
 

Envelope-Driven Recollisions Triggered by an Elliptically Polarized Pulse
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Increasing ellipticity usually suppresses the recollision probability drastically. In contrast, we report on a
recollision channel with large return energy and a substantial probability, regardless of the ellipticity. The
laser envelope plays a dominant role in the energy gained by the electron, and in the conditions under which
the electron comes back to the core. We show that this recollision channel efficiently triggers various
nonlinear and nonperturbative phenomena—such as multiple ionization—with an elliptically polarized
pulse.
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Recollision [1–3] is the fundamental building block of
many imaging techniques for the real-time motion of
electrons because recolliding electrons probe the structural
dynamics [4–6] of the target atom or molecule, giving rise
to a variety of highly nonlinear and nonperturbative
phenomena such as high harmonic generation (HHG),
above-threshold ionization (ATI) and nonsequential multi-
ple ionization. The conventional semiclassical scenario of
the recollisions [1,2] is split into three distinct steps where:
(i) The electron tunnel ionizes through the potential barrier
induced by the laser field, (ii) travels in the laser field and
gains energy, then returns to the core, and, in the case of
nonsequential double ionization (NSDI), (iii) exchanges its
excess energy with an electron of the parent ion and both
ionize. This recollision picture can be easily understood in
the absence of a pulse envelope in the dipole approxima-
tion: For an elliptically polarized laser field EðtÞ ¼
E0½x̂ cosðωtÞ þ ξŷ sinðωtÞ�, given an ionization time ti,
the position of the electron after ionization in the absence
of the Coulomb field is given by (atomic units are used
unless otherwise stated)

rðtÞ ¼ rðtiÞ þ ½pðtiÞ −AðtiÞ�ðt − tiÞ þ ½EðtÞ −EðtiÞ�=ω2:

ð1Þ

The amplitude of the laser field is E0, its ellipticity is ξ, and
its frequency is ω. The position and the kinetic momentum
of the electron are r and p, respectively. The vector
potential is AðtÞ such that EðtÞ ¼ −∂AðtÞ=∂t. At ioniza-
tion, the electron is on the potential barrier, and pðtiÞ ¼ 0.
For ξ ¼ 0, the electron leaves the ionic core with no
sideways momentum drifts, and returns close to the core
at time tr, i.e., rðtrÞ ≈ rðtiÞ, due to the laser oscillations
EðtÞ=ω2. For ξ > 0, if pðtiÞ ¼ 0, strictly speaking the
electron never comes back to the core, i.e., there are no
times ti and tr such that rðtrÞ ¼ rðtiÞ in Eq. (1) because of

the nonvanishing drift momentum −AðtiÞwhich pushes the
electron away from the core [1]. In this framework, the
electron can only recollide and trigger NSDI when the laser
field is linearly polarized.
In the conventional three-step scenario, the recollision

picture can, however, be extended to near linearly polarized
fields by taking into account that after ionization, the
electron is near the potential barrier. The initial momentum
along the transverse direction to the laser field p⊥ is
distributed according to the Ammosov-Delone-Krainov
ionization rate [7,8] as ∝ expð−p2⊥

ffiffiffiffiffiffiffi
2Ip

p
=E0Þ, with Ip

denoting the ionization potential of the atom. The initial
momentum of the electron can compensate its initial drift
after ionization, and recollisions become possible [9–11].
At the threshold ellipticity [11] ξth ≈ ωI−1=4p =

ffiffiffiffiffiffi
E0

p
(which is

ξth ≈ 0.5 for the parameters we use here) and beyond, the
initial momentum p⊥ ≈ ξE0=ω necessary to compensate
the drift momentum is poorly weighted and the probability
that the electron returns to the core drops off drastically.
As a consequence, for ellipticities ξ > ξth, the NSDI
probability drops off compared to its value for ξ ¼ 0 [9].
Moreover, if the electron returns to the core, the energy it
gains during the recollision is

