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The precise measurement of a magnetic field is one of the most fundamental and important tasks
in quantum metrology. Although extensive studies on quantum magnetometry have been carried out
over past decades, the ultimate precision that can be achieved for the estimation of all three components
of a magnetic field under the parallel scheme remains unknown. This is largely due to the lack of
understandings on the incompatibility of the optimal probe states for the estimation of the three
components. Here we provide an approach to characterize the minimal tradeoff among the precisions
of multiple parameters that arise from the incompatibility of the optimal probe states, which leads to the
identification of the ultimate precision limit for the estimation of all three components of a magnetic field
under the parallel scheme. The optimal probe state that achieves the ultimate precision is also explicitly
constructed. The obtained precision sets a benchmark on the precision of the multiparameter quantum
magnetometry under the parallel scheme, which is of fundamental interest and importance in quantum
metrology.
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Many applications of quantummetrology can be reduced
to the measurement and estimation of a magnetic field. For
example, various applications in quantum biosensing with
nitrogen vacancy (NV) centers are achieved by measuring
the magnetic field of the targeted biomolecules [1].
Quantum magnetometry under the parallel scheme that
utilizes entangled probe states, as shown in Fig. 1, has been
studied over many decades since the pioneer work of
Helstrom and Holevo [2,3]. The ultimate precision, how-
ever, is only well understood for the single-parameter
quantum magnetometry. An example extensively studied
is the estimation of the magnitude of a magnetic field. In
this case, the ultimate precision for the local estimation,
where the experiment needs to be repeated for sufficient
number of times, is achieved by the GHZ-type state as
½ðj00…0i þ j11…1iÞ= ffiffiffi

2
p � [4,5]. For the Bayesian estima-

tion, the minimal Holevo covariance is achieved with the
Berry-Wisemen type of states [6]. For the estimation of all
three components of the magnetic field, the answer is only
known for special cases. For the Bayesian estimation, the
optimal performance for the estimation of the generated
unitary rotation has been studied under the assumption
of uniform prior distribution [7–13]. For the local estima-
tion, the optimal performance is only known when the
unitary rotation generated is close to the identity and the

figure of merit is taken as the sum of equally weighted
variance [14–23], for which it has been shown that the
best precision is achieved by 2-anticoherent states [14].
For general unitary rotations, a heuristic state, which is also
2-anticoherent, is provided in [15] with the achieved
precision matching the optimal performance in the weak
limit, i.e., when the generated unitary is close to the
identity. In general, however, the optimal performance of

FIG. 1. Parallel scheme for multiparameter quantum magne-
tometry. Here Us ¼ e−iB·σt describes the unitary dynamics on the
spin due to the interaction with the magnetic field. An additional
ancillary system may be used.
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the multiparameter quantum magnetometry under the
parallel scheme remains unknown.
This is related to a main research theme in multi-

parameter quantum estimation, which is to quantify the
tradeoff among the precisions of multiple parameters
[24–42]. Over the past decades there have been extensive
studies on this theme, however, the minimal tradeoff
remains only known for very limited cases [24–27]. The
study on the tradeoff induced by the incompatibility of the
measurements has made much progress [3,32–40,43–48].
However, the tradeoff induced by the incompatibility of the
optimal probe states is still poorly understood. Here we
present an approach to quantify the tradeoff induced by the
incompatibility of the optimal probe states. With this
approach we obtain the minimal tradeoff for the multi-
parameter quantum magmetometry under the parallel
scheme, where the figure of merit can be taken as the
sum of arbitrarily weighted variance and the generated
unitary does not need to be close to the identity operator.
This enables the identification of the ultimate precision
limit for multiparameter quantum magnetometry under the
parallel scheme, which can also be used to calibrate the
ultimate performances of the quantum reference frame
alignment, quantum gyroscope, etc. We note that additional
controls during the evolution are not considered in the
parallel scheme. Controlled schemes have been studied in
[26,49,50], where it has been shown that optimal controls
may further improve the precision.
We first use spin-1=2 as the probe. The dynamics for a

spin-1=2 in a magnetic field can be described by the
Hamiltonian H ¼ B · σ ¼ B1σ1 þ B2σ2 þ B3σ3, where
σ1, σ2, and σ3 are Pauli matrices. This can be equivalently
written as H ¼ Bn · σ with B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
1 þ B2

