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Suspensions of rear- and front-actuated microswimmers immersed in a fluid, known respectively as
“pushers” and “pullers,” display qualitatively different collective behaviors: beyond a characteristic density,
pusher suspensions exhibit a hydrodynamic instability leading to collective motion known as active
turbulence, a phenomenon which is absent for pullers. In this Letter, we describe the collective dynamics of
a binary pusher–puller mixture using kinetic theory and large-scale particle-resolved simulations. We
derive and verify an instability criterion, showing that the critical density for active turbulence moves to
higher values as the fraction χ of pullers is increased and disappears for χ ≥ 0.5. We then show analytically
and numerically that the two-point hydrodynamic correlations of the 1∶1 mixture are equal to those of a
suspension of noninteracting swimmers. Strikingly, our numerical analysis furthermore shows that the full
probability distribution of the fluid velocity fluctuations collapses onto the one of a noninteracting system
at the same density, where swimmer-swimmer correlations are strictly absent. Our results thus indicate that
the fluid velocity fluctuations in 1∶1 pusher-puller mixtures are exactly equal to those of the corresponding
noninteracting suspension at any density, a surprising cancellation with no counterpart in equilibrium long-
range interacting systems.
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A suspension of swimming microorganisms, such as
bacteria or algae, is one of the archetypal examples of
biological active matter at the microscopic scale [1–5]. At
dilute concentrations, direct collisions between swimmers
are rare, and interactions in biological microswimmer
suspensions are therefore dominated by long-ranged
hydrodynamic interactions leading to complex collective
behavior and significant swimmer-swimmer correlations
[3,6–10]. Arguably, the simplest description of biological
microswimmers is that of a force dipole acting on the fluid,
leading to a flow field that decays as the inverse square of
the distance from the organism. In spite of its simplicity, the
dipolar description of microswimmers has been shown to
quantitatively describe the enhanced diffusion of passive
tracer particles in E. coli suspensions [8,11,12], as well as
qualitatively explaining the onset of “active turbulence,”
whereby suspensions of bacteria undergo a transition to
collective swimming characterized by significantly

enhanced fluid velocities and long-ranged flow fields
[7,13–19]. Importantly, the transition to active turbulence
as well as the buildup of pretransitional swimmer-swimmer
correlations strongly depend on the sign of the force dipole
[10,20], where active turbulence is only present for rear-
actuated “pusher” microswimmers such as most bacteria.
Their front-actuated counterpart, “puller” microswimmers,
are less common in nature: the bacterium Caulobacter
crescentus is able to switch between pusher and puller
propulsion modes [21], and the front-actuated alga
Chlamydomonas oscillates between pusher and puller
modes during its flagellar beat cycle [22,23]. While pure
puller suspensions show no collective motion, models
incorporating puller flow fields combined with short-
ranged excluded volume interactions have been observed
to induce a polar flocking state, both in pure puller
suspensions [24–26] and in puller suspensions doped with
a small pusher component [27]. This phase is driven by a
combination of short-range collisions and mutual micro-
swimmer reorientations due to long-ranged hydrodynamic
interactions [25,26], and is fundamentally distinct from the
nematically ordered active turbulent state characteristic of
pusher suspensions [7,13–19].
In addition to its immediate biological relevance, the

dipolar swimmer model has the advantage of being
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analytically tractable even at the many-body level. Thus, it
constitutes an important minimal model of collective
motion driven by long-ranged hydrodynamic interactions,
in contrast to the short-range polar alignment interactions
that induce collective motion in the Vicsek model [28,29]
or direct steric collisions that cause motility-induced phase
separation in active Brownian particles [30–32].
At the continuum level, the transition to active turbu-

lence in an infinite, unbounded suspension can be under-
stood as a hydrodynamic instability occurring at a critical
swimmer number density nc ¼ 5λ=κ [7,20,33–35], where λ
is the characteristic frequency of swimmer reorientation
(tumbles), and κ ¼ Fl=μ is the reduced dipolar strength
with F being the magnitude of the equal and opposite
forces acting on the fluid, l being their separation, and μ
being the dynamic viscosity of the solvent. Crucially, this
instability is purely driven by the mutual reorientations
between pusher microswimmers, and is absent for pullers.
Furthermore, no significant density inhomogeneities have
been observed in either pusher or puller suspensions
regardless of the presence or absence of collective motion
[19,20]. While the instability leading to active turbulence
can be inferred from a mean-field treatment, in order to
capture the dynamics at intermediate microswimmer den-
sities, but still below nc, it is necessary to go beyond the
mean-field description to include the effect of swimmer-
swimmer correlations. Recent efforts [10,20,36] have
shown that correlations between microswimmers become
significant at concentrations far below nc. The mean-field
description is thus only accurate for very dilute suspen-
sions, where microswimmers can be described as effec-
tively noninteracting, and pushers and pullers become
statistically equivalent.
In many ecosystems, bacteria and algae coexist, and the

