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Large Fluctuations in Nonideal Coarse-Grained Systems
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Using the recently introduced molecular dynamics lattice gas approach, we test fluctuations of coarse-
grained quantities. We show that as soon as the system can no longer be considered an ideal gas fluctuations
fail to diminish upon coarse graining as is usually expected. These results suggest that current approaches
to simulating fluctuating hydrodynamics may have to be augmented to achieve quantitative results for
systems with a nonideal equation of state. The molecular dynamics lattice gas method gives a guidance to

the exact nature of the fluctuation in such systems.
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Predicting fluctuations at small scales for coarse-grained
systems can be challenging [1-3]. Typically theoretical
predictions exist for fluctuations in the hydrodynamic (i.e.,
long wavelength) limit [4] that can be used to tune
fluctuation terms, which is the basis of the Langevin
approach to fluctuations [5]. Fluctuating terms in the
governing equations are usually assumed to be spatially
uncorrelated. The hydrodynamic behavior has to emerge
from the local fluctuations introduced into the system. To
complicate the situation fluctuations are often most relevant
at scales much smaller than the hydrodynamic length
scales. This makes it imperative to develop methods that
are able to reproduce correct fluctuations at much smaller
length scales [2]. It is generally not known what form the
small-scale fluctuations for such a coarse-grained system
should take. This is a general problem that arises in most
simulation contexts where fluctuations are important.

One obvious way to address this shortfall is to use
information from a microscopic model, e.g., a molecular
dynamics (MD) simulation, to measure the small-scale
fluctuations [1]. This information can then be used to tune
the fluctuating terms in a coarse-grained simulation method
[2]. In this Letter we show that it is possible to go a step
further and use a coarse-graining mapping between a MD
simulation and a coarse-grained mesoscopic model to
directly measure the correct fluctuations of the model
variables for different coarse-graining scales. Our results
indicate that fluctuations of the model variables can be
orders of magnitude larger than was previously expected.

In this Letter we focus on predictions for fluctuating
lattice Boltzmann approaches, although we stress that the
mapping approach is far more general and can be applied to
most other coarse-grained models. For the special case of
an ideal gas fluctuations are fairly well understood. This is
why this is usually taken as a starting point, e.g., for
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fluctuating lattice Boltzmann methods [6-9]. For other
systems fluctuations arise from the discrete nature of the
representation as in lattice gases [4,10] or stochastic
rotation dynamics [11,12]. Other discrete versions like
dissipative particle dynamics [13—-15] include tunable
fluctuating forces. For nonideal systems, however, it is
typically less clear what the correct fluctuations should
look like [16—19]. Because of this difficulty we developed a
direct mapping from molecular dynamics onto a lattice gas
(MDLG) [20] where fluctuations in a nonideal coarse-
grained system can be easily observed. In this Letter we
show the results of applying MDLG to analyzing equilib-
rium fluctuations at different densities of a system of
Lenard-Jones (LJ) particles.

The direct mapping between MD and a lattice gas leads
to an integer lattice gas. Integer lattice gases exist, but are
somewhat rare [10,21-25]. Blommel and Wagner showed
that an integer lattice gas can closely model the fluctuations
of an ideal gas [10]. Such lattice gases have occupation
numbers n;(x, ) as their fundamental variables. They are
defined on lattice points x and are associated with lattice
velocities v; such that x 4 v; is again a lattice position. The
evolution equation of a lattice gas can be written as

ni(x—|—1)l-,t—|—At):ni(x,t)+5-i, (1)

where the E,; is the lattice gas collision operator. We also
define the number density N = > ;n; For the integer
lattice gas of Blommel and Wagner [10], the n; follow
the expectation for an ideal gas [26] and are Poisson
distributed,

P(n;) = exp(=f7) ()" /mi, (2)
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where f7% = (n;). The number density N is similarly
Poisson distributed with average N®4 = 5", f34.

To examine the fluctuation behavior of a nonideal system
(as represented by a MD simulation) we employ the MDLG
approach. Here a lattice is superimposed on the MD
simulation and the displacement of particles from one
lattice cell to another a distance v; away during a time step
At is then identified with the lattice gas occupation number
n;. This provides us with a lattice gas that exactly represents
the underlying MD system [20]. Explicitly, if x;(¢) is the
position of the jth particle at time ¢, we write

M
mite ) = 3 AL OIA (- AL (3)

J=1

where A, [x] is one if x, € [y, y, + Ax] and zero otherwise
for all coordinates «, and M is the total number of
particles.

