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Variational quantum algorithms have been proposed to solve static and dynamic problems of closed
many-body quantum systems. Here we investigate variational quantum simulation of three general types of
tasks—generalized time evolution with a non-Hermitian Hamiltonian, linear algebra problems, and open
quantum system dynamics. The algorithm for generalized time evolution provides a unified framework for
variational quantum simulation. In particular, we show its application in solving linear systems of equations
and matrix-vector multiplications by converting these algebraic problems into generalized time evolution.
Meanwhile, assuming a tensor product structure of the matrices, we also propose another variational
approach for these two tasks by combining variational real and imaginary time evolution. Finally,
we introduce variational quantum simulation for open system dynamics. We variationally implement the
stochastic Schrödinger equation, which consists of dissipative evolution and stochastic jump processes.
We numerically test the algorithm with a 6-qubit 2D transverse field Ising model under dissipation.
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Introduction.—The variational method is a powerful
classical tool for simulating many-body quantum systems
[1–5]. The core idea is based on the intuition that physical
states with low energy belong to a small manifold of the
whole Hilbert space. As quantum circuits can efficiently
prepare states that may not be efficiently represented
classically, the variational method has been recently gener-
alized to the quantum regime with trial states efficiently
prepared by a quantum circuit and information extracted
from a coherent measurement of the state [6–26]. The trial
state in variational quantum algorithms can be prepared with
shallow quantum circuits [27–30], which is robust to a
certain amount of device noise and is compatible with near-
term noisy intermediate scale quantum (NISQ) hardware
[31]. Variational quantum algorithms can be utilized for
efficiently finding energy spectra [7–12,19,21–25,32] and
simulating real time Schrödinger evolution [13,33] of closed
systems. Although quantum circuits are unitary operations,
the variational algorithm is not limited to energy minimiza-
tion and unitary processes and it can be used to simulate
dissipative imaginary time evolution that cannot be straight-
forwardly mapped to unitary gates [20,34].
In this Letter, we study the capability of variational

quantum algorithms and show that they are not limited to

these applications. First, we introduce a variational quan-
tum algorithm for simulating the generalized time evolution
defined in Eq. (1) below. Our algorithm can be regarded
as a unified framework, which incorporates the special
cases of real and imaginary time evolutions [13,20,34],
non-Hermitian quantum mechanics [35–37] that describes
nonequilibrium processes [38], parity-time symmetric
Hamiltonians [39–41], open quantum systems [42], general
first-order differential equations, etc.
Next we apply the variational method for solving linear

algebra problems, such as linear systems of equations and
matrix-vector multiplications, important tasks in machine
learning and optimization [43,44]. Many algorithms have
been developed for linear systems of equations with
universal quantum computers [45–52], which have pro-
found applications in quantum machine learning [53–57].
However, they generally require deep circuits that rely on
fault tolerant quantum computers. In this Letter, we
introduce two types of variational quantum algorithms
for the two linear algebra problems. For the first type,
we consider general sparse matrices and show how sol-
utions of the problems can be converted into generalized
time evolutions, which can be variationally simulated. For
the second type, we consider special matrices that are
products of small matrices acting on a constant number of
qubits, and use variational real and imaginary time evolu-
tion to find solutions.
Finally, we combine the developed variational algorithms

to simulate the evolution of open quantum systems
[58–60]. Simulating the evolution of general open quantum
systems is of great importance for understanding any

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW LETTERS 125, 010501 (2020)

0031-9007=20=125(1)=010501(6) 010501-1 Published by the American Physical Society

https://orcid.org/0000-0002-2317-3751
https://orcid.org/0000-0003-0205-6545
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.125.010501&domain=pdf&date_stamp=2020-06-29
https://doi.org/10.1103/PhysRevLett.125.010501
https://doi.org/10.1103/PhysRevLett.125.010501
https://doi.org/10.1103/PhysRevLett.125.010501
https://doi.org/10.1103/PhysRevLett.125.010501
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


quantum system that interacts with an environment. Existing
quantum algorithms [61–66] for simulating open quantum
systems generally require deep quantum circuits. In this
Letter, we consider the description of open system dynamics
via the stochastic Schrödinger equation, whose evolution can
be regarded as an average of wave functions that undergo a
continuous measurement induced from the environment
[60,67]. The evolution of each wave function is composed
of two processes that can both be simulated with variational
algorithms: It may continuously evolve under the generalized
time evolution with the system Hamiltonian and the damping
effect due to continuous measurement; alternatively, the state
discontinuously jumps according to the measurement results.
The continuous process can be described by the generalized
time evolution, and the jump process is a matrix-vector
multiplication process. Therefore, our algorithm is compat-
ible with shallow circuits and NISQ hardware.
Generalized time evolution.—We first consider varia-

tional quantum simulation of generalized time evolution:

