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Individual Correlations in Ensemble Density Functional Theory:
State- and Density-Driven Decompositions without Additional Kohn-Sham Systems
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Gould and Pittalis [Phys. Rev. Lett. 123, 016401 (2019) recently revealed a density-driven (DD)
correlation energy that is specific to many-electron ensembles and must be accounted for by approx-
imations. We derive in this Letter a general and simpler expression in terms of the ensemble weights, the
ensemble Kohn-Sham (KS) orbitals, and their linear response to variations in the ensemble weights. As no
additional state-driven KS systems are needed, its evaluation is greatly simplified. We confirm the
importance of DD effects and introduce a direct and promising route to approximations.
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Introduction.—Time-dependent density functional theory
(TDDFT) [1] has become over the last two decades the
method of choice for modeling properties of electronically
excited molecules and materials. Despite this success, which
is explained by the moderate computational cost of the
method, TDDFT still suffers from various deficiencies. The
latter drastically reduce its applicability, in particular to a
large variety of molecules and materials where electron
correlation is strong [2]. These failures originate from the
single-reference perturbative character of the theory [in the
widely used linear response regime] and the common
adiabatic approximation, where memory effects are absent.
As aresult, the interest in time-independent formulations of
DFT for excited states has increased substantially over the
last decade [3-25].

Gross-Oliveira-Kohn (GOK) ensemble DFT [26-28],
which is a generalization of Theophilou’s DFT for equi-
ensembles [29,30], is one of these (low-cost) alternatives.
Unlike state-averaged quantum chemical methods [31],
GOKDFT describes (in principle exactly) each state that
belongs to the ensemble with a single Slater determinant (or
a configuration state function), in analogy with regular
ground-state Kohn-Sham (KS) DFT. A substantial differ-
ence with the latter though is that, in GOKDFT, the
noninteracting KS ensemble is expected to reproduce the
true interacting ensemble density (i.e., the weighted sum of
ground- and excited-state densities) only, not each indi-
vidual (ground- or excited-state) density. This subtle point,
which has not been much emphasized in the literature until
very recently [32,33], is central in the Gould-Pittalis
correlation energy decomposition into state-driven (SD)
and density-driven (DD) contributions [32].

This decomposition shed a new light on individual
correlations within an ensemble and is relevant to the
design of density functional approximations for ensembles,
which is an important outstanding problem in DFT
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[12,18,25,34]. The way such a decomposition should be
written and implemented is, however, open to discussion.
Gould and Pittalis [32] proposed to introduce state-specific
KS systems (one for each state, in addition to the KS
ensemble) which are expected to reproduce the exact
individual-state densities. For real ab initio (and therefore
Coulombic) systems, a unique KS system can indeed be
designed from a given excited-state density by requiring, as
an additional constraint, the KS ground-state density to be
as close as possible to the ground-state Coulomb one, as
shown by Ayers et al. [35-37]. If model systems are
considered instead (in order to minimize numerical efforts),
one may then face nonuniqueness or representability issues
when constructing a KS potential for each excited state
within the ensemble. The nonuniqueness problem can be
solved through a selection procedure [32]. But there might
also be situations where such a potential does not exist.
A simple example is given by the two-electron asym-
metric Hubbard dimer [38] where the occupation of the
atomic sites plays the role of the density. In the non-
interacting dimer, the density of the first singlet excited
state does not vary with the KS potential. It matches the
interacting excited-state density only when the dimer is
symmetric [15].

As shown in this Letter, the nonuniqueness or nonexist-
ence of excited-state KS potentials is not a problem as such
in the context of ensemble DFT, where the KS potential is
well defined (up to a constant) [27], simply because
individual-state properties can be extracted in principle
exactly from the KS density functional ensemble. An exact
expression for the individual density functional correlation
energies is derived and, on that basis, two different SD-DD
decompositions are explored. While being simpler
and more general (i.e., applicable to all systems) than
the Gould-Pittalis decomposition [32], one of them offers a
clearer way to model ensemble correlation energies.
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A brief review of GOKDFT.—Let us consider the M + 1
lowest (in energy) solutions to the electronic Schrodinger
equation HY, = E;¥,, 0 < I < M, where the Hamiltonian
H=T+W, + V,, is the sum of the N-electron kinetic
energy, Coulomb repulsion, and local multiplicative exter-
nal potential Ve, = SN | vexi(r;) X operators, respectively.
For simplicity, we will assume that the energies are not
degenerate, i.e., Ey < E; < --- < Ej;. Note that the theory
can be easily extended to multiplets by assigning the same
ensemble weight to degenerate states [27]. The ensemble
energy EY = > "M w,E; is a weighted sum of ground- and
excited-state energies where the (positive) ensemble
weights decrease with increasing index /. They are nor-
malized, i.e., Wy = 1 — > ¥ 'w;, so that only the weights
assigned to the excited states w= (W;,W,, ..., W,,) are
allowed to vary independently.