We have previously shown [27] that a MDLG has an
equilibrium distribution equivalent to the standard lattice
Boltzmann equilibrium distributions when the combination
of the time step At and lattice size Ax gives

5(Ar)? 1
azzsz.ISz—, (4)
dAx

@)}

where 6(At) represents the displacement of a MD particle in
the simulation for a time interval of Az and d is the number of
spatial dimensions. For this choice the equilibrium distri-
bution of MDLG recovers the standard D2Q9 equilibrium
distribution of lattice Boltzmann methods for small velo-
cities [28]. To ensure comparability of results to fluctuating
lattice Boltzmann implementations [6,7,16,17], we restrict
ourselves to this value.

We now examine the equilibrium fluctuations of this
lattice gas. For a dilute gas we expect the assumptions of
ideal gas fluctuations to hold to good approximation. We
perform a molecular dynamics simulation with 99856
particles on a L? = 30007 lattice (measured in LJ units)
at a temperature of 50, also in LJ units, as in Ref. [20], to
prevent phase separation. The effective radius for excluded
volume of r. = 0.75 [corresponding to 1/2kzT = V(r,)]
implies a volume fraction of p=Mzr%/(L,L,)=4.9%107?
(see Supplemental Material for additional details [29]). For
this ¢ we find good agreement between the distribution of
the lattice gas occupation numbers and the Poisson dis-
tribution, as shown in Fig. 1 for two different lattice
spacings Ax.

For larger densities the total density will no longer be
Poisson distributed, but follow a narrower distribution. We
expect the distribution of the lattice gas occupation num-
bers n; to similarly deviate from the Poisson distribution.
We performed simulations for a denser system of volume
fraction of ¢p = 0.49. The results shown in Fig. 2(a) show
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FIG. 1. Distribution of the MDLG occupation numbers 7n; and
the total density (histograms) compared to the Poisson distribu-
tion (solid lines) for volume fraction ¢ ~ 4.9 x 1073 for different
lattice spacings (a) Ax = 120 and (b) Ax = 500. In (b) we also
sketched the numbering of the velocities.

the narrowing of the N distribution, but surprisingly the
distribution of rest particles (n,) appears little changed
whereas the distributions of particles moving to nearest
neighbors (n;) as well as diagonal neighbors (ns) is
much wider. We find similar results for three-dimensional
simulations, which are reported in the Supplemental
Material [29].

For each lattice spacing Ax there is a time step At
that corresponds to a®> = 1/6. It is therefore essential
how the distributions depend on Ax, corresponding to
modeling the system at different scales. Increasing Ax will
increase the average number of particles per cell N°9. For
an ideal system the width of the Poisson distribution will
grow only as the square root of N°?, making the distribution
more peaked for larger N¢?. Therefore, for larger Ax
the importance of fluctuations declines. This classical
result is found for our the dilute system, as shown in
Fig. 1(b).
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FIG. 2. Distribution of the MDLG occupation numbers n; and
the total density compared to the Poisson distribution for volume
fraction ¢ ~0.49 and the lattice spacing is (a) Ax =12
and (b) Ax=50.

For the dense system of Fig. 2(b) the density does
indeed show a sharpening of the normalized width, as
one would expect. But the normalized width of the
distributions of the n; barely narrow. This is a counterin-
tuitive result, which suggests that the importance of
fluctuations for the n; does not diminish as 1/v/M with
increasing Ax.

Let us first consider how combining wider distributions
for the n; can lead to a narrower distribution of N. We
can write ((N—=N°)?) =375 {(n; = fi)(n; = f))-
For an ideal system the distributions of the n; are indepen-
dent and ((n; — f{?)(n; — f%)) = f;"8;;. But for nonideal
systems the wider distributions for the n; requires that
at least for some i and j these correlations must become
quite negative to cancel the widening of the distributions
fori = j.

