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We analyze and experimentally demonstrate quantum steering using criteria based on generalized
entropies and criteria with minimal assumptions based on the so-called dimension-bounded steering.
Further, we investigate and compare their robustness against experimental imperfections such as
misalignment in the shared measurement reference frame. While entropy based criteria are robust against
imperfections in state preparation, we demonstrate an advantage in dimension-bounded steering in the
presence of measurement imprecision. As steering with such minimal assumptions is easier to reach than
fully nonlocal correlations, and as our setting requires very little trust in the measurement devices, the
results provide a candidate for the costly Bell tests while remaining highly device independent.
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Introduction.—Communication protocols based on
quantum information have come a long way from abstract
theoretical models to everyday technological applications.
Some of the most celebrated achievements are undoubtedly
the randomness generators [1] and quantum key distribu-
tion [2,3]. Such protocols demonstrate quantum advantage
compared to their classical counterparts by utilizing non-
classical resources such as coherence, entanglement,
and measurement incompatibility. Their verification is
typically performed in a device-dependent manner, which
implies trust in the measurement devices in the laboratory
to perform precisely as their manufacturer promises.
However, there is no guarantee that these will function
exactly as expected and will not be exploited by an
adversary. Hence, one would like to reduce the level of
trust on the devices. The most rigorous way to verify
nonclassical resources completely trust-free is a Bell test
[4,5]. Bell tests are fully device independent and treat
measurement devices as black boxes. However, the reali-
zation of such tests is experimentally challenging and
extremely resource intensive, despite today’s technology.
To overcome these difficulties, a relaxation of Bell tests—
quantum steering—has received a considerable amount of
attention [6-10].

Steering based tasks are semidevice independent in that
trust is required on one party’s, say Bob’s, measurement
devices while the other party’s, say Alice’s, devices are
treated as black boxes. These protocols show robustness to
experimental imperfections and noise, which have to be
considered in practical tests [6-8,11,12]. Ideally, the
remaining trust on Bob’s devices is completely removed,
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however, this requires extremely high-end equipment.
Here we demonstrate a steering protocol with minimal
trust by simplifying Bob’s devices to the number of
degrees of freedom they are monitoring. Further, we
consider misalignment to measurement-reference frames
to test for applicability in near-term quantum applications
such as quantum fiber networks.

In this Letter, we focus on two promising classes of
steering criteria: generalized entropic steering criteria based
on Shannon, Tsallis, and Rényi entropies [13-16] and
dimension-bounded steering inequalities [17]. Entropic
steering criteria allow for the detection of a large class
of two-qubit states, can be extended to high dimensional
systems, and have been reported to have a detection
advantage over linear steering inequalities in terms of noise
robustness [14]. Albeit these advantages, all protocols for
quantum steering are based on one party being trusted
while the other is untrusted. Establishing trust can be very
resource intensive, hence protocols making such assump-
tions redundant are advantageous. An example is dimen-
sion-bounded steering, which allows for the detection of
steering from correlations with minimal assumptions about
Bob’s measurement devices [17]. While assumptions about
the Hilbert space dimension that Bob’s devices act on
remain, none are made about the exact form of Bob’s
measurements. This brings steering protocols considerably
closer to the fully device independent Bell tests [10].

We test both protocols against the misalignment of
the shared measurement reference frame and show that
the demonstration of quantum steering using dimension-
bounded steering is more robust than generalized entropic
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criteria and allows us to overcome previous limitations
[18,19]. Furthermore, we demonstrate the robustness of the
dimension-bounded criteria in an even tougher test by
considering the scenario where Alice and Bob perform
random measurements. Remarkably, for the typical steering
scenario of three orthogonal qubit measurements, such
randomness does not affect the steerability of the noisy
singlet state, i.e., the probability of violation is shown to be
100%. We believe that the results are encouraging for
theoretical as well as practical developments in entangle-
ment-based quantum communication protocols beyond
scenarios considered here and especially beyond the
standard semidevice independent paradigm. This provides
an alternative of reaching high-end device independence
with rather low and experimentally friendly fidelities.