understanding of their mutual benefit or the parasitic
behavior of one species on the other is currently considered
a topic of great biological relevance [37–40]. Yet, at the
collective level, very little is known about their mutual
behavior even in the simplified setting of the dipolar
swimmer model, where bacteria and algae differ only
through the signs of their force dipoles. Pessot et al. have
showed that the addition of a small amount of pushers
suppresses the polar ordering emerging in two-dimensional
puller suspensions with excluded volume interactions due
to the interplay between direct collisions and long-ranged
hydrodynamics [27]. Moreover, Brotto et al. [41] studied
the related case of “cyclic microswimmers” that switch
between pusher and puller modes within a mean-field
framework, and found that the transition to collective
motion vanishes when microswimmers spend more time
in their puller state than in their pusher state.
In this Letter, we reveal a set of novel, striking features of

binary pusher-puller mixtures using particle-resolved lat-
tice Boltzmann simulations and kinetic theory. We first
show that the addition of pullers to a pusher suspension

quickly increases the critical (total) density necessary for
collective motion, which diverges for a 1∶1 mixture. More
strikingly, we find that the full spectrum of fluid velocity
fluctuations in such symmetric mixtures exactly overlap
with those of a noninteracting microswimmer suspension
where swimmer-swimmer correlations are strictly absent:
in other words, the statistical properties of a 1∶1 mixture
are effectively those of an “ideal gas” of run-and-tumble
microswimmers. Despite the presence of significant corre-
lations among swimmers, this equivalence holds at any
density, a phenomenon for which we cannot find any
analogy in equilibrium systems.
Our starting point is a three-dimensional binary pusher-

puller mixture of volume V containing N ¼ Npush þ Npull
microswimmers at total number density n ¼ N=V; all
densities considered here are in the dilute regime, where
hydrodynamic interactions are dominant. Each swimmer is
described by its dipolar strength κ, where we use the
convention that κ > 0 corresponds to pushers and κ < 0 to
pullers, and for simplicity assume that pusher and puller
microswimmers only differ in their signs of κ. We fur-
thermore define the puller fraction χ ¼ Npull=N ∈ ½0; 1�.
The position ri and orientation pi of swimmer i evolve
according to the equations of motion

_rαi ¼ vspα
i þ UαðriÞ; ð1Þ

_pα
i ¼ ðδαβ − pα

i p
β
i Þ∇γ

iU
βðriÞpγ

i ; ð2Þ

where δαβ is the Kronecker delta, UðriÞ is the fluid velocity
at the position of swimmer i, and vs is the (constant)
swimming speed; Greek indices denote Cartesian compo-
nents, and repeated upper indices are summed over. In
addition to being rotated by the fluid, the swimmers’
orientations are randomized with an average tumbling
frequency λ. We solve the model using particle-resolved
lattice Boltzmann (LB) simulations of up to N ¼ 5 × 105

microswimmers in a three-dimensional periodic box of side
L ¼ 100 in LB units; an in-depth description of the method
can be found in [19,42]. Our parameters were chosen to
approximately mimic those of an E. coli suspension
(see further [19]): in LB units, we used vs ¼ 10−3,
λ ¼ 2 × 10−4, F ¼ 1.55 × 10−3, l ¼ 1, and μ ¼ 1=6. In
the following, we nondimensionalize our results in terms of
the swimmer length l and the characteristic swimming time
l=vs. For simulations of noninteracting swimmers, we used
a slightly higher swimming speed of vs ¼ 1.03 × 10−3 to
compensate for the “self-advection” effect present in the
interacting suspensions, leading to a slightly increased
speed compared to the specified value; for a detailed
discussion of this effect, see [42].
To understand the possible onset of collective motion in

a binary pusher-puller mixture, we first consider the
suspension from a mean-field kinetic theory perspective,
along the lines of previous analyses for single-component
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suspensions and mixtures of cyclic microswimmers
[7,20,33–35,41]. We denote the one-body probability
distribution functions for pushers and pullers by
fþðr;p; tÞ and f−ðr;p; tÞ, respectively, with both functions
normalized by N. We further consider the quantity
Δf ¼ ð1 − χÞfþ − χf−, which can be used to express
the fluid velocity within the mean-field approximation as

Uα
MFðr; tÞ ¼

Z
dr1dp1uαdðr − r1;p1ÞΔfðr1;p1; tÞ; ð3Þ

where uαdðr − r1;p1Þ is the (regularized) dipolar flow field
at r due to a swimmer at r1 with orientation p1 [20]. At the
mean-field level, Δf evolves as