We express this quantitatively in terms of the proba-
bilities of the particle displacements ;= x;(t)—x;(t—At).
We obtain

m) = <§M3Ax[xk<t>mx_v[ e - Ar>}>

—M/dxl/dél /déMP x1,51,.. XM,5N)

L
_M/dxl/dal (51, 80) A (1) A, (31— 81)
(5)

where we introduced the useful (but not very common) M-
particle distribution function for the displacements of
particles during a time step Az. We see that the expectation
value of the distribution is entirely dependent on the one-
particle distribution function. This is the reason that Parsa
et al. [27] found that the equilibrium distribution depends
on the nondimensional mean squared displacement a? only.

The probability for finding a specific occupation number
n; is then given by

l):/dxl/d51~-'/d5MPM(x1,51,...,xM,5M)

X®(ni;{x175]a~-'stﬂ6M})
—/dxl/d51---/d(SMPM(xl,51,...,xM,5M)
M
x 0. O(ni; {x1. 61, %, 00, 1), (6)

where we define a binary flag that is one if we have the
occupation number n;(x) as

@(l’li;{X],5l, "'7-xM75M})
— { 1 if Z;(VIZI Ax(xk)Ax—v ( 5k) =n (7)
0 else.

In the special case of an ideal gas, where the M-particle
distribution factorizes,

M
PMH (xy, 8y, H (X Ok) (8)
we have

ro= () () (=50

~exp(=f)

where the last step is the familiar transition from the
binomial distribution to the Poisson distribution in the
limit of large M. We can shed light on the expected width of
the distribution for the nonideal case by reducing the
expression to one for the two-particle distribution function:
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+ flgqélj(sxy )

where, for an ideal gas, the two-particle probability
factorizes (8). With this, we obtain for an ideal gas

(ni()n; () = (1= 1/M)FAfFE + f7%6,8,. (1)

This is the result that one would expect for an independ-
ently binomial distributed ;. In the limit of a large system
with M — oo the 1/M can be neglected, and we obtain the
result predicted for a Poisson distributed #;.

For dilute gases the representation of the particles as
ideal particles works quite well. We define the scaled
squared width of the actual distribution as

Wi = ((mi(x) = fi*)2)/ (NSF). (12)

For a Poisson distribution this squared width will decrease
as 1/N®4. We plot v/W;; in Fig. 3 for an ideal gas, a real
dilute gas, and a dense gas as a function of the number of
average number particles per lattice site. The dilute gas
results agree quite well with a Poisson distribution up to
about 1000 particles per lattice site. After that the width
fails to decrease as fast as expected for an ideal gas. This
agrees with the results in Fig. 1.

For the dense gas the scaled width of the distribution
diverges from the ideal gas case at about 10 particles per
lattice site, and decays much more slowly for larger
numbers of particles. This implies that the importance of
fluctuations does no longer decay as 1/+v/N%1. Therefore,
increasing the coarse graining by choosing a larger lattice
spacing Ax will not diminish fluctuations as rapidly as
would be expected in standard statistical mechanics. The
difference is striking: instead of decaying as (N°9)~!/2, the
rest particles scale approximately as (N°4)~/4, and moving
particle density only as (N4)~!/%, This result may seem
counterintuitive: basic statistical mechanics would seem to
demand that if we continue to double the lattice spacing Ax,
the added components should eventually become indepen-
dent. This argument, however, misses the important point
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FIG. 3. Scaled distributions compared to that of a Poisson

distribution for the MDLG system (a) and a theoretical prediction
from the simplified two-particle displacement probability of
Eq. (16) (b). For larger coarse graining the width of the
distributions can be orders of magnitude wider than expected
for an ideal gas. This transition is enhanced for denser systems,
but appears for all densities. The theoretical result obtained by
numerical evaluation with Mathematica shows some numerical
wiggles, indicating that the software has some difficulties
evaluating the required four-dimensional integral.
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that we are keeping a®> = 1/6, so that the time step At also
increases.