BðtÞ d
dt

jvðtÞi ¼ jdvðtÞi: ð1Þ

Here jdvðtÞi ¼ P
j AjðtÞjv0jðtÞi, AjðtÞ, and BðtÞ are general

time dependent sparse (non-Hermitian) operators, jvðtÞi is
the systemstate, andeachof jv0jðtÞi canbeeither jvðtÞior any
known state that can be efficiently prepared with a quantum
circuit. The states jvðtÞi and jv0jðtÞi can be (un)normalized
states jvðtÞi ¼ αðtÞjψðtÞi, jv0jðtÞi ¼ α0jðtÞjψ 0

jðtÞi, with nor-
malization factors αðtÞ and α0jðtÞ, respectively. In practice,
we assume that AjðtÞ [BðtÞ] can be decomposed as a linear

combination of Pauli operators AjðtÞ ¼
P

i λ
j
iðtÞσi with

complex coefficients λi and a polynomial (with respect to
the system size) number of tensor products of Pauli matrices
σi ¼ ⊗

ik
σik , with ik denoting the ikth qubit.

In variational quantum simulation, instead of directly
simulating the dynamics, we assume that the state can be
represented by parametrized quantum states jvðθ⃗ðtÞÞi ¼
αðθ⃗0ðtÞÞjφðθ⃗1ðtÞÞi with θ⃗ ≔ ðθ⃗0; θ⃗1Þ. Then we project the
original evolution to the evolution of the parameters via
McLachlan’s principle [68],

min

����BðtÞ ddt jvðθ⃗ðtÞÞi −
X
j

AjðtÞjv0jðtÞi
����; ð2Þ

where kjψik ¼ ffiffiffiffiffiffiffiffiffiffiffiffihψ jψip
and the minimization is over the

derivative of the parameters. By minimizing the distance
between the true evolution and the evolution of the para-
metrized state, we find the equation of parameters as

X
j

M̃k;j
_θj ¼ Ṽk; ð3Þ

where _θj ¼ dθj=dt and the coefficients are linear sums of
state overlaps that can be efficiently measured with

quantum circuits [69]. We specify the detailed derivation,
expression of the coefficients, the quantum circuits, and a
detailed resource estimation of the algorithm in
Supplemental Material [70]. Here we consider two exam-
ples with BðtÞ ¼ 1 and jdvðtÞi ¼ −iHjvðtÞi or jdvðtÞi ¼
−½H − hvðtÞjHjvðtÞi�jvðtÞi, corresponding to real and
imaginary time evolution [13,20,34], respectively.
Compared to previous works studying real and imaginary
time dynamics [13,20,34], our algorithm considers a much
more general setting of first-order differential equations.
Therefore, it not only unifies previous results in the general
setting, but provides the basis for solving general problems,
as we discuss below.
Variational algorithms for linear algebra.—Now con-

sider linear algebra problems of solving linear systems of
equations and matrix-vector multiplications. For a sparse
square matrix M and a state vector jv0i, we aim to find

jvM−1i ¼ M−1jv0i or jvMi ¼ Mjv0i: ð4Þ

We introduce two types of algorithms where the first type is
more general and the second type is more efficient with
assumptions of the matrix. Here we take matrix multipli-
cation as an example and the derivation works similarly for
linear equations, which can also be found in Supplemental
Material [70].
For the first type, the algorithm is based on converting

the static algebraic problem into a dynamical process,
evolving the initial vector jv0i to the target state jvMi.
A natural evolution path is via a linear extrapolation
between jv0i and jvMi as jvðtÞi ¼ EðtÞjv0i with EðtÞ ¼
ðt=TÞMþ ð1 − t=TÞI, jvð0Þi ¼ jv0i, and jvðTÞi¼ jvMi.
Different evolution paths can also be considered. For
example, in the conventional Hamiltonian simulation
scenario [71–75], we have M ¼ e−iHT , and it corresponds
to an exponential extrapolation. We also consider linear
extrapolation between normalized states in Supplemental
Material [70] and we leave the discussion of other possible
evolution paths to future works. Given the evolution via
linear extrapolation, the time derivative equation of jvðtÞi
is ðd=dtÞjvðtÞi ¼ Gjvð0Þi, with G ¼ ðM − IÞ=T. This
corresponds to the case with AðtÞ ¼ G, BðtÞ ¼ 1, and
jv0ðtÞi ¼ jvð0Þi in Eq. (1), which can be variationally
simulated.
For the second type, we assume that M is given as a

