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We analyze the magnon excitations in pyrochlore iridates with all-in-all-out (AIAO) antiferromagnetic
order, focusing on their topological features. We identify the magnetic point group symmetries that protect
the nodal-line band crossings and triple-point degeneracies that dominate the Berry curvature. We find
three distinct regimes of magnon band topology, as a function of the ratio of Dzyaloshinskii-Moriya
interaction to the antiferromagnetic exchange. We show how the thermal Hall response provides a unique
probe of the topological magnon band structure in AIAO systems.

DOI: 10.1103/PhysRevLett.125.047203

Introduction.—Recently there has been an explosion of
activity exploring topological features in the electronic
excitations of semimetallic and conducting solids. This
includes the study of Weyl fermions in systems that break
either time reversal or inversion symmetry [1-9]. Dirac
fermions are realized by doubly degenerate band crossings
protected by time reversal and crystal symmetries [10-16].
Recently discovered triple-point semimetals [17-22] are
examples of new types of fermions, beyond Weyl and
Dirac, with no counterpart in high energy physics. Nodal-
line semimetals are another class of topological systems in
which band crossings occur along closed lines in momen-
tum space [23-27].

Topological semimetal band structures are not restricted
to fermionic systems and can also arise in bosonic systems.
Spin-orbit coupled magnetic insulators are good candidates
to look for “bosonic” topological semimetals. In recent
studies, a variety of topological features have been predicted
in the magnon bands of Cr-based breathing pyrochlore
antiferromagnets [28], pyrochlore ferromagnet Lu,V,0,
[29], as well as other magnetic insulators [30—41].

In this Letter, we propose that the magnon excitations of
pyrochlore iridates R,Ir,O; (R: rare earth or yttrium)
[42,43] exhibit triple-point and nodal-line band crossings
with unique signatures in thermal Hall effect. Many
pyrochlore iridates are insulators with the all-in-all-out
(AIAO) antiferromagnetic order [Fig. 1(a)] below T, ~
120 K [3,44-82]. Their spin excitations are relatively less
explored experimentally due to neutron absorption by Ir.
Focusing on compounds with nonmagnetic rare earth ion
on the R site, such as Eu,Ir,05 and Y,Ir,O;, we investigate
the magnon excitations in the AIAO state described by the
magnetic interactions between the S = 1/2 Ir moments on
the pyrochlore lattice:

(i)
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We consider antiferromagnetic (AFM) Heisenberg
exchange J > 0 and Dzyaloshinskii-Moriya (DM) inter-
actions D between nearest-neighbor moments that are
relevant for AIAO ordering (ferromagnetic exchange is
relevant for Lu,V,05 [29,83,84]). We find two topological
transitions in the magnon spectrum with increasing D/J
as shown in Fig. 1(c). Interestingly, the three regimes
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FIG. 1. (a) Spin configuration of the AIAO state on the
pyrochlore lattice. (b) Nearest-neighbor DM vectors (blue),
dyy = dyw = (=1,1,0)/+/2. The unit-length DM vectors {Zlij}
are determined by lattice symmetry [91]. The numbers (1-4)
denote the four sublattices of the pyrochlore lattice. (c) Three
regimes (LILIII) of magnon band topology separated by transition
points D,; and D,,, showing magnon triple points (blue: A type,
red: B type) in the k, = O plane of the Brillouin zone [Fig. 2(d)].
Black arrows indicate the directions in which the triple points
move with increasing D.
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(LILIIT) can be distinguished by their distinct magnon band
topology: the triply degenerate crossings of magnon bands
[85], protected by the magnetic point group symmetry of
the AIAO state, and nodal lines of doubly degenerate band
crossings protected by either nonsymmorphic or antiunitary
symmetries. The degeneracies at the triple points and nodal
lines make strong contributions to the Berry curvature,
which in turn impact the thermal Hall effect (THE)
[83,84,86-90], an important experimental probe of magnon
band topology.

Model and spin wave theory.—For the AFM pyrochlore
described by Eq. (1), the DM interaction plays an important
role in selecting the ground state from the highly degenerate
ground state manifold in the Heisenberg limit. We focus on
D > 0 (direct DM), where the ground state is AIAO,
whereas for D < 0 (indirect DM) the ground state has
XY order [6991]. In the AIAO state relevant to the
pyrohclore iridates, the spin moments point inward at
one type of tetrahedra and outward at the other type
[Fig. 1(a)] with ordering wave vector q = 0.