Let us consider the probability of the particle displace-
ments. Instantaneous velocities in equilibrium remain
uncorrelated,

), (13)

where g(r) is the pair correlation function. The same is
not true for displacement probabilities P, (xy, 8, x;, 5;).
Displacements 6, = [£/v, (r)dt are not independent because
they depend on velocities at different times. For particles
sufficiently far apart, the displacement probability will
factorize:

PZ(X17711,X2,”2) o P(vy)P(v2)g(|x; — x,

lim  P2(xy,8,.%2.8,) = P'(x1,8;)P' (x5, 65). (14)

[ry—xi =00

It is well known that, particularly for longer times, the time
correlator for velocities decays only algebraically [30]. It is
reasonable to expect a similar effect for velocities of
particles that have a small spatial separation. A compre-
hensive numerical evaluation of these correlations is out-
side the scope of this Letter, but we did examine (§,5,) as a
function of the initial displacement of the particles |x, — x|
[31]. We found that this correlator does appear to decay
exponentially with a correlation length &~ (6?) with a
prefactor that varies remarkably little with density (from 1
to 1.25 for the two extreme densities studied in this Letter).

As shown in the Supplemental Material [29], the
approximate relation

ol o (X0 Pep (<) i)

holds where & now varies slightly from 1 to 1.25 for our
density range. There are two caveats to this approximate
result. Firstly, at short distances the normalized correlation
of Eq. (15) has to be less than one. Secondly, the total
expectation of (§,6,) = 0 because of momentum conser-
vation. In numerical experiments we find that for large Ax
there is actually a negative correlation, but the value of this
correlation function for large Ax is not of interest here.
Even with these caveats this result implies that the nonideal
part of the two-particle probability also decays exponen-
tially with correlation length £. We can now make the
following ansatz that will recover both the factorization of
Eq. (13) and the correlation of Eq. (15):

P(xy,6,,x2,6,)

x g(r)exp <— %) exp <—%82))2>, (16)

where r = |x; — x,| and

ou(r) = GAX\/I + (616,)(r)/(6:61). (17)

This is the simplest two-particle distribution function that
recovers both Eq. (14) and Eq. (15). We use numerical
integration to estimate the occupation number correlators
in Eq. (10). The numerical integration was performed using
Mathematica, using the rough two-particle correlation
function,

. 1 |X1 —X2| O 1
g(r) —2tanh< 0.03 +5 (18)

and a Mathematica notebook is included in the
Supplemental Material [29]. The results of this numerical
integration are shown in Fig. 3, and it qualitatively recovers
the result of the direct simulations.

In conclusion, we have found that apparent equal-time
fluctuations in coarse-grained models contain time corre-
lations, which can significantly alter the scaling of the
fluctuations. It is well known that while equal-time fluc-
tuations in equilibrium systems decay exponentially, differ-
ent-time fluctuations only decay algebraically [30], so that
the contribution of different-time correlations can be
significant. This does not change the short-ranged nature
of these fluctuations, as can be seen in Eq. (15). But the
magnitude of fluctuations can be orders of magnitude larger
for the coarse-grained system variables when compared to
quantities that are obtained from equal-time correlators like
density or momentum fluctuations. This property of meso-
scopic methods has not been fully appreciated to date.
A long history of previous lattice gas approaches made a
Markov approximation, which implies that occupation
numbers were viewed as instantaneous quantities. Such a
view is in contrast to our lattice gas, which is a true coarse
graining of reality, as represented by a MD simulation, and
has fundamentally different properties. This interpretation
of a lattice gas as a coarse-grained model represents a shift
in perception, and we believe that our results will facilitate
the development of more realistic coarse-grained fluctuat-
ing methods.

Lastly, we would like to emphasize that the large
fluctuations observed in this Letter should not be thought
of as restricted to lattice gas approaches, but that these will
appear in all coarse-grained approaches, like those men-
tioned in the introduction.

*mparsa@ucmerced.edu
Talexander.wagner@ndsu.edu;
~carswagn

[1] J.J. Hoyt, M. Asta, and A. Karma, Phys. Rev. Lett. 86, 5530
(2001).

[2] G. Kocher, N. Ofori-Opoku, and N. Provatas, Phys. Rev.
Lett. 117, 220601 (2016).