tensor product of matrices, M ¼ M1 ⊗ � � � ⊗ ML, with
each Mi acting on a small constant number of qubits. We
can thus sequentially actMi and focus on the realization of
each term. For each M≡Mi, we first consider a singular
value decomposition as M ¼ UDV, with unitary matrices
U, V and diagonal matrix D with non-negative entries.
Now we show how to realize the matrix multiplication of
the three matrices. Given a spectral decomposition of
U ¼ P

j e
iλj jλjihλjj with λj ∈ R, we can represent it as

U ¼ expð−iHUTUÞ with HU ¼ −
P

j λj=T
Ujλjihλjj and
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TU > 0, which can be realized by evolving the state with
Hamiltonian HU for time TU via variational real time
simulation [13]. The realization is similar for V.
To realize the diagonal matrix D ¼ P

j ajjjihjj,
we approximate it as D ≈ expð−HDTDÞ with −HDT ¼P

aj≠0 logðajÞjjihjj − α
P

aj¼0 jjihjj and a constant α ¼
O½log ð1=εDÞ þ log PolyðnÞ� that ensures an accuracy of εD
of the approximation with n qubits. We refer to
Supplemental Material for a detailed discussion [70].
Therefore, we can define an unnormalized imaginary time
evolution ½djvðτÞi=dτ� ¼ −HDjvðτÞi, so that the initial
vector jv0i at τ ¼ 0 is evolved to Djv0i at τ ¼ T. Note
that even though the second method assumes a tensor
structure of M, the matrix multiplication process can still
be classically hard when the input state is a general
multipartite entangled state. Such a case is practically
relevant as we shortly discuss for its application in
simulating jump processes of the stochastic Schrödinger
equation.
Open system simulation.—Here we show quantum sim-

ulation of open system dynamics. Conventional algorithms
for this task generally require a deep circuit [61–66]. The
recently proposed variational approach [34] also needs two
copies of the purified quantum state, thus requiring a
number of qubits that is 4 times that of the system size.
Our method, based on variational algorithms for general-
ized time evolution, matrix multiplication and the stochas-
tic Schrödinger equation, instead only requires to apply
shallow circuits on a single copy of the state without
purification. Our algorithm thus extensively alleviates the
requirement of quantum simulation of open systems.
Consider the Lindblad master equation,

d
dt

ρ ¼ −i½H; ρ� þ Lρ; ð5Þ
where H describes the system Hamiltonian and Lρ ¼P

k
1
2
ð2LkρL

†
k − L†

kLkρ − ρL†
kLkÞ describes the interaction

with the environment with Lindblad operators Lk. Instead
of simulating the evolution of the density matrix, we
consider its equivalent description by the stochastic
Schrödinger equation, which averages trajectories of pure
state evolution under continuous measurements [60,67].
Each single trajectory jψcðtÞi is described by

djψcðtÞi ¼
�
−iH −

1

2

X
k

ðL†
kLk − hL†

kLkiÞ
�
jψcðtÞidt

þ
X
k

��
LkjψcðtÞi

kLkjψcðtÞik
− jψcðtÞi

�
dNk

�
; ð6Þ

where djψcðtÞi ¼ jψcðtþ dtÞi − jψcðtÞi, hL†
kLki ¼ hψcðtÞ

jL†
kLkjψcðtÞi, and dNk randomly takes either 0 or

1, satisfying dNkdNk0 ¼ δkk0dNk and E½dNk� ¼
hψcðtÞjL†

kLkjψcðtÞidt. At each time t, we can assume a

positive-operator valued measure (POVM) measurement
fO0 ¼ I −

P
k L

†
kLkdt;Ok ¼ L†

kLkdtg happens. For meas-
urement outcome Ok, the state discontinuously jumps to
LkjψcðtÞi=kLkjψcðtÞik with probability E½dNk�. And the
total jump probability is γðtÞ ¼ P

k E½dNk�. For outcome
O0 with probability 1 − γðtÞ, we have dNk ¼ 0∀ k, and the
state evolves under the generalized time evolution Eq. (1)
with operator