ΔE ¼ κUpð1 − ξ2Þ; ð2Þ

with Up ¼ E2
0=4ω

2 denoting the ponderomotive energy
and 0 ≤ κ ≲ 3.17. Hence, the recolliding electrons, if any,
do not bring back enough energy from the laser field at
ellipticities ξ close to 1 to trigger NSDI. Consequently, the
three-step model in the absence of the laser envelope
predicts that the recollisions and the enhancement of double
ionization (DI) probability are suppressed in elliptically
polarized light.
Remarkably, we find that the presence of an envelope

drastically affects these conclusions: In this Letter, we
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unveil a highly probable recollision channel with large
return energy by accounting for the effects of the pulse
envelope fðtÞ. The mechanism for this recollision channel
is depicted in Fig. 1. The competition between the
Coulomb force and the laser field induces ionization early
after the laser field is turned on. As the electron leaves the
core region, the amplitude of the vector potential is small,
and therefore its sideways momentum drift −AðtiÞ ∝
ŷξfðtiÞ can be compensated by its momentum pðtiÞ [see
Eq. (1)] such that pðtiÞ −AðtiÞ ≈ 0, and this, regardless of
the ellipticity of the laser. This recollision channel becomes
highly probable if the ionization is over the barrier. The
conditions under which this recollision channel is highly
probable for a given laser frequency lead to the enhance-
ment of the DI probability for specific atoms only, driven
by circularly polarized (CP) pulses [9,12–16] and nearly
circularly polarized pulses. Furthermore, we show that this
recollision channel and the return of the electron can be
understood using its motion in the absence of Coulomb
field, contrary to the prediction of the standard three-step
model as summarized in Ref. [3].
We demonstrate the existence of this recollision channel,

which will be referred to as envelope-driven recollisions,
for the least favorable case in the recollision scenario in
the absence of the pulse envelope, namely the circularly
polarized (CP) case (ξ ¼ 1). We describe the electron
dynamics in a rotating frame (RF). In the RF, the CP field
is unidirectional. The position and the momentum of the
electron are r̃ ¼ RðtÞr and p̃ ¼ RðtÞp, with RðtÞ the
rotation matrix of angle ωt in the polarization plane.
The classical single-active electron Hamiltonian, in the
dipole approximation and in the three-dimensional space
with basis vectors ðx̂; ŷ; ẑÞ, reads [17]

Hðr̃; p̃; tÞ ¼ jp̃j2
2

− ωp̃ · ẑ × r̃þ Vðr̃Þ þ x̃E0fðtÞ; ð3Þ

where the term −ωp̃ · ẑ × r̃ is the Coriolis potential.
We use a laser wavelength of 780 nm (corresponding to

ω ¼ 0.0584 a:u:), a laser intensity of 8 × 1014 Wcm−2

(corresponding to E0 ¼ 0.151 a:u:), and the soft
Coulomb potential [18] VðrÞ ¼ −ðjrj2 þ a2Þ−1=2 with a ¼
0.26. At each time, the Hamiltonian is Hðr̃; p̃; tÞ ≥ Zðr̃; tÞ,
with Zðr̃; tÞ ¼ −ω2jr̃ × ẑj2=2þ Vðr̃Þ þ x̃E0fðtÞ. In the
right panels of Fig. 1, the gray surfaces are classical for-
bidden regions corresponding to the condition Hðr̃; p̃; tÞ <
Zðr̃; tÞ. The boundaries of the gray surfaces are the
zero-velocity surface [19] corresponding to the condition
Hðr̃; p̃; tÞ ¼ Zðr̃; tÞ. On the zero-velocity surface, p̃ ¼
ωẑ × r̃. In the adiabatic approximation, there exist
three fixed points of the dynamics: at the top of the
zero-velocity surface and mainly due to the laser interaction
[r̃ ≈ x̂fðtÞE0=ω2], around the origin and mainly due to the
soft Coulomb potential (r̃ ≈ 0), and at the saddle point
r̃⋆ ¼ x̂x̃⋆ with x̃⋆ solution of the equation ω2x̃⋆ −
∂Vðx̃⋆x̂Þ=∂x̃ ¼ fðtÞE0 which is due to the competition
between the Coulomb potential, the laser interaction, and
the Coriolis potential. At time t, the energy of the saddle
point is denoted Z⋆ðtÞ ¼ Zðr̃⋆; tÞ.
First, we consider a constant laser envelope with f ¼ 1.