[3] B. AltanerandJ. Vollmer, Phys. Rev. Lett. 108,228101 (2012).

www.ndsu.edu/pubweb/

234501-5


https://doi.org/[1]1J.&thinsp;J. Hoyt, M. Asta, and A. Karma, Phys. Rev. Lett. 86, 5530 (2001).PRLTAO0031-900710.1103/PhysRevLett.86.5530[2]2G. Kocher, N. Ofori-Opoku, and N. Provatas, Phys. Rev. Lett. 117, 220601 (2016).PRLTAO0031-900710.1103/PhysRevLett.117.220601[3]3B. Altaner and J. Vollmer, Phys. Rev. Lett. 108, 228101 (2012).PRLTAO0031-900710.1103/PhysRevLett.108.228101[4]4P. Grosfils, J.-P. Boon, and P. Lallemand, Phys. Rev. Lett. 68, 1077 (1992).PRLTAO0031-900710.1103/PhysRevLett.68.1077[5]5D.&thinsp;S. Lemons and A.&nbsp;Gythiel, Am. J. Phys. 65, 1079 (1997).AJPIAS0002-950510.1119/1.18725[6]6A.&thinsp;J.&thinsp;C. Ladd, Phys. Rev. Lett. 70, 1339 (1993).PRLTAO0031-900710.1103/PhysRevLett.70.1339[7]7R. Adhikari, K. Stratford, M. Cates, and A. Wagner, Europhys. Lett. 71, 473 (2005).EULEEJ0295-507510.1209/epl/i2004-10542-5[8]8B. D&uuml;nweg, U.&thinsp;D. Schiller, and A.&thinsp;J.&thinsp;C. Ladd, Phys. Rev. E 76, 036704 (2007).PRESCM1539-375510.1103/PhysRevE.76.036704[9]9G. Kaehler and A.&thinsp;J. Wagner, Phys. Rev. E 87, 063310 (2013).PRESCM1539-375510.1103/PhysRevE.87.063310[10]10T. Blommel and A.&thinsp;J. Wagner, Phys. Rev. E 97, 023310 (2018).PRESCM2470-004510.1103/PhysRevE.97.023310[11]11T. Ihle and D.&thinsp;M. Kroll, Phys. Rev. E 67, 066705 (2003).PRESCM1539-375510.1103/PhysRevE.67.066705[12]12E. T&uuml;zel, T. Ihle, and D.&thinsp;M. Kroll, Phys. Rev. E 74, 056702 (2006).PRESCM1539-375510.1103/PhysRevE.74.056702[13]13P. Hoogerbrugge and J. Koelman, Europhys. Lett. 19, 155 (1992).EULEEJ0295-507510.1209/0295-5075/19/3/001[14]14P. Espanol, Phys. Rev. E 52, 1734 (1995).PLEEE81063-651X10.1103/PhysRevE.52.1734[15]15A. V&aacute;zquez-Quesada, M. Ellero, and P. Espa&ntilde;ol, J. Chem. Phys. 130, 034901 (2009).JCPSA60021-960610.1063/1.3050100[16]16M. Gross, R. Adhikari, M.&thinsp;E. Cates, and F. Varnik, Phys. Rev. E 82, 056714 (2010).PRESCM1539-375510.1103/PhysRevE.82.056714[17]17S.&thinsp;T. Ollila, C. Denniston, M. Karttunen, and T. Ala-Nissila, J. Chem. Phys. 134, 064902 (2011).JCPSA60021-960610.1063/1.3544360[18]18S.&thinsp;P. Thampi, I. Pagonabarraga, and R. Adhikari, Phys. Rev. E 84, 046709 (2011).PRESCM1539-375510.1103/PhysRevE.84.046709[19]19D. Belardinelli, M. Sbragaglia, L. Biferale, M. Gross, and F. Varnik, Phys. Rev. E 91, 023313 (2015).PRESCM1539-375510.1103/PhysRevE.91.023313[20]20M.&thinsp;R. Parsa and A.&thinsp;J. Wagner, Phys. Rev. E 96, 013314 (2017).PRESCM2470-004510.1103/PhysRevE.96.013314[21]21K. Molvig, P. Donis, J. Mycskowski, and G. Vichniac, Discrete Kinetic Theory, Lattice Gas Dynamics and Foundations of Hydrodynamics, edited by R. Monaco (World Scientific, Singapore, 1988).[22]22H. Chen, C. Teixeira, and K. Molvig, Int. J. Mod. Phys. C 08, 675 (1997).IJMPEO0129-183110.1142/S0129183197000576[23]23C.