A ¼ −iH −
1

2

X
k

ðL†
kLk − hL†

kLkiÞ; ð7Þ

and BðtÞ ¼ 1. Here, −iH corresponds to the conventional
real time Schrödinger evolution with Hamiltonian H and
the other terms can be understood as a normalized damping
process. Therefore, the whole process is composed of two
parts: the continuous generalized time evolution and the
quantum jump process.
The stochastic Schrödinger equation can be simulated

with the Monto Carlo method. Suppose the state jumps at
time t, then at time tþ τ, the probability pðtþ τÞ that the
state does not jump is pðtþ τÞ ¼ e−Γðt;τÞ, with
Γðt; τÞ ¼ R

tþτ
t γðt0Þdt0. When a jump happens at time t, a

uniform random number q ∈ ½0; 1� is generated. Then the
time of the next jump is determined by accumulating time τ
until we have pðtþ τÞ ¼ q. When a jump happens, a
random number q0 ∈ ½0; 1� is generated to determine which
jump operator to apply at each time step. The state is
updated to LkjψcðtÞi=kLkjψcðtÞik if q0 ∈ ½γ̃k−1ðtÞ; γ̃kðtÞ�,
where

γ̃kðtÞ ¼
P

k
l¼1hψcðtÞjL†

l LljψcðtÞiPNL
l¼1hψcðtÞjL†

l LljψcðtÞi
; ð8Þ

and NL is the number of the Lindblad operators.
Considering discretized time with initial state jψcð0Þi,
the stochastic Schrödinger equation from time 0 to T
can be simulated as follows.

Algorithm 1. Stochastic evolution equation.

1: Set Γ ¼ 0 and generate a random number q ∈ ½0; 1�.
2: for t ¼ 0∶dt∶T do
3: if e−Γ ≥ q then
4: Evolve the state jψcðtÞi under A in Eq. (7).
5: Calculate γðtÞ ¼ P

khψcðtÞjL†
kLkjψcðtÞidt.

6: Update Γ ¼ Γþ γðtÞ.
7: else
8: Calculate γ̃kðtÞ in Eq. (8)
9: Generate a random number q0 ∈ ½0; 1�.
10: if q0 ∈ ½γ̃k−1ðtÞ; γ̃kðtÞ� then
11: Update jψcðtÞi to LkjψcðtÞi=kLkjψcðtÞik.
12: Reset Γ ¼ 0 and randomly generate q ∈ ½0; 1�.
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Now we show how to variationally simulate the stochas-
tic Schrödinger equation, algorithm 1. Suppose the state
jψcðtÞi at time t can be represented by the parametrized
state jϕcðθ⃗ðtÞÞi prepared by a quantum computer. We can
simulate step 4, i.e., the evolution under operator A defined
in Eq. (7), with the algorithm for generalized time evolution.
Specifically, we can evolve the parameters according to
Eq. (3) with M̃k;j¼Ref½∂hφðθ⃗ðtÞÞj=∂θk�½∂jφðθ⃗ðtÞÞi=∂θj�g,
Ṽk ¼ Refhφð⃗θðtÞÞj½−iH − ðL − hLiÞ�½∂jφð⃗θðtÞÞi=∂θk�g,
and L ¼ 1

2

P
k L

†
kLk. The values of γðtÞ and γ̃kðtÞ at steps 5

and 8 are measured as expectation values of quantum states.
The jump at step 11 is realized by the variational algorithms for
matrix-vector multiplication. Especially, when considering Lk
as a product of operators of each qubits, it can be efficiently
realized with the singular value decomposition method. In
practice, we consider sparse Hamiltonian and Lindblad
operators; therefore all the measurements can be efficiently
evaluated. We refer to Supplemental Material for the dis-
cussion of the resource estimation [70].
Numerical simulation.—We numerically test the varia-

tional algorithm for simulating a 6-qubit 2D Ising model in
a transverse field coupled to a Markovian bath [76–79]. The
Hamiltonian is HI ¼ J=4

P
hiji ZiZj þ hX

P
6
i¼1 Xi, where

Pauli operators Xi, Yi, and Zi act on the ith spin and hiji
represents nearest-neighbor pairs in Fig. 1. The Lindblad
term is Li ¼ ffiffiffi