We investigate magnon excitations about the AIAO state
using linear spin wave theory. First, we make a local
coordinate transformation for each spin operator that aligns
the quantization axis along the moment direction at each
site. Then, we use a linearized Holstein-Primakov trans-
formation [92] to obtain the quadratic Hamiltonian

4
Hgw = Eq + Z Z A (K)ajy
K

l,m=1

4
+ ; Z Blm(k)al—kamk + H.c. (2’)

I.m=1

Here E is the classical ground state energy, and a’ (a) are
the magnon creation (annihilation) operators for the four
magnetic sublattices (I,m =1, ...,4) of the AIAO state
with crystal momentum (k). The explicit forms of the
hopping and pairing amplitudes, A;,,(k) and B, (k), are
provided in the Supplemental Material [93]. The corre-
sponding four magnon bands are obtained by diagonalizing
Hgyw via the Bogoliubov transformation [93]. We next
discuss in turn the two types of topological features in the
magnon bands: triple points and nodal lines.

Triply degenerate crossings.—We find that the magnon
bands exhibit two types of triply degenerate crossings
(TDC); see Fig. 2(a). The first type is a triple degeneracy at
the I point (blue dot) that we denote as the A-type TDC.
It is protected by cubic symmetry (C3 and C, rotations)
[93] and exists irrespective of the size of D.

AtD = D, (=Jv/2/5 = 0.28J) there is a band inversion
at the I' point between the triply degenerate level and
nondegenerate level, resulting in the creation of a second
B-type TDC [red dot in Fig. 2(b)]. The B-type TDC
arises from the crossing between a nondegenerate and
doubly degenerate (cyan) bands along the 6 cubic directions,
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FIG. 2. Magnon band structures for (a) D = 0.18J, (b) 0.33J,
and (c) 0.8J. Two types of the triply degenerate band crossings
are marked by blue (A-type TDC) and red (B-type TDC) dots.
The cyan line denotes the doubly degenerate band protected by
the © - S, antiunitary symmetry. The other doubly degenerate
bands along XW (orange) correspond to the nodal-line band
crossings protected by the nonsymmorphic G, glide and C,
rotation. (d) Brillouin zone of the pyrochlore lattice with high
symmetry points [[':(0,0,0), X:(x/2,0,0), W:(z/2,7/4,0),
L:(n/4,n/4,1/4)]. (e)—(f) Locations of the triple points (e) and
nodal lines (f) in the Brillouin zone, with the same color code as
in (a)—(c). The table summarizes the associated symmetries
protecting the band crossings. See the Supplemental Material
[93] for the definitions of the symmetry operations.

e.g., I'X line. The double degeneracy of the latter is
guaranteed by the antiunitary symmetry ®-S, of the
magnetic point group of the AIAO state [93]. The B-type
triple points move toward X and other symmetry related

points as D increases. At D = D,(=J/v2 =0.71J)
another band inversion arises at the X point. In this band
inversion the TDC migrate to the bottom three bands from
the top three with the inverted movement direction toward
the T" point [compare Figs. 2(c) with 2(b)]. During this
process, a pair of triple points meet at the X point and then
they pass through each other without being annihilated,
due to the different quantum numbers of (® - S,)? in the
degenerate band (—1) and in the other two nondegenerate
bands (+1) along the k line.

To summarize, the AIAO antiferromagnetic pyrochlore
has three regimes (LILIII) of magnon band topology,
separated by the topological transitions at D,; and D,,;
see Fig. 1(c). The magnon band structure in each region is
characterized by the pattern of triple points and their
movement in the Brillouin zone. Note that the ATAO ground
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TABLE 1. Induced magnetization for several field directions,
and resulting symmetry constraints on the thermal Hall conduc-
tivity tensor. The constraint for the [110] field direction holds for
intermediate field directions between [110] and [111], i.e.,

h=(1/v2)( +9)cos @ + 2 sin 6.

h M= (Mx’MwMz) K= (K)'zvkzx’ny)
[100] M,=M,=0 Ky = Ky =0
[110] M, = y Kyz = Kzx
[111] M,=M,=M, Ky, = Kzx = Kyy

state remains stable while the magnon band structure
undergoes these topological changes driven by the DM
interaction [93].