∂tΔf þ λΔf −
λ

4π

Z
dpΔf þ∇α½ðvspα þ Uα

MFÞΔf�

þ Pαβ ∂
∂pβ ½pγPαδð∇γUδ

MFÞΔf� ¼ 0; ð4Þ

where Pαβ ¼ δαβ − pαpβ. The linear stability of Eq. (4)
around the homogeneous and isotropic state can be obtained
using standard methods developed for the single-component
suspension [7,20,33–35]. Similar to the single-component
pusher case, the resulting instability sets in at the largest
scale available to the system, at a critical density

nðχÞc ¼ nð0Þc

1 − 2χ
; ð5Þ

where nð0Þc ¼ 5λ=κ is the critical density in an unbounded
single-component pusher suspension [43]. Thus, active
turbulence requires the concentration of pushers to be greater
than that of pullers (χ < 0.5), in analogy with the result
previously derived for cyclic swimmers in [41]. In Fig. 1, we
test this prediction by plotting the fluid velocity variance
hU2i, normalized by its value hU2i0 in a suspension of
noninteracting swimmers where the terms containing UðrÞ
in the equations of motion (1)–(2) have been omitted. In
accordance with previous findings for pure pusher suspen-
sions [19,20], our simulations show that the expected sharp
transition to collective motion is replaced by a rather smooth
crossover (see Fig. 1). It is still not clear whether a sharp
transition is recovered in the thermodynamic limit: simu-
lation data with varying system sizes indicate that the smooth
crossover is not a finite-size effect [19,20], while recent
theoretical results [36] suggest that strong swimmer-
swimmer correlations below the transition might change
the sharp transition into a crossover [36]. Nevertheless, the
position of the crossover for χ < 0.5 is consistent with the
prediction of Eq. (5), as shown by dashed vertical lines
in Fig. 1.
Strikingly, the 1∶1 mixture (χ ¼ 0.5) exhibits a velocity

variance that falls exactly on top of the corresponding value
in a noninteracting suspension all the way up to the highest

densities. This can be understood from a kinetic theory
framework which has previously been developed for
single-species systems in [20,36]; this theory can be
generalized to mixtures, enabling the computation of any
two-point observable. For the spatial correlation function
cðRÞ of the fluid velocity, we obtain

cðRÞ≡ hUð0Þ · UðRÞi ¼ lim
t→∞

Z
dr1dr2dp1dp2

hhðr1;p1; tÞhðr2;p2; tÞiuαdðr1;p1Þuαdðr2 −R;p2Þ;
ð6Þ

where hðr;p; tÞ are the phase-space fluctuations around the
homogeneous and isotropic base state [20,36]. As in the
single-species suspension, it can be shown that h obeys the
mean-field dynamics given by Eq. (4) linearized around
this base state and forced by a Gaussian noise that is
independent of the interactions between swimmers. The
analysis of the 1∶1 mixture is hence particularly straight-
forward, as the dynamics of fluctuations is linearized
around Δf ¼ 0:

∂thþ λh −
λ

4π

Z
dph ¼ ξ; ð7Þ

where ξ is a Gaussian process of zero mean and variance
hξðr1;p1; t1Þξðr2;p2; t2Þi ¼ 2λðn=4πÞδðt1 − t2Þδðr1 − r2Þ×
½δðp1 − p2Þ− 1=ð4πÞ�. Since there is no dependence on
the interactions in Eq. (7), it follows that any two-point
observable that can be computed from the difference in
phase-space densities of pushers and pullers equals the
one in a noninteracting suspension at the same density.
This analysis proves that, not only does the velocity

FIG. 1. Fluid velocity variance hU2i as a function of the total
number density n, normalized by the velocity variance hU2i0 of
the corresponding noninteracting system for different puller
fractions χ. The dashed vertical lines show the predicted onset
densities for active turbulence in pusher-puller mixtures accord-
ing to Eq. (5), using the approximate value nð0Þc ¼ 0.15 for the
threshold density in the pure pusher system, obtained by
qualitatively taking into account the effect of periodic boundary
conditions as described in [19].
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variance of a 1∶1 suspension coincide with the one for a
suspension of noninteracting swimmers, but so does any
observable that depends on two-point (spatial or tempo-
ral) correlations of the fluid velocity. In order to verify
this claim, in Fig. 2 we plot the spatial correlation
function of the fluid velocity, defined by Eq. (6), in
the concentration regime (n ¼ 0.3) where pure pusher
suspensions show active turbulence. As expected, cðRÞ
decays faster as χ is increased, in accordance with
the suppression of collective motion. Furthermore, the
χ ¼ 0.5 data once more completely overlaps with the
corresponding data for a noninteracting suspension all
the way down to separations comparable to the swimmer
size, verifying the equivalence in two-body correlations
derived above. This equivalence is further confirmed by
the overlap between the temporal correlation functions
cðtÞ≡ hUð0Þ · UðtÞi (Fig. 2 inset).
In order to investigate the striking equivalence between