2 þ B2
3

p
as the

magnitude and n ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ as the
direction of the magnetic field. After an evolution time t,
the dynamics generates a SU(2) operator as Us ¼ e−iαn·σ

with α ¼ Bt. As we allow the figure of merit taken as the
sum of arbitrarily weighted variance, we can just consider
the precision for the simultaneous estimation of α, θ and ϕ
with the figure of merit as w1δα̂

2 þ w2δθ̂
2 þ w3δϕ̂

2, here
w1; w2; w3 > 0 are the weights and δx̂2 ¼ E½ðx̂ − xÞ2�
denotes the variance for an unbiased estimator. The
precision of various other parameters can be expressed
in terms of α, θ, and ϕ with different weights. For example,
the precision for the estimation of B is related to α as
δB̂2 ¼ ðδα̂2=t2Þ, thus the sum of equally weighted variance
for ðB; θ;ϕÞ can be written as δB̂2 þ δθ̂2 þ δϕ̂2 ¼
ð1=t2Þδα̂2 þ δθ̂2 þ δϕ̂2. Similarly the sum of equally
weighted variance for the estimation of ðB1; B2; B3Þ can
be expressed as δB̂2

1 þ δB̂2
2 þ δB̂2

3 ¼ ð1=t2Þðδα̂2 þ α2δθ̂2þ
α2sin2θδϕ̂2Þ. This differs from most previous studies which
take the figure of merit as the sum of equally weighted
variance under a specific parametrization [15–19,22,
51,52].

The precision limit for a parameter x can be calibrated by
the quantum Crámer-Rao bound (QCRB)

δx̂2 ≥
1

mJx
; ð1Þ

here Jx ¼ 4hΔH2
xi is the quantum Fisher information

(QFI), m is the number of repetition (which we will neglect
as it accounts the classical effect).Hx is the generator of the
corresponding parameter x [2,3,53], which is defined as
Hx ≡ iU†

sð∂xUsÞ, Us ¼ e−iαn·σ is the generated unitary
[40,54–57], hΔH2

xi ¼ hΦjH2
xjΦi − hΦjHxjΦi2 is the vari-

ance of Hx with respect to the initial probe state jΦi.
For x ∈ fα; θ;ϕg, the corresponding generator can be
obtained as

Hα ¼ cαnα · σ;

Hθ ¼ cθnθ · σ;

Hϕ ¼ cϕnϕ · σ; ð2Þ

with cα ¼ 1, nα ¼ n ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ,
cθ ¼ sin α, nθ ¼ cos αn1 − sin αn2, cϕ ¼ sin α sin θ and
nϕ ¼ cos αn2 þ sin αn1, respectively, here n1 ¼ ∂θn ¼
ðcos θ cosϕ; cos θ sinϕ;− sin θÞ, n2 ¼ n × n1 ¼ ð− sinϕ;
cosϕ; 0Þ.
With N spins interacting with the field, aided with

an ancilla, the generator for each parameter is HðNÞ
x ¼P

N−1
k¼0 H

½k�
x , where H½k�

x ¼ I ⊗ � � � ⊗ I ⊗ Hx ⊗ I � � � ⊗
I ⊗ IA denotes the generator on the kth spin, I denotes
the identity operator and IA denotes the identity operator on

the ancilla. The variance of HðNÞ
x is given by

hΔ½HðNÞ
x �2i ¼ hðHðNÞ

x Þ2i − hHðNÞ
x i2; ð3Þ

where the first term can be expanded as

hðHðNÞ
x Þ2i ¼

XN−1

k¼0

hðH½k�
x Þ2i þ

X
j≠k

hH½j�
x H½k�

x i;

¼ c2x

�
N þ

X
j≠k

rðj;kÞxx

�
; ð4Þ

and the second term as hHðNÞ
x i2 ¼ c2xð

P
N−1
k¼0 r

ðkÞ
x Þ2, here

rðj;kÞxx ¼ tr½ρðj;kÞðnx · σ ⊗ nx · σÞ� ≤ 1, rðkÞx ¼ trðρðkÞnx · σÞ
with ρðj;kÞ as the reduced density matrix for the jth and
kth spin and ρðkÞ as the reduced density matrix for the kth
spin [15,22,52]. It is easy to see the same formula holds
without the ancillary system (which corresponds to taking
IA ¼ 1), however, for finite N the ancillary system provides
more room on the choices of ρðj;kÞ, which can be seen in the
analysis of the optimal states below.
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It is easy to see hΔ½HðNÞ
x �2i ≤ N2c2x, where the equality

can be reached if and only if
P

N−1
k¼0 r

ðkÞ
x ¼ 0 and rðj;kÞxx ¼ 1

for all j, k. For a single parameter this can be achieved by
choosing the probe state as the GHZ-type state,
jΦxi ¼ ð1= ffiffiffi