Hamiltonian (3) is conserved in time, and its value is the
Jacobi constant K ¼ Hðr̃; p̃Þ. We apply the recollision
picture in which the electron ionizes at time ti and returns
at time tr such that r̃ðtiÞ ≈ r̃ðtrÞ ≈ 0 close to the core.
Between time ti and tr, the electron is in the continuum.
Because of the Jacobi constant, Hðr̃ðtiÞ; p̃ðtiÞÞ ¼
Hðr̃ðtrÞ; p̃ðtrÞ, and consequently the return energy of the
electron is jp̃ðtrÞj2=2 ≈ jp̃ðtiÞj2=2. Hence, the electron does
not gain energy during its excursion in the continuum when
it is driven by CP light even in the presence of the Coulomb
potential, in agreement with Eq. (2).
When the laser envelope is taken into account, however,

Hamiltonian (3) is no longer conserved and the energy of
the recolliding electron can vary during its excursion. We
consider fðtÞ to be a 2-4-2 trapezoidal envelope (2 laser
cycle ramp-up, 4 laser cycle plateau, and 2 laser cycle
ramp-down), unless stated otherwise. In Fig. 1, we show a

FIG. 1. Typical recollision with high return energy in a CP field. The laser envelope is trapezoidal 2-4-2 (see text), the laser intensity is
I ¼ 8 × 1014 Wcm−2. The electron is initialized with energy −Ip ¼ −5.8 eV. Left panel: Trajectory in the rotating frame ðx̃; ỹÞ. The
white and red circles are the position of the electron at the ionization and return time, respectively. The gray scale shows the value of the
zero-velocity surface during the plateau. Right panels: The trajectory projected along the position and energy of Hamiltonian (3) at
ionization ti ≈ 0.3T, the end of the ramp-up 2T and return tr ≈ 2.6T (from left to right). The gray surface is the classically forbidden
region for ỹ ¼ 0 [i.e., Hðr̃; p̃; tÞ < Zðr̃; tÞ]. The blue curve is the zero-velocity surface at time t ¼ 0 for ỹ ¼ 0. The saddle point is the
local maximum of the zero-velocity surface for negative x̃. Distances and energies are in atomic units.
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typical recollision in CP fields seen in the rotating frame of
an electron initialized with an energy Hðr̃; p̃; 0Þ ¼ −Ip.
When the laser is turned off (f ¼ 0), the motion of the
electron is bounded. The zero-velocity surface is the blue
curve in Fig. 1. The maximum of the zero-velocity surface
(top of the blue curve) is Z⋆ð0Þ ≈ −ð3=2Þω2=3, i.e., the
Coulomb barrier is decreased in the RF since this frame-
work naturally includes nonadiabatic effects [20]. In a
zeroth-order approximation, we consider two situations: If
Ip < ð3=2Þω2=3, as it is the case for the ionization potential
used here, the electron is initially above the classical
forbidden region, and a low laser intensity is sufficient
to tear the electron off the core almost instantaneously, so
ti ≈ 0. If Ip > ð3=2Þω2=3, the electron is initially topologi-
cally bounded by the zero-velocity surface. The ionization
is not instantaneous, so ti > 0. For t < ti, the time-
dependent term x̃E0fðtÞ in Hamiltonian (3) is very small,
and therefore the energy is almost conserved
Hðr̃; p̃; tÞ ≈ −Ip. For increasing time, the envelope
increases and the energy of the saddle point decreases as
Z⋆ðtÞ ≈ Z⋆ð0Þ − fðtÞE0ω

−2=3 for fðtÞ ≪ 1. The ionization
channel is opened when the energy of the saddle point is the
same as the energy of the electron Z⋆ðtiÞ ¼ −Ip. Quantum
mechanically, earlier ionization times can be accessible
through tunneling. In any case, the electron ionizes close to
the zero-velocity surface, and the electron initial energy Ei
is small compared to the ponderomotive energy Up.
After ionization, at time t > ti, the electron is outside the

core region and the time-dependent term x̃E0fðtÞ in
Hamiltonian (3) starts varying significantly compared to
Up. If ti is relatively small [fðtiÞ ≪ 1], the effective
transverse potential vector fðtiÞE0=ωŷ is also small, and
it can be compensated by the momentum of the electron at
ionization. This prevents the electron from drifting away
from the core, which is the case if the ionization occurs
when fðtiÞ ∼ 1. During its excursion outside the core
region, the electron spins around the zero-velocity surface.
As we show below, the energy of the recolliding electron
increases by a quantity of order Up during the ramp-up.
Therefore, the electron can populate high energy states, i.e.,
regions of phase space where invariant structures can bring
back this electron to the core region during the plateau
[15,21].
The ionization time ti determines whether or not the

electron comes back: If ti is too large, there is a low
probability that the momentum of the electron at ionization
can compensate the sideways momentum drift −AðtiÞ. Two
parameters influence considerably the ionization time ti:
the electron initial energy −Ip and the laser frequency ω.
We find that the electron comes back to the core after
ionizing over the barrier only if Ip < Ic, where
Ic ≈ 1.85ω2=3. This expression is derived using a reduced
model [22] (see Supplemental Material [23] for details).
For ω ¼ 0.0584 a:u:, the critical value is Ic ≈ 7.4 eV.