Nodal lines.—Another characteristic feature of the mag-
non bands is the existence of nodal-line band crossings.
Along I'X (cyan in Fig. 2) there is a doubly degenerate
nodal-line band crossing. A more interesting nodal-line
crossing occurs along the XW and other symmetry-related
lines, where four magnon bands are paired up into two
doubly degenerate bands [orange in Figs. 2(a)-2(c)] by the
symmetry protection of C, rotation and ‘“nonsymmorphic”
G, glide [93]. Acting on the magnon operators, these
symmetry operations anticommute with each other, result-
ing in the double degeneracy. Figures 2(e) and 2(f) illustrate
both kinds of nodal lines in the entire Brillouin zone.

We have examined the influence of symmetry-allowed
further-neighbor interactions, beyond those included in
Eq. (1), that may exist in real materials. We find that the
essential features like the triple points and nodal lines are
all preserved by symmetry, indicating that the qualitative
features of THE persist in the presence of further-neighbor
interactions [93].

Berry curvature and thermal Hall effect.—The distinct
magnon band topology exhibited in the three regimes leads
to qualitatively different patterns of Berry curvature in the
band structure of each regime. A direct experimental
signature of the magnon Berry curvature is the magnon

thermal Hall effect [83,84,86-88]. A temperature gradient
V,T induces transverse heat current J? = -3, KV, T
carried by magnon excitations as a result of their Berry
curvature €, = (QF,. Q) Q% ). The antisymmetric
thermal Hall conductivity tensor k,, obtained from linear
response theory is given by [88]

2 4 2
o = S5 - o/l 5 )
n=1 Kk

Ky, and k., are obtained by cyclic permutations of indices.
Here ¢, (u)=(1+u){In[(1+u)/u]}?>—(Inu)>—2Li,(-u),
with Liy(x) the dilogarithm function, g(x) = (e*—1)7!
is the Bose distribution, E, the magnon dispersion, and V
the volume of the system. For each magnon band, the Berry
curvature is given by [88,93]

NGV o[
an _ lr; [ 5k}nm % [al;(]mn , (4)
where T is the 8 x 8§ Bogoliubov transformation matrix
corresponding to the four bands and two “particle-hole”
degrees of freedom.

To probe magnon Berry curvature via the thermal Hall
effect, we apply a small magnetic field, which breaks time
reversal and also breaks the cubic symmetry of the system.
The Zeeman coupling H; = -h-)_;S; generates a
sublattice-dependent potential in the spin wave Hamiltonian
H gy and canting of the AIAO spin configuration (thereby a
nonzero magnetization) [93]. In Table I, we summarize
the direction of induced magnetization for several field
directions, and also symmetry constraints on the thermal
Hall conductivity tensor. The constraints are based on
(i) remaining symmetries in the canted AIAO state under
the field, and (ii) the fact that the tensor k = (k. K., Kyy)

and magnetization M = (M. M, M,)(=1>"1 | (S;)) over
a unit cell are both axial vectors that follow the same

transformation rules under symmetry operations.
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Thermal Hall conductivity x,, under a small magnetic field & = 0.02J along the [110] direction. (a),(b) ,, as a function of T

and D. The vertical line in (b) corresponds to D,;. (¢),(d) k,, (red) and «,, = k. (blue) for D = 0.18J and D = 0.33J. The arrow in

(c) indicates the crossing between «,, and x,,
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FIG. 4. Momentum-resolved thermal Hall conductivity K,,(k) at kg7 = 0.3J under an applied field » = 0.02///[110]. Left:

/2
F= f-;ﬁ/z

dk, ff,/r 32 dk,K (k) as a function of k, for (a) regime I and (f) regime II. Right: color map of K, for different k_ slices for

(b)—(e) D = 0.18J and (g)—(j) D = 0.33J. In each map, the horizontal and vertical axes represent k, /= and k, /x, respectively. See the
text for an explanation of the shaded gray regions and orange circles.

We estimate the parameters of our model from resonant
inelastic x-ray scattering experiments [65] on Sm,Ir,O,
that show magnetic excitations well described by Eq. (1)
with J/ =27.3 meV and D = 0.18/ = 4.9 meV. We use
J =273 meV to compute the thermal Hall effect, and
examine our results as a function of D/J. We note that
recent estimates [94] suggest that large D/J are achievable
in pyrochlore iridates.

In Fig. 3, we show «,,, with a small field 4 = 0.02J along
the [110] direction, for which the relationship between
magnon band topology and thermal Hall response is most
clearly observed. The presence of a small field breaks all
the symmetries listed in the table of Fig. 2. Instead, type-II
Weyl points [95] are created from the A and B TDC as
shown in Fig. 2.