γ
p

σþi , with σþi ¼ j1ih0ji being the raising
operator acting on the ith spin. In our simulation, we set
J ¼ 1, hX ¼ 1, and γ ¼ 1. The initial state is prepared in a
product state jφð0Þi ¼ j0i⊗6, and then the Hamiltonian HI

is suddenly turned on, which drives the qubits out of
equilibrium. We simulate both the ideal and dissipative
evolution from t ¼ 0 to t ¼ 6, and measure the normalized
nearest-neighbor correlations C ¼ P

hiji ZiZj=7. We use
the Hamiltonian ansatz (HA) [80] sandwiched with single
qubit rotations as the trial state, shown Fig. 2. The HA
preserves the symmetry of the Hamiltonian and the single
qubit rotations are introduced to break the symmetry,
ensuring its capability for simulating the jump process.
We apply the algorithm in Ref. [13] and our algorithm 1

to simulate the ideal and dissipative evolution, respectively.
We use the singular value decomposition method to
simulate quantum jumps in algorithm 1. We decompose
the jump operator σþ as j1ih0j ¼ j1ih1jX with
j1ih0j ¼ UDV, U ¼ I, D ¼ j1ih1j, and V ¼ X. To realize
the V operator, we set HV ¼ X and TV ¼ π=2 such that
X ¼ expð−iHVTVÞ. Then we evolve the state under
Hamiltonian HV for time TV with time step δtV ¼ 0.01
to have Xjφðθ⃗Þi. To realizeD ¼ j1ih1j, we setHD ¼ j0ih0j
and TD ¼ 6 so that D ≈ expð−HDTDÞ. Then we realize
Djφðθ⃗Þi=kDjφðθ⃗Þik by using the normalized variational
imaginary time evolution with total time TD and time
step δtD ¼ 0.1.
The simulation results are shown in Fig. 3. We compare

the dynamical nearest-neighbor correlation of the simulation
result and the exact evolution.We can see that the simulation
result agrees well with exact evolution for both ideal and
dissipative cases, thus verifying the functioning of varia-
tional quantum algorithms. The simulation result indicates a
dissipation induced phase transition, where similar phenom-
ena have been experimentally investigated in Ref. [81]. We
expect our algorithmwith medium-scale quantum hardware
may be used for probing general interesting physics phe-
nomena of many-body open systems.

FIG. 1. Geometry of the 2D Ising model. We consider nearest-
neighbor interactions for two connected qubits.

FIG. 2. The ansatz consists of the Hamiltonian ansatz (HA) and
single qubit rotations. Each HA is eθ1ðZ5Z6Þeθ2ðZ3Z5þZ4Z6Þ

eθ3ðZ3Z4Þeθ4ðZ1Z3þZ2Z4Þeθ5ðZ1Z2Þ eθ6ðX3þX4Þeθ7ðX1þX2þX5þX6Þ and
each single qubit gate RX is e−iθX . With different parameters
for different HA and single qubit gates, the ansatz has in total 54
parameters.
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FIG. 3. Numerical simulation of ideal and dissipative evolution
of the 2D Ising model. We consider evolution from t ¼ 0 to 6
with δt ¼ 0.005 and measure the nearest-neighbor correlations
C ¼ P

hiji ZiZj=7. We repeat the stochastic process of algorithm
1 with Ntrial ¼ 2 × 104 times. The results from variational
simulation agree well with the exact ones, with a maximal error
around 0.01 (see inset).
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Discussion.—To summarize, we extend the variational
quantum simulation method to general processes, including
generalized time evolution, and its application for solving
linear algebra tasks and simulating the evolution of open
quantum systems. Our algorithm for simulating the gen-
eralized time evolution can be applied to simulate
non-Hermitian quantum mechanics [35–37] including non-
equilibrium processes [38] and parity-time symmetric
Hamiltonians [39–41]. Especially, it is shown in
Ref. [41] that a quantum state can evolve to the target
state faster with non-Hermitian parity-time symmetric
Hamiltonians than the case with Hermitian Hamiltonians.
Therefore, our variational algorithm for simulating the
generalized time evolution may also be useful for designing
faster quantum computing algorithms. Recently, several
other algorithms for linear algebra tasks have been pro-
posed to be compatible with near-term quantum hardware
[82–85]. A thorough comparison of these algorithms and
ours could also be an interesting future work. Our algorithm
for simulating open systems only needs shallow circuits on
a number of qubits matching the system size; thus it enables
the possibility of investigating open system physics with
near-term quantum computers. Finally, the proposed algo-
rithms are compatible with NISQ hardware and can be
further combined with quantum error mitigation techniques
[13,17,86–92].
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