&thinsp;M. Teixeira, Int. J. Mod. Phys. C 08, 685 (1997).IJMPEO0129-183110.1142/S0129183197000588[24]24B.&thinsp;M. Boghosian, J. Yepez, F.&thinsp;J. Alexander, and N.&thinsp;H. Margolus, Phys. Rev. E 55, 4137 (1997).PLEEE81063-651X10.1103/PhysRevE.55.4137[25]25B. Chopard, A. Masselot, and M. Droz, Phys. Rev. Lett. 81, 1845 (1998).PRLTAO0031-900710.1103/PhysRevLett.81.1845[26]26L.&thinsp;D. Landau and E. Lifshitz, in Course of Theoretical Physics&ndash;Pergamon International Library of Science, Technology, Engineering and Social Studies (Pergamon Press, Oxford, 1969), p.&nbsp;c1969.[27]27M.&thinsp;R. Parsa, A. Pachalieva, and A.&thinsp;J. Wagner, Int. J. Mod. Phys. C 30, 1941007 (2019).IJMPEO0129-183110.1142/S0129183119410079[28]28Y.-H. Qian, D. d&rsquo;Humi&egrave;res, and P. Lallemand, Europhys. Lett. 17, 479 (1992).EULEEJ0295-507510.1209/0295-5075/17/6/001[29]29See Supplemental Material at http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501 for a mathematica notebook for the numerical evaluation of (17) as well as notes on three dimensional results and numerical validation of (15).[30]30J. Dorfman, T. Kirkpatrick, and J. Sengers, Annu. Rev. Phys. Chem. 45, 213 (1994).ARPLAP0066-426X10.1146/annurev.pc.45.100194.001241[31]31M.&thinsp;R. Parsa, Lattice gases with molecular dynamics collision operator, Ph.D. thesis, North Dakota State University, 2018, https://library.ndsu.edu/ir/handle/10365/28789.
https://doi.org/[1]1J.&thinsp;J. Hoyt, M. Asta, and A. Karma, Phys. Rev. Lett. 86, 5530 (2001).PRLTAO0031-900710.1103/PhysRevLett.86.5530[2]2G. Kocher, N. Ofori-Opoku, and N. Provatas, Phys. Rev. Lett. 117, 220601 (2016).PRLTAO0031-900710.1103/PhysRevLett.117.220601[3]3B. Altaner and J. Vollmer, Phys. Rev. Lett. 108, 228101 (2012).PRLTAO0031-900710.1103/PhysRevLett.108.228101[4]4P. Grosfils, J.-P. Boon, and P. Lallemand, Phys. Rev. Lett. 68, 1077 (1992).PRLTAO0031-900710.1103/PhysRevLett.68.1077[5]5D.&thinsp;S. Lemons and A.&nbsp;Gythiel, Am. J. Phys. 65, 1079 (1997).AJPIAS0002-950510.1119/1.18725[6]6A.&thinsp;J.&thinsp;C. Ladd, Phys. Rev. Lett. 70, 1339 (1993).PRLTAO0031-900710.1103/PhysRevLett.70.1339[7]7R. Adhikari, K. Stratford, M. Cates, and A. Wagner, Europhys. Lett. 71, 473 (2005).EULEEJ0295-507510.1209/epl/i2004-10542-5[8]8B. D&uuml;nweg, U.&thinsp;D. Schiller, and A.&thinsp;J.&thinsp;C. Ladd, Phys. Rev. E 76, 036704 (2007).PRESCM1539-375510.1103/PhysRevE.76.036704[9]9G. Kaehler and A.&thinsp;J. Wagner, Phys. Rev. E 87, 063310 (2013).PRESCM1539-375510.1103/PhysRevE.87.063310[10]10T. Blommel and A.&thinsp;J. Wagner, Phys. Rev. E 97, 023310 (2018).PRESCM2470-004510.1103/PhysRevE.97.023310[11]11T. Ihle and D.&thinsp;M. Kroll, Phys. Rev. E 67, 066705 (2003).PRESCM1539-375510.1103/PhysRevE.67.066705[12]12E. T&uuml;zel, T. Ihle, and D.