (d) we show the £ line from the side, with the bend phase (color) on
several cross-sectional slices. (e), (f) Hopf links with linking numbers +1 (e) and —1 (f), and their distinct phase fields.
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retaining only terms that contribute at linear order to the bend.

Here V n = [%"x %] denotes the 2 x 2 matrix of orthogo-
1 Oyny Oyny

nal gradients of the director [23] and 0,V n is its rate of
change along the local director; [s,, s,] controls the angle
between t and n. The winding number in the xy plane is 1
according to the sign of det[(V n|y)? + 0.V n|;]. When
the derivatives 0.V n|, are negligible this reduces to
(detV n|,)? and the winding is always +1, so that the
different profiles of § lines are controlled crucially by the
parallel derivatives of the orthogonal director gradients.
In the Supplemental Material [25], which includes
Refs. [50,51], we use Eq. (3), (4) to construct a variety
of f lines with different local profiles, including a
Legendrian point.

We now describe the global structure beginning with a
canonical orientation of f lines via the operator Vb. Along
the f lines there are two canonical frames; the tangent
vector to the curve t and normal plane v, and the director n
and its normal plane £.Vb defines an isomorphism v — &,
detailed in the Supplemental Material [25], and we orient
the f line such that this isomorphism preserves orientation.
We note that the orientation obtained reverses upon
n — —n, which corresponds to the change in sign of point

defects (or Skyrmion charge) under the same replacement
[52]. On the complement of the S lines there is the Frenet-
Serret framing of the integral curves. The f lines are
singularities of this framing. We write b = ke, with « the
curvature of the integral curves, and e, = n x e;. This
framing yields a connection 1-form w = (Ve,) - e, for the
plane field £. The component of w along the director is the
torsion 7 = w(n) = (V,e;) - e,, while the vector dual to it
is the local pitch axis of the heliconical twist-bend state.
For example, the smectic-based twist-bend director (2) has
connection 1-form @ = cos Od¢; the torsion is 7 ~ gcos’
and the pitch axis is along V¢. Topological information
is conveyed by the associated curvature 2-form Q =
—sin0df A dp = (—1/2)e;n;dn; A dny. Given a surface
S, the $ lines intersect it in a set of points p; and by the
Gauss-Bonnet-Chern theorem,

1 1
> asm—gégz Zlntpi(ﬂ, S). (5)

where Int, (8, S) denotes the signed intersection number at
point p; of an oriented /3 line with an oriented surface S. For
Skyrmion textures this total intersection number is 20,
giving two S lines per Skyrmion as seen in Fig. 2. In the
Supplemental Material [25], which contains also Refs. [53—
57], we give detailed applications of Eq. (5) to the examples
of the screw dislocation (Fig. 1), the double twist cylinder
[Fig. 2(a)], and the Skyrmion texture [Figs. 2(b), 2(c)], in
each case demonstrating the topological necessity of the
lines present.
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Finally, we discuss fully three-dimensional textures and
show that it is possible to embed an arbitrary knotted or
linked set of $ lines into a heliconical background, via an
extension of our constructions for screw and edge dis-
locations. Given any knot or link K, the director

n = cos e, + sinf[cos Pre, + sinpge,], (6)

where ¢ = gz + %wK, with wg the solid angle function
for K [58], embeds a helical winding of the director integral
curves around a tubular neighborhood of K, Fig. 3; as
before, the cone angle @ should be made to vary from its far
field value to vanish along K. The phase winding in the
helical integral curves guarantees the existence of a f line.
Examples for the trefoil knot, Figs. 3(a)-3(d), and Hopf
link, Figs. 3(e), 3(f), are shown.

The director texture around the knot is that of a meron
tube extruded along K. A meron is a fractionalization of a
Skyrmion that carries half the topological charge [46,59].
lines provide a natural geometric perspective on this
fractionalization: since each Skyrmion comprises two f3
lines, a single f line represents half a Skyrmion, i.e., a
meron. In terms of the heliconical phase field ¢, these
meron tubes are edge dislocations where heliconical layers
terminate. Exactly these structures were recently created
experimentally in cholesteric cells and shown to form
highly controllable and responsive knotted solitons [24].
In that experiment, links of “escape up” and “escape down”
meron tubes combined to give nonzero Hopf invariant.
For the twist-bend nematic phase, the small conical angle
(0 =~ 25° [3]) gives an energetic preference to escape up
merons over escape down, whereas in cholesterics
(0 = n/2) the two types of meron are degenerate. Even
with only escape up merons, where the Hopf invariant is
trivial, the linking is still a relevant quantity with distinct
textures for different values of the linking number,
Lk(f;. B;). In Figs. 3(e), 3(f) we show examples for the
Hopf link with linking numbers +1 where the layer
structure through the middle of the link is different in
the two cases; further images of an unknot, the trefoil, and
both types of Hopf link are given in the Supplemental
Material [25], which contains Refs. [60,61].

We have given an initial description of geometric
degeneracies in the bend of a vector field, which we call
p lines, and their connection to topological features,
including smectic singularities, Skyrmions, and merons.
We have couched the majority of the discussion around the
twist-bend nematic phase, in which the f lines are novel
topological defects, however the same structures arise in
any orientationally ordered material. As one example in a
different setting, active materials with extensile activity
exhibit a bend driven instability in (three-dimensional)
active nematics and cholesterics [62—-64] and so naturally
exist in states with nonzero bend distortion. The geometric

degeneracies we have introduced here will also arise there
and may provide a means for their analysis.
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