If Ip > Ic, the vector potential of the electron at ionization
is too large and cannot be compensated by the electron, and
it drifts away from the core without recolliding. We notice
that Ic=Z⋆ð0Þ ≈ −1.2, which shows that the critical ioniza-
tion potential is right below the saddle point energy before
the laser field is turned on. Conversely, for a given Ip, the
laser frequency can be tuned for allowing recollisions in
CP fields, as observed numerically in Ref. [27]. Quantum
mechanically, the wave packet can ionize before their
classical counterparts, and therefore increasing the range
of Ip which allows recollisions.
In the RF with ξ ≠ 1, the recollision picture is not so

clear since the saddle moves in time even with a fixed laser
envelope. The scenario, however, works the same way: The
electron initiated with a sufficiently large energy can ionize
over the barrier early after the laser field is turned on. After
ionization, the initial momentum of the electron is rela-
tively small and compensates the sideways momentum drift
in Eq. (1), such that pðtiÞ −AðtiÞ ≈ 0. The electron does
not quickly drift away from the core. Then, the electron
travels in the continuum. During its excursion in the
continuum, the energy gained by the electron for a slowly
varying envelope is

ΔE ≈ 2Up½fðtrÞ2 − fðtiÞ2� þ 2Upð1 − ξ2Þgðti; trÞ; ð4Þ

where gðti; trÞ is explicitly derived from the equations of
motion in the absence of the Coulomb field; it depends on
the parameters of the envelope and on the frequency of the
laser, but is independent of ξ (see Supplemental Material
[23] for its analytic expression). Therefore, at high ellip-
ticities, the recolliding electron gains energy mostly
through the laser envelope [first term of the right-hand
side of Eq. (4)]. We observe that the energy of the electron
can increase by an order of Up with the variations of the
pulse envelope. In contrast, at low ellipticities, the recol-
liding electron gains energy mostly through the subcycle
oscillations of the laser [second term of the right-hand side
of Eq. (4)].
We use this classical recollision picture to analyze NSDI

with an elliptically polarized pulse [9,15]. Figure 2 shows
the double ionization probability curves of Mg with
Hamiltonian [15]

H ¼
X2
k¼1

�jpkj2
2

þ VðrkÞ þ rk · EðtÞ
�
þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jr1 − r2j2 þ 1
p ;

ð5Þ

as a function of the laser intensity. The electric field is
EðtÞ ¼ E0fðtÞ½x̂ cosðωtÞ þ ŷξ sinðωtÞ�. The electrons are
initiated in the ground state of energy Eg ¼ −0.83 a:u: [15]
(with a ¼ 3 a:u:) using a microcanonical distribution of
the initial conditions. In Fig. 2, the NSDI probability is also
represented. A NSDI is a DI triggered by recollisions. A DI
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is counted as NSDI if there exist ti and tr such that the
recolliding electron (labeled k ¼ 1) leaves the core at time
ti, i.e., jr1ðtiÞj > R, goes outside the core region, then
returns to the core while the other electron remained
bounded, i.e., jr1ðtrÞj < R and jr2ðtÞj < R for ti ≤ t ≤ tr,
and both ionize. We used R ¼ 5 a:u: in our simulations.
In Fig. 2, the DI probability curves for Mg clearly exhibit

knee structures as a function of the laser intensity for
ξ ¼ 0.5, 0.75, 1, signature of a recollision mechanism [15].
In order to determine the type of recollisions responsible for
this knee structure, which persists at high ellipticities, we
examine the ionization and return times of the recollisions
leading to NSDI. Figure 3 shows the ionization and return
times of all recollisions (gray areas), and the distributions of