Quantum steering.—In a general steering scenario, one
assumes that two parties, Alice and Bob, share a quantum
state ¢45. In each round, Bob receives his part of the shared
state and announces a randomly chosen measurement
setting x € {1,...n} for Alice. Then Alice declares her
corresponding measurement outcome a on her system
which could be either a fabricated result or a genuine
measurement outcome. Over many runs, Bob can obtain
the correlation matrix, which is the joint probability
distribution of the measurement outcomes, and test if it
can be explained by a local hidden state (LHS) model [6].
To define a LHS model we consider a state assemblage of
Bob’s unnormalized states conditioned on Alice’s meas-
urement x and outcome a given as @, = trs[A,, ® Toas),
where {A,.}, is a positive-operator valued measure for
each x, i.e., >, Ay =T and A, 2 0 for each a, and ¢4p
is the state shared between Alice and Bob. The state
assemblage allows a LHS model whenever

Qalx = Zp a|x 0/1? (1)

where {p(4)o,}, is a state ensemble on Bob’s side and
D(+|x, ) is a deterministic probability distribution for each
x and A. If such an LHS model does not exist, Bob can
conclude that the shared state p, 5 is entangled. In this way,
Alice can steer Bob’s system via her measurements. LHS
models can be also defined on the level of correlations in
which case we say that Alice can steer Bob if the following

decomposition of the correlation table { p(a, b|x, y)} is not
possible:
p(a,blx.y) Zp plalx, 2)p2(bly.2),  (2)

where p(-|x,4) are classical probability distributions
and p?(bly, 1) refers to a distribution that originates from
Bob’s measurements on a local state ;. Whenever Bob can
perform local tomography, the definitions are equivalent.
Here, our criteria are based on correlation tables, but to

introduce dimension-bounded steering, we use state
assemblages. It should be mentioned that despite using the
assemblages in our theoretical considerations, the criteria
can be nevertheless evaluated from correlations.

Steering inequalities from general entropic uncertainty
relations.—General entropic uncertainty relations provide
a state-independent tool to construct steering criteria.
Two independent groups [14,15] proposed such criteria
based on the Tsallis entropy [20,21] and Rényi entropy
[22], respectively. The former is parametrized by g > 1,

and is given by
=3 pn,(p (3)

for a general probability distribution P = (py,..., p,),
where the ¢ logarithm is defined as In,(x) = (x'™4 —1)/
(1 = g). In the limit of ¢ — 1, this entropy converges to the
Shannon entropy [23].

In the following, we consider the case where all out-
comes are labeled by 41, and Bob’s measurements corre-
spond to a set of orthogonal spin directions on the Bloch
sphere such that B,, =b,, -6 with b,, - b,, = J,,,,. Here
6 = (61,65, 63) is the vector of Pauli operators in some
fixed basis.

If the entropy given by Bob’s m measurement settings
and its B,, outcomes can be bounded by the Tsallis entropic
uncertainty (EUR) bound, >, S,(B,) > Cg(g,m) (for
further discussions see Ref. [24]), it is possible to construct
steering inequalities in the form of

(m)

S = Cp(q.m) —q—il {Z(l —Z%)] <o.

m ab (pa )q :
(4)
(m)

Here, p,,’ is the probability of Alice and Bob for outcome

(a, b) when measuring A,, ® B,,, and p((;m are the marginal

outcome probabilities of Alice’s measurement A,,.

If the quantity SE,?) is positive then the system is steer-
able. This form of the steering criteria is not restricted to
the case of two-level systems [14] and allows for evaluation
of any set of measurements, as long as they have a valid
entropic uncertainty bound.

Alternatively, generalized entropic steering criteria can
be constructed using the Rényi entropy [15,22], which is
given by

—In <Zp> (5)

In the limit of r — 1, Rényi entropy converges to the
Shannon entropy.

The conditional entropies of A,, and B,, can be bounded
by a LHS model [15], and the Rényi entropic steering
parameter is
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HY™) = Ry(2) - H,(BJA) — H,(B|A) <0,  (6)

with the entropy of order r,s>1/2, such that r~! + 57! =2,
If r and s fulfill these conditions, the bound Rp(2),
independent of the order, trivializes to the EUR bound for
the Shannon entropy [25]. Note that Eq. (6) only holds for
the two-measurement settings scenario, whereas the Tsallis
entropic steering criteria do not have such restriction.