2
p Þðjþxi⊗N þ j−xi⊗NÞ, where j�xi are the

eigenstates of Hx. It is easy to check that the reduced
two-spin state is ρðj;kÞ ¼ 1

2
ðj þx þxihþx þx j þ j −x −xi

h−x −x jÞ ¼ 1
4
ðIðj;kÞ þ nx · σ ⊗ nx · σÞ for all ðj; kÞ and

the reduced single spin state is ρðkÞ ¼ IðkÞ=2 for all k, thus

rðj;kÞxx ¼ 1 and rðkÞx ¼ 0. The highest precision for a single
parameter can thus be achieved.
For the estimation of multiple parameters, however, the

issue is much more complicated. A main research theme in
multiparameter quantummetrology is to determine whether
it is possible to achieve the highest precisions for all
parameters simultaneously and calibrate the minimal trade-
off among the precisions of different parameters when it is
not possible.
To calibrate the tradeoff, we write a general two-qubit

state as

ρðj;kÞ ¼ 1

4

�
Iðj;kÞ þ

X
l

rðjÞl σðjÞl ⊗ IðkÞ þ
X
p

rðkÞp IðjÞ ⊗ σðkÞp

þ
X
l;p

rðj;kÞlp σðjÞl ⊗ σðkÞp

�
; ð5Þ

here l; p ∈ fα; θ;ϕg, and we have denoted σα ¼
nα · σ, σθ ¼ nθ · σ and σϕ ¼ nϕ · σ. Now let U ¼
eiðα=2Þn·σe−iðϕ=2Þσ3e−iðθ=2Þσ2 , which is the unitary that sat-
isfies Uσ1U† ¼ σθ, Uσ2U† ¼ σϕ and Uσ3U† ¼ σα, and let

jΦðj;kÞ
− i ¼ ðU=

ffiffiffi
2

p Þðj01i − j10iÞ, then jΦðj;kÞ
− ihΦðj;kÞ

− j ¼
1
4
½Iðj;kÞ −P

x∈fα;θ;ϕg σ
ðjÞ
x ⊗ σðkÞx �. As ρðj;kÞ ≥ 0, we have

hΦðj;kÞ
− jρðj;kÞjΦðj;kÞ

− i ¼ trðρðj;kÞjΦðj;kÞ
− ihΦðj;kÞ

− jÞ ≥ 0, which

gives a constraint as rðj;kÞαα þ rðj;kÞθθ þ rðj;kÞϕϕ ≤ 1. This clearly

shows that rðj;kÞαα , rðj;kÞθθ , rðj;kÞϕϕ can not equal to 1 simulta-
neously and the tradeoff among the precisions of different
parameters is unavoidable. It turns out such constraint fully
calibrates the tradeoff among the precisions.
We consider the figure of merit as wαδα̂

2 þ wθδθ̂
2 þ

wϕδϕ̂
2, where wi > 0 are weights that can be chosen

arbitrarily according to specific needs. Under the constraint

rðj;kÞαα þ rðj;kÞθθ þ rðj;kÞϕϕ ≤ 1, the sum of weighted variance is
then bounded below as [58]

wαδα̂
2þwθδθ̂

2þwϕδϕ̂
2 ≥

ð ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
jsinαjþ

ffiffiffiffi
wϕ

p
jsinαsinθjÞ2

4NðNþ2Þ : ð6Þ

This bound can be saturated when the reduced two-qubit

state takes the form as ρðj;kÞ ¼ 1
4
½Iðj;kÞ þ r̃αασ

ðjÞ
α ⊗ σðkÞα þ

r̃θθσ
ðjÞ
θ ⊗ σðkÞθ þ r̃ϕϕσ

ðjÞ
ϕ ⊗ σðkÞϕ � for all 0 ≤ j < k ≤ N − 1

with

r̃αα ¼
ðN þ 1Þ ffiffiffiffiffiffi

wα
p −

ffiffiffiffi
wθ

p
j sin αj −

ffiffiffiffi
wϕ

p
j sin α sin θj

ðN − 1Þð ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
j sin αj þ

ffiffiffiffi
wϕ

p
j sin α sin θjÞ

;