ionization and return times of the recollisions leading to
NSDI (color scale) for Mg. We observe that all recolliding
electrons contributing to NSDI ionize during the ramp-up
of the laser pulse. Recolliding electrons which ionize
during the plateau or at the end of the ramp-up cannot
bring back sufficiently energy to the core to trigger
NSDI [see Eq. (2)]. As a consequence, an absence of
NSDI is observed for intensities smaller than Imin ≈ 9 ×
1012 Wcm−2 [23] (vertical dash-dotted curve) for high
ellipticities, despite the presence of recolliding electrons.
We observe layers for the return times of the recolliding
electrons around tr ≈ ti þ ðnþ 1=2ÞT with n ∈ N�. The
probability of return is roughly equally distributed between
n ¼ 1, 2, 3, 4, in contrast to the predictions of Ref. [28].
At recollision time tr, the energy of the recolliding electron
is Er ¼ Ei þ ΔE ≈ ΔE, where ΔE is given by Eq. (4). After
the electron exchanges its energy with an electron which
remained bounded, and if the energy the electron gained
during the recollision ΔE is sufficiently large, both ionize.
While the recollisions from the conventional scenario do

not persist at high ellipticities, or at least, are not efficient
due to the lack of energy boost [see Eq. (2)], envelope-
driven recollisions manifest themselves in an efficient way
regardless of the laser ellipticity and with a substantial
probability, provided that Ip is smaller than a critical value,
e.g., Ip ≲ 1.85ω2=3 for CP. Under this condition, which

FIG. 2. Double ionization probability curves of Hamiltonian (5)
as a function of the laser intensity for Mg and laser wavelength
780 nm. The thin-dotted curves are the NSDI probability curves.

FIG. 3. Distributions of the ionization time ti and the return tr
of the recollisions of Hamiltonian (5) leading to NSDI for Mg and
CP pulses (ξ ¼ 1). The parameters are the same as in Fig. 2. The
gray areas are where electrons undergo a recollision but do not
lead to NSDI. The red dashed curve is our prediction of the
ionization time of the outermost electron ti [23] for Ip ¼
0.28 a:u: The vertical-dotted curve is where we expect over-
the-barrier ionization, and the vertical dash-dotted curve is where
we expect envelope-driven recollisions to gain enough energy to
trigger NSDI [23]. In the inset, the red-dotted curves are tr ¼
ti þ ðnþ 1=2ÞT with n ∈ N⋆.

FIG. 4. Phase diagram of the existence of envelope-driven
recollisions. The black line is the critical ionization potential
Ic ≈ 1.85ω2=3. The white (respectively, yellow and blue) markers
are where no knee (respectively, a knee) is observed in the double
ionization probability curves. The experimental measurements
for He (white square) and Ne (white up-pointing triangle) at λ ¼
614 nm are reported in Ref. [12]; for Ar (white diamond) and Xe
(white star) at λ ¼ 800 nm are reported in Ref. [13]; for Mg
(yellow circle) at λ ¼ 780 nm are reported in Ref. [14]; for Mg
(blue asterisk) and Zn (white right-pointing triangle) at
λ ¼ 800 nm; and for Mg (white down-pointing triangle) at λ ¼
1030 nm are reported in Ref. [16]. The color code is the guiding-
center energy of the electron at the saddle point E at time ti: red is
where E ¼ 2 a:u:, white is where E ¼ 0 (critical ionization
potential), and green is where E ¼ −1 a:u:.
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corresponds to the green area in Fig. 4, manifestations of
the recollisions, such as for instance in NSDI, are probable.
We observe that the experimental measurements for
which a knee structure is observed in CP pulses (see Refs.
[12–14,16]) agree well with the conditions under which the
probability of envelope-driven recollisions is substantial.
Therefore, manifestations of the recollisions can also be

observed at high ellipticities for specific target atoms and
laser wavelengths, and therefore triggering NSDI, HHG,
and ATI [23]: For ATI, a plateau is observed inCP pulses in
the high-electron energy regime, signature of a recollision
mechanism [29], with a cutoff at 8Up for a laser envelope
fðtÞ ¼ sinðπt=4TÞ4. For HHG, a plateau is observed with a
cutoff at photon frequency Ip ¼ 2.3Up þ Ip for a 2-4-2
trapezoidal envelope, where 2.3Up corresponds to the
maximum return energy of an electron ionizing at time
ti ¼ 0 and undergoing an envelope-driven recollision
(scenario confirmed by a time-frequency analysis). Such
manifestations of envelope-driven recollisions have already
been measured in the HHG intensity spectrum for CP
pulses in Ref. [24]. For NSDI, the envelope-driven recol-
lisions explain the theoretical observation and the exper-
imental measurements of Refs. [9,12–16,27]. It should also
be noted that in Ref. [9], the trajectories leading to NSDI
ionize during the first laser cycle after turn-on of the laser
field, and therefore this constitutes a signature of envelope-
driven recollisions.
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