Dimension-bounded  steering.—Building dimension-
bounded steering tests is a three-step process: First,
any unsteerable state assemblage can be prepared with a
separable state. For example, consider an unsteerable
assemblage ¢,|, with two inputs, two outputs, and a LHS
model given by the operators {@;;}. A separable state
that can be used to prepare such assemblage is given
by 6ap =), ;|ij){ij| ® w;; and Alice’s corresponding
measurements are given by M), := |i){(i| ® 1 and M), =
T ® |j){j]. Second, dimensions-bounded entanglement
criteria are accessed by removing the discord zero structure
of the states o, by replacing the operators |ij)(ij| with
positive operators Z;; and denotes the resulting operator as
24 5- Third, one solves as many members of the LHS model
as possible using the state assemblage, and eliminates any
leftover terms by posing extra constraints for the operators
Z;;. In our example

Zyp = zzij ® w;;

i.j
=Z, ®on+tZ . Qopt+Z _®coa
+(Z -2, -Z  +7Z ) ®@wy, (7)

withga = ¢_|; — 042 and the elimination of w_, , is done by
setting Z, , —Z,_—-Z_ +7Z__=0.

For any unsteerable state assemblage and any set of
operators satisfying this elimination criterion, the operator
24p 1s a separable quantum state [17]. However, operators
corresponding to an entangled state X,p exist while
simultaneously satisfying the elimination criterion. This
provides a method of mapping steering problems into
problems of entanglement detection, for which there exist
dimension-bounded techniques.

The entanglement of such states can be witnessed from
the steering data in a dimension-bounded manner. The
relevant criterion is evaluated through the data matrix
Dky = tr[Gk R ByzAB]a where By:M+‘y—M_‘y with Mi‘y
being Bob’s measurement operators and G, are orthonor-
mal Hermitian operators. The determinant of the data
matrix can be used to lower bound the trace norm of a
correlation matrix, i.e., a quantity for which an upper bound
is known for separable states. This leads to the dimension-
bounded steering inequality (for details see Ref. [17])

|detD| < —— (—M"_l) " (8)
Vidy \ my/d,

where m is the number of Bob’s measurements and d, is
the dimension of the chosen operators Z;;. In two-qubit
systems (d, = dp = 2), we can define a steering parameter
for the dimension-bounded steering by reducing Eq. (8) to

DB, — |detD|—%<ﬁ)m <0. (9

Entropic and  dimension-bounded  steering —using
mutually unbiased bases.—In general, protocols for testing
or exploiting quantum correlations assume mutually
unbiased based (MUB) measurements and a common
reference frame between two parties. Their role has recently
been investigated using a steering inequality that allows for
deterministic violation for a larger class of states [12]. Here
we implement the same framework for steering criteria
based on EURs and dimension-bounded steering, and
investigate the robustness of MUB to noise and the role
of the number of measurement settings using a subset of data
from Ref. [12].

Here, we consider a two-qubit state, i.e., a Werner state—
0y = ulws) (s + [(1 — u)/4]14—which is a probabilistic
mixture of a maximally entangled singlet state |y, ) with a
symmetric noise state parametrized by the mixing proba-
bility 4 € [0; 1] [26]. Firstly, we limit Bob to fixed MUBs for
his measurements (Fig. 1(c)), whilst Alice chooses MUBs
that can be rotated with respect to the shared reference
direction with Bob. Although Alice’s and Bob’s measure-
ment directions will lie in the same plane, their relative
orientation (which we denote as @) within this plane may be
unknown [Fig. 1(a)].

For maximally aligned shared reference directions, the
measurements lie in a plane, corresponding to an angle of
@ = 0° between Alice’s and Bob’s measurement planes.
Further, we consider the case when Alice and Bob do not
share the same reference direction and Alice’s reference
plane spanned up by her measurements is tilted by @ # 0°
[Fig. 1(b)].

To verify how these rotations of Alice’s MUBs affect the
detection of steering, we apply her measurement settings
A, =3(1+1ii,-6) on the shared state, where ii,, € R?
depends on Alice’s measurements orientations (@ and @) on
the Bloch sphere.