&thinsp;M. Kroll, Phys. Rev. E 74, 056702 (2006).PRESCM1539-375510.1103/PhysRevE.74.056702[13]13P. Hoogerbrugge and J. Koelman, Europhys. Lett. 19, 155 (1992).EULEEJ0295-507510.1209/0295-5075/19/3/001[14]14P. Espanol, Phys. Rev. E 52, 1734 (1995).PLEEE81063-651X10.1103/PhysRevE.52.1734[15]15A. V&aacute;zquez-Quesada, M. Ellero, and P. Espa&ntilde;ol, J. Chem. Phys. 130, 034901 (2009).JCPSA60021-960610.1063/1.3050100[16]16M. Gross, R. Adhikari, M.&thinsp;E. Cates, and F. Varnik, Phys. Rev. E 82, 056714 (2010).PRESCM1539-375510.1103/PhysRevE.82.056714[17]17S.&thinsp;T. Ollila, C. Denniston, M. Karttunen, and T. Ala-Nissila, J. Chem. Phys. 134, 064902 (2011).JCPSA60021-960610.1063/1.3544360[18]18S.&thinsp;P. Thampi, I. Pagonabarraga, and R. Adhikari, Phys. Rev. E 84, 046709 (2011).PRESCM1539-375510.1103/PhysRevE.84.046709[19]19D. Belardinelli, M. Sbragaglia, L. Biferale, M. Gross, and F. Varnik, Phys. Rev. E 91, 023313 (2015).PRESCM1539-375510.1103/PhysRevE.91.023313[20]20M.&thinsp;R. Parsa and A.&thinsp;J. Wagner, Phys. Rev. E 96, 013314 (2017).PRESCM2470-004510.1103/PhysRevE.96.013314[21]21K. Molvig, P. Donis, J. Mycskowski, and G. Vichniac, Discrete Kinetic Theory, Lattice Gas Dynamics and Foundations of Hydrodynamics, edited by R. Monaco (World Scientific, Singapore, 1988).[22]22H. Chen, C. Teixeira, and K. Molvig, Int. J. Mod. Phys. C 08, 675 (1997).IJMPEO0129-183110.1142/S0129183197000576[23]23C.&thinsp;M. Teixeira, Int. J. Mod. Phys. C 08, 685 (1997).IJMPEO0129-183110.1142/S0129183197000588[24]24B.&thinsp;M. Boghosian, J. Yepez, F.&thinsp;J. Alexander, and N.&thinsp;H. Margolus, Phys. Rev. E 55, 4137 (1997).PLEEE81063-651X10.1103/PhysRevE.55.4137[25]25B. Chopard, A. Masselot, and M. Droz, Phys. Rev. Lett. 81, 1845 (1998).PRLTAO0031-900710.1103/PhysRevLett.81.1845[26]26L.&thinsp;D. Landau and E. Lifshitz, in Course of Theoretical Physics&ndash;Pergamon International Library of Science, Technology, Engineering and Social Studies (Pergamon Press, Oxford, 1969), p.&nbsp;c1969.[27]27M.&thinsp;R. Parsa, A. Pachalieva, and A.&thinsp;J. Wagner, Int. J. Mod. Phys. C 30, 1941007 (2019).IJMPEO0129-183110.1142/S0129183119410079[28]28Y.-H. Qian, D. d&rsquo;Humi&egrave;res, and P. Lallemand, Europhys. Lett. 17, 479 (1992).EULEEJ0295-507510.1209/0295-5075/17/6/001[29]29See Supplemental Material at http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501 for a mathematica notebook for the numerical evaluation of (17) as well as notes on three dimensional results and numerical validation of (15).[30]30J. Dorfman, T. Kirkpatrick, and J. Sengers, Annu. Rev. Phys. Chem. 45, 213 (1994).ARPLAP0066-426X10.1146/annurev.pc.45.100194.001241[31]31M.&thinsp;R. Parsa, Lattice gases with molecular dynamics collision operator, Ph.D. thesis, North Dakota State University, 2018, https://library.ndsu.edu/ir/handle/10365/28789.
https://doi.org/10.1103/PhysRevLett.86.5530
https://doi.org/10.1103/PhysRevLett.86.5530
https://doi.org/10.1103/PhysRevLett.117.220601
https://doi.org/10.1103/PhysRevLett.117.220601
https://doi.org/10.1103/PhysRevLett.108.228101