In GOKDFT, the ensemble energy is determined as
follows for given and fixed weights w [27]:

EY = min{Tr[j

{oc} <T + ‘A/em)] + E}I_lec[n};w]}, (1)

where Tr denotes the trace, 7 = Y ¥, w,;|®;)(®,|, and
nyw(r) = > 71 Wng (r) is a trial ensemble density. The
trial determinants (or configuration state functions) @, are
all generated from the same set {¢;} of orthonormal
molecular orbitals that are optimized variationally. The
ensemble Hartree-exchange-correlation (Hxc) density func-
tional in Eq. (1) can be decomposed exactly as E}; .[n] =
EY [n] + E¥[n], where the ensemble density functional
Hx energy [13]

Ep[n] =) Wi(@F[n]|Weo| @Y [n)) )
K=0

is evaluated from the KS ensemble that reproduces the
density n:

> Weng (r) = a(r). (3)
K=0

Note that, in the general case, the N-electron KS wave
functions {®¥[n]}(<x<) can be configuration state func-
tions [13], i.e., linear combinations of KS determinants.
They are in principle weight dependent so that the density n
can be reproduced, whatever the value of the ensemble
weights [7,15]. The minimizing KS wave functions
{®} = @F[n"]} (<< in Eq. (1) reproduce the exact ensem-
ble density n%:

M
E W,nq,;v (l'
I=0

so that the exact ensemble energy can be expressed as

)= > Wy, (1) = n(r). (4)
1=0

M
EY =Y Wy (®)|T + Ve ®F) + Eyo[n"]. (5)
I1=0

The corresponding minimizing orbitals fulfill the ensemble
KS equations [27],

= o)+ (0|0} 1) = e (6)

where v}y, [n](r) = SEY,.[n]/én(r) is the ensemble Hxc
density functional potential. When the KS wave functions
are single determinants, their density simply reads

ny (r) = Y _Ohlep ()P, (7)

where ), is the (fixed and integer) occupation number of the
orbital ¢} in the determinant ®}'.

Extracting exact individual densities.—As pointed out in
Ref. [32], Eq. (4) does not imply that the KS wave
functions reproduce the exact individual densities
{ny, }o<;<p- Nevertheless, these densities can be extracted

directly from the KS ensemble, as we will see. This means
that it is in principle not necessary to refer to additional
state-specific KS systems for modeling individual-state
properties within an ensemble.

We start from the simple observation that, like the
energy [25], the density of any (ground or excited) state
can be extracted from the (linear-in-w) ensemble density as
follows:

anw(r) '

o, ®

M
oy, ( r) + (61 —wp)
=1

By inserting the KS ensemble density expression of Eq. (4)
into Eq. (8) we obtain our first key result, namely, the exact
deviation in density of the true interacting state from the
KS one,

M M

- nrbw Z (617 —

I=1 K=0

Ongy (r)
ow;

W) )Wg ) )

n\P,(

where  Ongy (r)/ow; =23%, 0K % (r) 0} (r)/Ow;.  As
readily seen, the (static) linear response of the KS orbitals
to variations in the ensemble weights becomes central. In
practice, it may be evaluated by finite differences. A
numerically more robust approach, which requires addi-
tional implementation work, would consist in solving an
ensemble coupled-perturbed equation which is derived in
the Supplemental Material [39], by analogy with Ref. [40].