r̃θθ ¼
ðN þ 1Þ

ffiffiffiffi
wθ

p
j sin αj −

ffiffiffiffiffiffi
wα

p −
ffiffiffiffi
wϕ

p
j sin α sin θj

ðN − 1Þð ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
j sin αj þ

ffiffiffiffiwϕ
p

j sin α sin θjÞ
;

r̃ϕϕ ¼
ðN þ 1Þ

ffiffiffiffiwϕ
p

j sin α sin θj −
ffiffiffiffiffiffi
wα

p −
ffiffiffiffi
wθ

p
j sin αj

ðN − 1Þð ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
j sin αj þ

ffiffiffiffi
wϕ

p
j sin α sin θjÞ

; ð7Þ

and the quantum Fisher information matrix is diagonal. The
problem now is to identify the states whose reduced two-
spin states are of this form which leads to the minimal
tradeoff among the precisions. We first consider the case
with ancilla, then without ancilla.
By employing a qutrit (or three levels of two additional

spin-1=2) as the ancillary system we can prepare the probe
state as

jΦSAi ¼ sαjΦαi ⊗ j0i þ sθjΦθi ⊗ j1i þ sϕjΦϕi ⊗ j2i;
ð8Þ

here jΦxi ¼ ð1= ffiffiffi
2

p Þðjþxi⊗N þ j−xi⊗NÞ with j�xi as the
eigenstates of Hx, x ∈ fα; θ;ϕg, N is the number of spins
that interact with the magnetic field. The reduced two-spin
state of this state is

ρðj;kÞ ¼ 1

4
½Iðj;kÞ þ jsαj2σðjÞα ⊗ σðkÞα

þ jsθj2σðjÞθ ⊗ σðkÞθ þ jsϕj2σðjÞϕ ⊗ σðkÞϕ � ð9Þ

for all 0 ≤ j < k ≤ N − 1 and the reduced single spin
state is ρðkÞ ¼ IðkÞ=2 for all 0 ≤ k ≤ N − 1. For multi-
ple parameters the QCRB is given by Covðx̂Þ ≥ J−1,
where J is the quantum Fisher information matrix
whose entries can be obtained from the generators as

Jlp ¼ 4½1
2
hΦSAjfHðNÞ

l ; HðNÞ
p gjΦSAi − hΦSAjHðNÞ

l jΦSAi×
hΦSAjHðNÞ

p jΦSAi�, l; p ∈ fα; θ;ϕg and jΦSAi is the initial
probe state. For the state in Eq. (8), it is straightforward
to check (see the Supplemental Material [58]) that J
is a diagonal matrix. If the optimal r̃αα, r̃θθ, and r̃ϕϕ in
Eq. (7) are all non-negative, then by choosing sα ¼

ffiffiffiffiffiffi
r̃αα

p
,

sθ ¼
ffiffiffiffiffiffi
r̃θθ

p
, and sϕ ¼ ffiffiffiffiffiffiffi

r̃ϕϕ
p

, the ultimate lower bound in
Eq. (6) is saturated. For sufficiently large N, this is always
the case. It is also straightforward to check the weak com-
mutativity condition, hΦðα;θ;ψÞj½Ll;Lp�jΦðα;θ;ψÞi¼ 0,
holds for all l; p ∈ fα; θ;ϕg [60], here Φðα; θ;ψÞ is the
final state and Lp is the symmetric logarithmic derivatives
(SLD) for parameter p ∈ fα; θ;ϕg, which is the solution to

PHYSICAL REVIEW LETTERS 125, 020501 (2020)

020501-3



the equation ∂pρ ¼ 1
2
ðLpρþ ρLpÞ. This condition, which

can be simplified as Im½h∂lΦðα; θ;ψÞj∂pΦðα; θ;ψÞi� ¼ 0,
ensures the existence of a measurement saturating the
QCRB [27,45,60]. We provide an explicit construction
of the optimal measurement in the Supplemental Material
[58]. The lower bound in Eq. (6) can thus always be
achieved for sufficiently large N, which is then the ultimate
precision limit that can be achieved under the parallel
scheme.
If some r̃xx in Eq. (7), x ∈ fα; θ;ϕg, are negative for

small N, then the lower bound in Eq. (6) can not be
saturated by the probe states of this form. The best
precision achieved by these states can be obtained by
optimizing the coefficients sα, sθ and sϕ [58]. In Fig. 2 we
plotted the precisions that can be achieved for different
weights and N, it can be seen that the obtained precision is
already close to the ultimate bound even for small N, and it
saturates the ultimate bound when N gets large.