We test our steering protocol considering the case of
minimal set size—m = 2 MUBs on Alice’s side and Bob’s
side, where we have the bounds Cg(g,2) = In,(2) [24] and
Rp(2) =1n(2) [27] for the Tsallis and Rényi steering
criteria, respectively. Then Eq. (4) simplifies to

(9) _ ! (1-q) _
S, = 142 fq(pcosa)

— f4(ucos ®cosa)], (10)

with f,(x) = [(1=x)/2)" + [(1 +x)/2]", and Eq. (6)
results in
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FIG. 1. The Poincaré (Bloch) spheres (a)—(c) contain vectors
showing one of the eigenstates of the two relevant directions (blue
and red) in the experiments we performed. (a) Alice’s directions,
in the case where Alice and Bob share a reference direction. We
test the robustness of our inequalities to rotations in the plane
(yellow), as the blue and red settings are rotated through 90° in
steps (blue and red dots). ® = 0° denotes the fact that the plane is
not tilted with respect to Bob. (b) Alice’s directions for m = 2 are
tilted by @ = 30° (c) Bob uses the same two measurement
directions in each experiment. (d) The experiment consisted of
entangled photon pair generation at 820 nm via SPDC in a
Sagnac interferometer constructed of a polarizing beam splitter
(PBS), two mirrors (M), a dual-coated half-wave plate (HWP),
and a periodically poled KTP (ppKTP) crystal. Different meas-
urement settings are performed by rotating HWP and quarter-
wave plates (QWP) relative to the PBS. Long pass (LP) filters and
an additional bandpass filter in Bob’s line, remove 410 nm pump
photons copropagating with the 820 nm photons before photons
are coupled into single-mode fibers and detected by single photon
counting modules and counting electronics.

H) =1n(2) -

N

In[f, (1 cos a)] /"

1—-r

In[f(ucos ®cosa)]'/s. (11)

-8

The most interesting scenario for the Rényi entropic
steering criteria is the case of r =1/2 and s = oo [28],
which leads to

HV2®) = 1 [1 +4/1 —/ﬂcosza}

+ In[1 + p| cos ® cos af]. (12)

For this class of states and set of measurements, ng)
detects steerability for the same range of parameters of

Hgl/ 2’°°), i.e., both steering parameters are positive if

i > 1/[cos av/1 + cos*>®]. This shows the equivalence of
both criteria in this case. Furthermore, the constraints on
Bob’s side reduce Eq. (9) to

1
DB, = ——(2u? ol -1). 13
= g (2wl cos @l - 1) (13)

The steering protocol based on Egs. (10)—(13) is depen-
dent on @ and therefore rotationally variant in the case of
two MUBs per site. Further, the entropic criteria are limited
to specific misalignment () within the measurement plane.
While deviations of Alice’s measurement directions will
affect the detection of steering, we will show the robustness
of entropic criteria for some specific cases and compare it to
the dimension-bounded criterion.

Experimental details and results.—We implemented the
steering protocols using a high-efficiency spontaneous
parametric down-conversion (SPDC) source [Fig. 1(d)].
This source, mounted in a Sagnac Ring interferometer
[29,30], consists of a 10 mm-long periodically poled
potassium titanyl phosphate (ppKTP) crystal pumped
bidirectionally by a 410 nm fiber-coupled continuous-wave
laser with an output power (after fiber) of 2.5 mW. The
generated state is verified using quantum state tomography
[31] at several stages throughout the experiment—in each
case, we achieved a fidelity of ca. 98 % with the singlet state
|¥~). Alice and Bob’s m measurement directions and
projective measurements are implemented by rotating the
QWPs and HWPs in front of polarizing elements together
with coincidence detections. The steering parameter and
its error are calculated from the observed correlations.

The error AS@ = \/(ASSyst)2+ (ASgy)? consists of a

systematic and a statistical error due to small imperfections
in Bob’s measurement settings and Poissonian statistics in
photon counting, respectively.

We investigated the steering protocol using two
MUBs aligned along o, and o, on Alice’s and Bob’s side
[Figs. 1(a), 1(c) (blue and red)]. We successfully violated
the steering inequalities [Egs. (10), (12) and (13)] with
SV P — 0.524 + 0.008 (criterion based on the Shannon

entropy), St P =0.433+£0.004, H{/>*) P = 0.486 +
0.008 and DB, = 0.076 £ 0.002. Note that although the
entropic steering criteria allow for stronger violation of
the classical bound than the dimension-bounded criteria,
the amounts of violation are not comparable with one
another without the appropriate normalization.