The triple-point and nodal-line band crossings remain
nearly degenerate carrying large Berry curvatures. We find
characteristic behaviors in the thermal Hall conductivity
that can help distinguish regimes I and II. Specifically, k,
has a different sign in the two regimes: positive in regime |
and negative in regime II as shown in Fig. 3(a). In Fig. 3(b)
we show that ., changes sign across the boundary D, =
0.28J (vertical line). The other two components (k,, = k)
are positive below T, regardless of which regime the
system lies in [Figs. 3(c) and 3(d)]. We find the same
pattern of «,, even upon inclusion of further neighbor
interactions [93].

To get insight about the qualitatively different behavior of
in regimes I and II, we resolve it in momentum space:

Kxy

Ko =(1/V) Y Ky (k)= [*, dk F(k.). The k, variation of
the “integrated” quantity F(k.) = ff]/r 52 dk, ffj/[ 52 dk,K,,(k),
plotted in the left panels of Fig. 4, reveals important features
of k., in momentum space: (i) a peak structure around k, = 0

that changes sign (white), and (ii) monotonic behavior
with no sign change away from the center (gray). These
plots show that constructive contributions from the gray
region determine the sign of ., in each of the two regimes.

In the right panels of Fig. 4, we plot K, (k) as a
function of (k,,k,) for various k. slices to gain a better
understanding of how the degeneracies of the (zero-field)
magnon spectrum impact the Berry curvature and hence the
sign of k,,. The large and rapidly changing behavior of
F(k,) near k, = 0 is seen to arise from the Berry curvature
concentrated around the triple points [Figs. 4(b), 4(c), 4(g),
and 4(h)].

More importantly, the doubly degenerate nodal lines
along XW contribute to the large positive (negative) F(k.)

D=0.18J (a) kgT=0.5D (b) kgT=D (c) kgT=1.5D
‘e 003 15 3
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FIG. 5. Field-direction dependence of «, for D =0.18J

(a)—(c) and D = 0.33J (d)—(f). The horizontal axis represents
the field direction & which changes from the [100] to [110] and
then [111] direction, with the fixed magnitude 7 = 0.02J.
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at large k, in regime I (II). The peaks highlighted by circles
in the right most panels correspond to the location of the
degenerate energy levels [Figs. 4(d), 4(e), 4(i), and 4(j)]. In
a small field, these levels are shifted from XW lines and
their degeneracy is lifted, but only slightly, so they continue
to give important contributions to F(k.). Notice that in
regime I the nodal lines are shifted into the third quadrant of
each k, plane with positive K, (k). By contrast, in regime
II they move into the first quadrant with negative K, (k). It
is therefore the distinct field response of the nodal-line
topological magnons that ultimately controls the sign of
in Fig. 3. The other nondegenerate bands generate the
clover-leaf shaped “background” contributions in the right
panels of Fig. 4.

From the above analysis, we see that different band
topologies lead to distinct patterns of magnon Berry
curvature, which in turn lead to different thermal Hall
responses (see Fig. 3), indicating its usefulness as a probe
of the overall magnon band topology.

The field-direction dependence of k,, provides addi-
tional information about the two regimes, as depicted in
Fig. 5 for two values of D = 0.18/J and D = 0.33J. We find
(1) kyy = 0 in regime I but becomes negative along [100] to
[110] in regime IL. (ii) In regime 1, k,, and «_, cross as the
temperature drops below D regardless of the field direction
[Figs. 5(a)-5(c)]. This generic crossing behavior can be
useful for estimating the size of the DM coupling in thermal
Hall experiments.

Conclusions.—One of the central ideas explored here is
the field response of the topological magnon nodal lines
and triple points and their manifestation in the thermal Hall
transport. Going forward, our calculations suggest that
pump-probe techniques that can excite magnons near the
doubly and triply degenerate energy levels will lead to
enhanced thermal Hall effect compared to simply relying
on thermally excited magnons. Our calculations of the
thermal Hall transport can also be extended to pyrochlore
iridates with a magnetic rare earth ion [96] (such as
Nd,Ir,05) with an additional magnetic ion.

This work was supported by NSF Materials Research
Science and Engineering Center (MRSEC) Grants
No. DMR-1420451 and No. DMR-2011876.
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