Individual Hxc energies.—The next step consists in
extracting individual Hxc density functional energies from
the KS ensemble. For that purpose, we use the analog of
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Eq. (8) for energies [25] which, when combined with the
variational KS expression of the ensemble energy in
Egs. (1) and (5), leads to the following exact energy level
expression:

E; = (@Y|T + Ve @) + Efy,c s 0™, (10)

where the individual density functional Hxc energy reads

8Ew
+Z 5]1 WI ch[ ]

EY,
ch../[ (9W,

W
Ech

SE} 1]
+/drT(r)(n¢y[n](r) —l’l(r)) (11)
Note that, as expected, the ensemble density functional Hxc
energy is recovered from the weighted sum of the indi-
vidual Hxc energies [see Eqgs. (3) and (11)]:

M
Z WJEZXCJ [I’l}
J=0

Equations (11) and (12) establish a clearer connection
between ensemble and individual density functional Hxc
energies. Before analyzing the Hx and correlation terms
separately for each state, it is worth noticing that, according
to Egs. (1), (4), and (5), the individual Hxc energy can be
rewritten as follows:

= Ejj.[nl- (12)

M
Elfixean”] Y]+ ) (61 —wp)
I=1
8 W w 8@){()[”5,‘”]
. [8—W1<Emc[n s I

where the auxiliary double-weight ensemble KS density

& (r Z fanﬂ (14)

has been introduced. The term that is subtracted on the
right-hand side of Eq. (13) originates from the fact that the
ensemble energy is calculated variationally. It is in principle
nonzero since the individual densities in the KS ensemble
are weight dependent, unlike in the true physical system.

Exact individual Hartree-exchange energies.—Let us
first focus on the individual Hx contributions to Eq. (13).
As the dependence in € of the double-weight ensemble
density in Eq. (14) does not affect the individual KS

densities, we conclude that @ [né"]
to [see Eq. (2)]

= @Y, thus leading

M
Egp 5™ = 37 & (0% W, |0}, (15)
K=0

while EY_[n%] = S-M_ Wi (®F|W,|®Y). As a result, the
individual Hx energy in Eq. (13) reduces to the simple and
intuitive expression
EZx,J[nw] = <q)}v|Wee|q)}V>’ (16)
where, as emphasized previously, @} can be a configuration
state function [13].
State- and density-driven correlations.—We now focus
on the individual correlation energies and their subsequent
SD-DD decomposition. We start from the decomposition

into individual components of the ensemble density func-
tional correlation energy [32],

= weElnl, (17)
K=0

where 2 (1) = (Wi T+ Wee[ W) — F2ln”] and f[n"] =
(OY|T + W, |®Y) is the Kth component of the exchange-
only GOK functional f"[n] =¥  wyf¥[n]. By inserting
Eq. (17) into Eq. (13) and using Eq. (9) we obtain the
following exact expression for the individual correlation
energy within the ensemble:

]+ZWKZ(5U—W1)8—<

55?1([ "l

+ZWK/ n(r)

which, as readily seen, is not equal to the Jth component

¥,[n"] of the ensemble correlation energy. This is a major
difference between exchange and correlation energies in
ensembles. As shown in the Supplemental Material [39], it
originates from the fact that individual correlation energies
incorporate the density correction that must be applied to
each KS state in order to recover the exact individual
external potential energies.

Interestingly, a first SD-DD decomposition, that we may
refer to as density based, naturally emerges from Eq. (18).
Indeed, substituting the true individual densities for the KS
ones leaves the first two terms on the right-hand side
unchanged (as the KS and true ensemble densities match)
while the last term vanishes. Thus we may define individual
SD correlation energies as follows:

EY[n™] =&, [n™

vk[n™)

— o (nay () —ny, (r)),  (18)

M M
W, w W w 8 W w
EXPInM]=E%)[n ]+ZWKZ(5IJ_WI)_8W (E&k[n™).