To test the robustness of Eqs. (10), (12) and (13) we
considered misalignment of Alice’s and Bob’s MUBs by «a
and @. This accounts for realistic situations in a laboratory
environment when a shared reference direction may be
determined reliably, however, the relative orientation of the
observer’s MUBs within this plane may be unknown, e.g.,
in quantum networks.

020404-4



PHYSICAL REVIEW LETTERS 125, 020404 (2020)

Steering parameter

FIG. 2. Steering parameters for experiments with m =2
measurement directions. Renyi (black square), Shannon (blue
circle), Tsallis (red diamond) entropy criteria and dimension
bounded steering parameter (yellow triangle) as a function of the
rotation angle a (degrees) in Alice’s measurement plane. Angle @
denotes the angle of tilt between Alice’s and Bob’s measurement
plane. Error bars are too small to be seen.

First, they share a single reference direction
(® =0° and the measurement directions lie in a
plane orthogonal (on the Bloch sphere) to the shared
direction but are misaligned by « [Fig. 1(a)]. While
Bob’s measurement directions were kept constant,
Alice’s were rotated through 90° in the plane, by
angles a € {0°,10°,20°,30°,40°,45°,50°,60°,70°,80°,90°}.

The steering inequalities are robust to misalignment for
values of up to a < 36.7° for the Shannon and @ < 43.4° for
the Tsallis and Rényi entropy, while the dimension-
bounded criterion demonstrates steering for all values of
a [Fig. 2(a)].

Next we increased the misalignment by tilting to angle
@ = 30° while maintaining MUBs [Fig. 1(b)]. Our exper-
imental results demonstrate steering for SV, S?), and
HU/2%) for a < 31.2° and a < 39°, respectively (there is
no difference between S@ and H(1/2*) in this scenario).

Finally, we investigated the case of no shared reference
direction between Alice and Bob (® = 90°). Although they
maintain their MUBs for measurement on each side, the
lack of reference makes it impossible for Alice to steer
Bob’s state even for the dimension-bounded steering

criterion. Our investigation shows that in the presence
of misalignment, entropic steering criteria lose their ad-
vantage over dimension-bounded steering. Thus, a detec-
tion method with fewer assumptions performs better.

Further, we extend the protocol to three MUBs per site
and discuss the details in the Supplemental Material [32].
The robustness of the Tsallis entropic criteria is improved
when considering a triad of measurements for each party,
while the dimension-bounded steering becomes completely
rotationally invariant. We provide a detailed analysis of
these aspects in the Supplemental Material [32].

Conclusions.—We have experimentally demonstrated
quantum steering using generalized entropic criteria and
dimension-bounded steering inequalities and discussed
their robustness to reference-frame misalignment. For
two and three measurement settings per side, we showed
that the criteria can be violated using a sufficiently
entangled state. The criteria show robustness to misalign-
ment of the measurement directions with dimension-
bounded criteria being the more robust of the two. In
Ref. [12], reference-frame invariance was demonstrated for
linear criteria with comparable robustness to that of
dimension-bounded steering. However, the latter requires
fewer assumptions on Bob’s measurements, hence, making
it more desirable for future semidevice independent quan-
tum communication protocols. Most importantly, this result
suggests that near term quantum devices can be based on
steering with a very high amount of device independency.

Further, we demonstrate the equivalence of entropic
criteria based on Tsallis and Rényi entropies for specific
cases. The Tsallis criteria are preferable as they allow the
protocol to be extended to three measurement settings per
side, providing greater noise robustness.

An interesting future avenue is to experimentally
investigate the steerability of higher dimensional states
via generalized entropic criteria and dimension-bounded
steering. Moreover, experiments involving multipartite
entropic steering [24,33,34] seem to be a promising case
of interest.
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Note added.—Recently, we became aware of Ref. [35],
where the generalized entropic steering criteria were
experimentally tested in a photonic setup, and Ref. [36],
on the topic of reducing trust in a steering experiment.
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