The ultimate lower bound in Eq. (6) can also be achieved
without the ancillary system by preparing the probe state as
jΦoi ¼

ffiffiffiffiffiffi
r̃αα

p jΦαi þ
ffiffiffiffiffiffi
r̃θθ

p jΦθi þ
ffiffiffiffiffiffiffi
r̃ϕϕ

p jΦϕi when N→∞,
as it is easy to verify that in this case the reduced two-qubit
state, when N → ∞, is the same as the optimal reduced
two-qubit state required to saturate the ultimate lower
bound [58].
We now compare the obtained precision with pre-

vious results. For the estimation of the three components
of the magnetic field, B1 ¼ ðα=tÞ sin θ cosϕ, B2 ¼
ðα=tÞ sin θ sinϕ, B3 ¼ ðα=tÞ cos θ, we have δB̂2

1 þ δB̂2
2 þ

δB̂2
3 ¼ ðδα̂2 þ α2δθ̂2 þ α2sin2θδϕ̂2Þ=t2, which corresponds

to wα ¼ 1=t2, wθ ¼ α2=t2, wϕ ¼ α2sin2θ=t2. The ultimate
precision is then given by

δB̂2
1 þ δB̂2

2 þ δB̂2
3 ≥

ð1þ 2j α
sin α jÞ2

4NðN þ 2Þt2 : ð10Þ

While thebest precisionobtainedpreviouslywith theheuristic
state [15] is δB̂2

1 þ δB̂2
2 þ δB̂2

3 ≥ 3½1þ 2ðα2=sin2αÞ�=
½4NðN þ 2Þt2�. They are equivalent only at the weak
limit when α ¼ Bt → 0, as shown in Fig. 2(b). The dif-
ference between them, which is 2ðj(α= sin α)j − 1Þ2=
½4NðN þ 2Þt2�, can be large particularly when α → mπ.
This approach can also be applied to general spin-S,

where the Hamiltonian is H ¼ Bn · S ¼ B1S1 þ B2S2 þ
B3S3, here n ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ, S1, S2, and
S3 are spin-S operators that satisfy ½S1; S2� ¼ iS3,
½S2; S3� ¼ iS1, ½S3; S1� ¼ iS2 (with this commutation rela-
tion, Si ¼ ðσi=2Þ when S ¼ 1=2, which has an extra factor
of 1

2
comparing with the Pauli matrices). For S > 1=2,

S2i ∝ I, instead S21 þ S22 þ S23 ¼ SðSþ 1ÞI. The generators
for α, θ and ϕ can be similarly obtained as Hα ¼ cαSα,
Hθ ¼ cθSθ, and Hϕ ¼ cϕSϕ, where cα ¼ 1, Sα ¼ nα · S,
nα ¼ n ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞ, cθ ¼ 2 sinðα=2Þ,
Sθ ¼ nθ · S, nθ ¼ cosðα=2Þn1 − sinðα=2Þn2, cϕ ¼ 2 sinðα=
2Þ sin θ, Sϕ ¼ nϕ · S, nϕ ¼ sinðα=2Þn1 þ cosðα=2Þn2 and
n1 ¼ ∂θn, n2 ¼ n × n1. Similarly we can obtain the lower
bound for the weighted sum of variance as

wαδα̂
2þwθδθ̂

2þwϕδϕ̂
2

≥
1

4

� ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
j2sinα

2
jþ

ffiffiffiffiwϕ
p

j2sinα
2
sinθj

�
2

½PN−1
k¼0

P
x∈fα;θ;ϕgr

ðkÞ
xx þ

P
j≠k

P
x∈fα;θ;ϕgr

ðj;kÞ
xx �

; ð11Þ

here rðkÞxx ¼ trðρðkÞS2xÞ, rðj;kÞxx ¼ trðρðj;kÞSx ⊗ SxÞ, ∀ x ∈
fα; θ;ϕg. It is easy to get