K=0 I=1 1
(19)

or, equivalently, EN;yP[n]|=E¥[n"]+> %, (8;,—wW;)x
(0/0w;)(E¥[nY]). As readily seen from Eq. (13),
the complementary DD contribution [third term on the
right-hand side of Eq. (18)] will then be defined as
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M aEf [n5 ]

Z 81y = Wp)——

I=1 Wi le=w

(20)

Such a decomposition is of course arbitrary and not unique.
One may opt for a more state-based approach where only
the terms in Eq. (19) that originate from the individual state
J are included into the state-driven part of the correlation
energy, thus leading to a second definition (that we denote
SD to distinguish the two decompositions):

EXTOIn) = €2, 10"+ w, Z iy~ Wi) g (€207
(21)
which may be rewritten as [39]
EXP (] =

(U)IT + Wee¥)) = FY [0, (22)

where the effective individual exchange-only GOK energy
reads

w0 - O 3

I=1 1

™) = £y

and the Jth component of the exchange-only density
functional GOK energy can be extracted from the ensemble
one as follows:

fJ[ = fY[n" +

M W
Oy =Wy )——7— 8f5[n5 ] (24)

= 9¢;

w

Equations (22)—(24) are the second key result of this Letter.
They clearly show that a Gould-Pittalis—like [32] state-
driven correlation energy can be constructed without any
additional state-specific KS system. The latter is somehow
implicitly defined in the present approach through the
extraction procedure described in Eqs. (23) and (24), thus
circumventing potential representability and nonunique-
ness issues mentioned in the introduction. Note that the first
(SD) and second (SD) correlation energies can be con-
nected as follows:

w.SD[._w w,SD[ w L afvlg[nw}
EZyT "] = EZ77 [n™] + ;wawu - W) ow,
£ 1=1
(25)

Moreover, as both decompositions should return the same

individual correlation energy, the complementary DD
part will simply be defined as EY°[n"] = E¥P°[n"] -

(EYSP[n™] — EXSP[n™)).

Let us now discuss the relevance of the two (in-principle-
exact) decompositions. Opting for one or the other will
depend, in practical calculations, on the level of approxi-
mation that is considered. If one is able to construct a
functional that incorporates weight dependencies (from a
finite uniform electron gas [41], for example), then the first
decomposition can be applied straightforwardly in order to
compute the energy levels (and properties) of the excited
states. In the most common situation, where no weight-
dependent functional is available, the second decomposition
might be preferred. One of the reasons is that individual DD
correlation energies [see Eq. (20)] read > 0, (8, — w;)A,
and, since > M S M w,(5;; — w;)A; = 0, they are trace-
less, i.e.,

Z w,EYPP[n%] = 0. (26)

In other words, DD correlations contribute to the individual
energies, not to the ensemble one. This statement holds at
any level of approximation, by construction. As a result, the
(first) SD-DD decomposition cannot be used for developing
density functional approximations to the ensemble correla-
tion energy. As further discussed in the following, the
(second) SD-DD decomposition is more appealing in this
respect, simply because DD correlations are not traceless. As
shown in the Supplementary Material [39], the total DD
ensemble correlation energy can be evaluated exactly from
the linear response of the exchange-only GOK energy
components as follows:

B = > w5y -y 22

Approximations.—The most challenging task in
GOKDFT, namely, the design of correlation density func-
tionals for ensembles, can now be addressed by modeling
SD and DD ensemble correlations separately. For the
former, one may rely on the conventional ground-state

limit of GOKDFT, i.e., E¥SP[n"] » EY; 5P|
according to Egs. (22) and (23), E:fj:ngD [ny,] = E[ny,] is
the conventional ground-state density functional correla-
E2 Py |28 | T4 Wee|¥)) ~(@, | T+
Weo|®,), ®; being an excited KS wave function based on a
regular DFT calculation. Starting from the crudest ground-

state-correlation only (GSCSD) weight-dependent approxi-

. S|y GSCSD .
mation, EYSP[n¥]" & D(l — >0 Wy)E;[ny,], correlation

in the excited states might be introduced in various ways, as
explored in a recent work by Gould and Pittalis [33]. One
may also learn either from models such as finite electron
gases [41] or even from TDDFT excitation energies w;
through the following exact relation:

ny,|, where,

tion energy and
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750 A
= Ey+w; — (@, |H|D,)

- / drve (0) (g, () — g, (1), (28)

and Eq. (9), for the evaluation of the density difference.
As GSCSD turned out to be accurate enough for the
Hubbard dimer (see the next section), we leave the
design of approximations beyond GSCSD for future work.
On the other hand, the DD part in Eq. (27) can be evaluated
accurately through finite differences with optimized
effective potential techniques [12]. We propose here a
simpler ground-state-exchange functional approximation

(GSXDD), fE[nE™]| "% " S M e (DI T|Y) + Epyy [V,
which is tested in the following.