the 1∶1 mixture and a noninteracting suspension further, we
now go beyond the two-point correlations. In Fig. 3, we plot
the full probability distribution (PDF) of the Cartesian
components Uα for χ ¼ 0.5. At the lowest densities, the
PDFs are strongly non-Gaussian, due to the relatively few
swimmers contributing to the local fluid velocity in a single
point [44,45], while for the highest densities considered the
PDF becomes Gaussian. Most strikingly, however, for all
densities the PDFs overlap perfectly with the corresponding
data for a noninteracting suspension. Our data thus suggests
that there is an exact equivalence between the fluid velocity
fluctuations in a 1∶1 mixture and those in a noninteracting
suspension, although we of course cannot exclude
differences smaller than the statistical error or in the far
tails of the distribution. Importantly, this cancellation
between pusher and puller correlations is not due to
the absence of orientational order between the swimmers.
This is highlighted in Fig. 4 where we show the

separation-dependent nematic order between swimmers
SðrÞ ¼ hP2ðcos θÞijri−rjj¼r, with P2 being the second
Legendre polynomial, and θ the angle between pi and pj;
such nematic ordering between pusher swimmers is well-
known to be associated with the transition to active turbu-
lence [19,46]. Clearly, orientational swimmer-swimmer
correlations are statistically significant, albeit weak and
short ranged, even in the 1∶1 mixture. This is expected,
as the swimmers are strongly interacting at the pairwise
level, yielding a local nematic order between pusher
swimmers and a weak antialignment (S < 0) between
pullers, in overall accordance with previous results in the
low-density regime of single-species suspensions [19].

FIG. 2. Normalized spatial correlation functions of the fluid
velocity for n ¼ 0.3 and different χ; color codes as in Fig. 1. Note
that the results for χ ¼ 0.5 completely overlap with the corre-
sponding ones for a noninteracting suspension. Inset: temporal
correlation function for χ ¼ 0.5 (line) and for a noninteracting
suspension (symbols).

FIG. 3. Normalized probability distribution function of the
Cartesian components of the fluid velocity U at various densities,
obtained from LB simulations. Solid lines show results for χ ¼
0.5 and symbols for a noninteracting suspension at the same
density. The black dashed line shows a unit-variance Gaussian
function for comparison. The perfectly overlapping curves show
that the velocity fluctuations in a 1∶1 mixture, where swimmer-
swimmer correlations are present, are equal to those in a non-
interacting system, where they are strictly absent.

FIG. 4. The three components of the pairwise swimmer-
swimmer nematic order parameter SðrÞ as a function of separa-
tion r at n ¼ 0.3 and χ ¼ 0.5. The dashed black line shows SðrÞ
in a noninteracting system where swimmer-swimmer correlations
are strictly absent, and thus S ¼ 0. Note the significant local
orientational correlations between swimmers in the χ ¼ 0.5
system, in spite of its velocity fluctuations being identical to
those in the noninteracting system.
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The seemingly exact cancellation in the many-body
dynamics of pusher and puller swimmers, leading to a
distribution of fluid velocity fluctuations that exactly
overlaps with the one of noninteracting swimmers, is
highly nontrivial and surprising. We do not yet have an
analytical understanding of this effect: computing higher
moments than the second within the kinetic theory pre-
sented above would require taking into account nonlinear
effects in the dynamics of phase-space fluctuations, and we
see no obvious reason for them to give no contribution to
the fluctuations of the fluid velocity. A possible method to
investigate this phenomenon is large deviations theory,
which has previously allowed progress in the study of rare
fluctuations in minimal models of many-body interacting
systems [47,48]. Nevertheless, analytical results are typi-
cally difficult to obtain and often achievable only pertur-
batively [49].
Moreover, to the best of our knowledge, the fact that

fluctuations in the field that mediates interactions
between particles are unaffected by the interactions
themselves has no analogy in equilibrium long-range
interacting systems: the simplest example of such a
system is an electroneutral suspension of monovalent
ions. There, however, even the two-point fluctuations in
the potential and electric field depend strongly on the
electrostatic coupling [50], and thus differ from the
corresponding quantities in the noninteracting limit.
We conjecture that the cancellation observed here is
rooted in the nature of effective action-reaction sym-
metry breaking in the dynamics of active matter systems,
and would thus expect a similar cancellation to arise in
other active matter systems such as mixtures of phoretic
colloids, where fast diffusing chemicals induce
Coulomb-like interactions that violate action-reaction
symmetry [51]. An important direction for future work
is thus to gain a deeper understanding of this phenome-
non, which would constitute another important step
forward in the study of the intriguing nonequilibrium
collective dynamics of active matter systems.
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