P
x∈fα;θ;ϕg r

ðkÞ
xx ¼

trðρðkÞ Px∈fα;θ;ϕg S2xÞ ¼ SðSþ 1Þ. The constrains on

rðj;kÞxx , however, are much harder to obtain compared to
spin-1=2. In the Supplemental Material [58], we show thatP

x∈fα;θ;ϕg Sx ⊗ Sx ≤ S2I, thus
P

x∈fα;θ;ϕg r
ðj;kÞ
xx ≤ S2. With

these constraints we obtain the ultimate lower bound [58]

2 4 8 16 32

100

105 (a)

With ancilla
Without ancilla
Previous heuristic state
Ultimate lower bound

2 4 8 16 32

10-2

10-1

100

101 (b)

FIG. 2. (a) Weighted sum of variance with wα ¼ 1, wθ ¼ 1 and
wϕ ¼ 1, which corresponds to δα̂2 þ δθ̂2 þ δϕ̂2. (b) Weighted
sum of variance with wα ¼ 1; wθ ¼ α2 and wϕ ¼ α2 sin2 θ, which
corresponds to δB̂2

1 þ δB̂2
2 þ δB̂2

3. Three typical sets of values as
specified in the figure for each case. The time has been
normalized, i.e., t ¼ 1.
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wαδα̂
2 þ wθδθ̂

2 þ wϕδϕ̂
2

≥
ð ffiffiffiffiffiffi

wα
p þ

ffiffiffiffi
wθ

p
j2 sinα

2
j þ

ffiffiffiffiwϕ
p

j2 sinα
2
sin θjÞ

2

4NSðNSþ 1Þ : ð12Þ

With an ancillary qutrit, this ultimate lower bound can be
saturated for sufficiently large NS with the state jΦSAi ¼
sαjΦαi ⊗ j0i þ sθjΦθi ⊗ j1i þ sϕjΦϕi ⊗ j2i, here jΦxi ¼
ð1= ffiffiffi

2
p Þðjþxi⊗N þ j−xi⊗NÞ with j�xi as the eigenstates

of Sx corresponding to the eigenvalue �S, respectively,
∀ x ∈ fα; θ;ϕg, and the coefficients should satisfy

jsαj2 ¼
ð2NSþ 1Þ ffiffiffiffiffiffi

wα
p −

ffiffiffiffi
wθ

p
2j sinα

2
j −

ffiffiffiffiwϕ
p

2j sinα
2
sin θj

ð2NS − 1Þð ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
2j sinα

2
j þ

ffiffiffiffi
wϕ

p
2j sinα

2
sin θjÞ

;

jsθj2 ¼
ð2NSþ 1Þ

ffiffiffiffi
wθ

p
2j sinα

2
j −

ffiffiffiffi
wϕ

p
2j sinα

2
sin θj −

ffiffiffiffiffiffi
wα

p

ð2NS − 1Þð ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
2j sinα

2
j þ

ffiffiffiffi
wϕ

p
2j sinα

2
sin θjÞ

;

jsϕj2 ¼
ð2NSþ 1Þ

ffiffiffiffiwϕ
p

2j sinα
2
sin θj −

ffiffiffiffiffiffi
wα

p −
ffiffiffiffi
wθ

p
2j sinα

2
j

ð2NS − 1Þð ffiffiffiffiffiffi
wα

p þ
ffiffiffiffi
wθ

p
2j sinα

2
j þ

ffiffiffiffi
wϕ

p
2j sinα

2
sin θjÞ

; ð13Þ

whichalwayshavesolutionswhenNS issufficientlylarge. It is
also straightforward to check that the weak commutativity
condition holds, the ultimate lower bound can thus always be
saturated for sufficiently large NS.
Summary.—The ultimate precision of quantum magne-

tometry under the parallel scheme is of fundamental interest
and importance in quantum metrology. It can also be
directly used as the benchmark for the performance of
quantum gyroscope and quantum reference frame align-
ment. Our approach connects the tradeoff directly to the
constraints on the probe states and the generators, which
makes the tradeoff transparent and deepens the under-
standings on the incompatibility of the optimal probe states.
We expect this approach can lead to many useful (may not
always be achievable, nevertheless nontrivial) bounds in
various scenarios of multiparameter quantum estimation.
Future studies can include measurements suitable for
specific physical settings and generalization to noisy
dynamics via the purification approach [61–66]
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