Application.—We will now explore the two decompo-
sitions in the asymmetric two-electron Hubbard dimer
model [15-18,25,38] where, due to representability issues
mentioned previously, the Gould-Pittalis decomposition
cannot be applied. The Hubbard dimer can be seen as a
prototype for a diatomic molecule where the density n
reduces to a (possibly fractional) number that corresponds
to the occupation of the first atomic site [the occupation of
the second atom is then 2 —n]. It is governed by three
parameters: the hopping ¢ that modulates the strength of the
kinetic energy, the on-site two-electron repulsion strength
U, and the external potential difference Aw.; which
controls the asymmetry of the dimer. For simplicity, we
focus on the weakly asymmetric and strongly correlated
regime Auv,,/t < t/U < 1. In this case, the singlet bien-
semble density reads [15,16,39] nV ~ 1+ wn, where
w=w,; and n = (UAv,)/(2*) < 1. As shown in the
Supplemental Material [39], each individual correlation
energy (and the subsequent decompositions) can be derived
analytically. For example, for the excited state (whose
charge-transfer character increases with Aw,,,/#), we obtain
the following expressions [we denote £ = E/(Un?) ener-
gies per unit of Un?]:

=0.SD
EZV,J [”TO]

w(4w — 1 = 3w?
exst )~ T e~ s (29
w.DD /_w)\ W(l - 3W) w,DD /_w ~ 2W2
gc.]:l (n ) ~ (1 _ W)2 ’gc,lzl (I’l ) ~ (1 _ W)2 . (30)

As readily seen from Egs. (29) and (30), individual corre-
lation energies within an ensemble can be positive. This is
not surprising as the energy extraction procedure used in
Eq. (10) is not variational, even though the ensemble energy
is. We also clearly see that, in both decompositions, density-
driven correlations can be substantial. In the equiensemble
(w = 1/2) case, the density- and state-driven correlation
energy ratio equals 50% and 66% in the first and second
decompositions, respectively. We essentially reach the same
conclusions as Gould and Pittalis [32], even though we use a

different decomposition. Turning to the SD-DD decompo-
sition of the ensemble correlation energy, the following
expression is obtained in the regime under study [39]:

o 2

() = (1= w) + o o)
WDy 5, WA W)
5(: (}’l )N (1 —W)2 ’ (32)

while the density functional approximations introduced
previously give

Y SD 1
£SD (yw) G 27 (1-w), (33)
EWDD (Y0 W21 pow(l —w)). (34)

As we used exact densities, density-driven errors [16] have
been neglected. Their study is left for future work. Around
the leading (second) order in 1/ > 1, which is correctly
reproduced within the simple GSCSD approximation, both
SD and DD correlations contribute (almost equally in the
equiensemble case) to the ensemble correlation energy, but
with opposite sign, thus reducing substantially the weight
dependence [see Eqgs. (31) and (32)]. While an accurate
description of the DD correlation on top of GSCSD over-
estimates the total correlation energy, a drastic improvement
is obtained by combining the GSXDD with GSCSD, thanks
to error cancellations [see the Supplemental Material [39]
for further details]. This promising result might be further
improved by incorporating SD correlations from the excited
state, which is left for future work.

Summary and outlook.—By uncovering the individual
correlation energies within a density functional ensemble,
we were able to derive a state- and density-driven decom-
position of the ensemble correlation where, unlike in the
Gould-Pittalis decomposition [32], no additional state-
specific KS system is needed. By expressing the den-
sity-driven ensemble correlation energy in terms of the
ensemble weights, the ensemble KS orbitals, and their
(static) linear response to variations in the weights, we
made a crucial step toward the development of first-
principle density functionals for ensembles. While we
focused on individual energies, the extension of the theory
to energy couplings such as transition dipole moments or
nonadiabatic couplings is highly desirable. Work is cur-
rently in progress in these directions.

The author would like to thank Pierre-Francois Loos and
Bruno Senjean for fruitful discussions, and LabEx CSC
(ANR-10-LABX-0026-CSC) for funding.
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