PHYSICAL REVIEW LETTERS 124, 234501 (2020)

[4] P. Grosfils, J.-P. Boon, and P. Lallemand, Phys. Rev. Lett.
68, 1077 (1992).
[5] D.S. Lemons and A. Gythiel, Am. J. Phys. 65, 1079 (1997).
[6] A.J.C. Ladd, Phys. Rev. Lett. 70, 1339 (1993).
[7]1 R. Adhikari, K. Stratford, M. Cates, and A. Wagner,
Europhys. Lett. 71, 473 (2005).
[8] B. Diinweg, U. D. Schiller, and A. J. C. Ladd, Phys. Rev. E
76, 036704 (2007).
[9] G. Kaehler and A.J. Wagner, Phys. Rev. E 87, 063310
(2013).
[10] T. Blommel and A.J. Wagner, Phys. Rev. E 97, 023310
(2018).
[11] T. Ihle and D. M. Kroll, Phys. Rev. E 67, 066705 (2003).
[12] E. Tiizel, T. Ihle, and D. M. Kroll, Phys. Rev. E 74, 056702
(2000).
[13] P. Hoogerbrugge and J. Koelman, Europhys. Lett. 19, 155
(1992).
[14] P. Espanol, Phys. Rev. E 52, 1734 (1995).
[15] A. Vazquez-Quesada, M. Ellero, and P. Espaiiol, J. Chem.
Phys. 130, 034901 (2009).
[16] M. Gross, R. Adhikari, M. E. Cates, and F. Varnik, Phys.
Rev. E 82, 056714 (2010).
[17] S.T. Ollila, C. Denniston, M. Karttunen, and T. Ala-Nissila,
J. Chem. Phys. 134, 064902 (2011).
[18] S.P. Thampi, I. Pagonabarraga, and R. Adhikari, Phys. Rev.
E 84, 046709 (2011).
[19] D. Belardinelli, M. Sbragaglia, L. Biferale, M. Gross, and F.
Varnik, Phys. Rev. E 91, 023313 (2015).
[20] M. R. Parsa and A.J. Wagner, Phys. Rev. E 96, 013314
(2017).

[21] K. Molvig, P. Donis, J. Mycskowski, and G. Vichniac,
Discrete Kinetic Theory, Lattice Gas Dynamics and
Foundations of Hydrodynamics, edited by R. Monaco
(World Scientific, Singapore, 1988).

[22] H. Chen, C. Teixeira, and K. Molvig, Int. J. Mod. Phys. C
08, 675 (1997).

[23] C.M. Teixeira, Int. J. Mod. Phys. C 08, 685 (1997).

[24] B.M. Boghosian, J. Yepez, F.J. Alexander, and N.H.
Margolus, Phys. Rev. E 55, 4137 (1997).

[25] B. Chopard, A. Masselot, and M. Droz, Phys. Rev. Lett. 81,
1845 (1998).

[26] L.D. Landau and E. Lifshitz, in Course of Theoretical
Physics—Pergamon International Library of Science,
Technology, Engineering and Social Studies (Pergamon
Press, Oxford, 1969), p. c1969.

[27] M. R. Parsa, A. Pachalieva, and A.J. Wagner, Int. J. Mod.
Phys. C 30, 1941007 (2019).

[28] Y.-H. Qian, D. d’Humieres, and P. Lallemand, Europhys.
Lett. 17, 479 (1992).

[29] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.124.234501 for a math-
ematica notebook for the numerical evaluation of (17) as
well as notes on three dimensional results and numerical
validation of (15).

[30] J. Dortman, T. Kirkpatrick, and J. Sengers, Annu. Rev.
Phys. Chem. 45, 213 (1994).

[31] M. R. Parsa, Lattice gases with molecular dynamics colli-
sion operator, Ph.D. thesis, North Dakota State University,
2018, https://library.ndsu.edu/ir/handle/10365/28789.

234501-6


https://doi.org/10.1103/PhysRevLett.68.1077
https://doi.org/10.1103/PhysRevLett.68.1077
https://doi.org/10.1119/1.18725
https://doi.org/10.1103/PhysRevLett.70.1339
https://doi.org/10.1209/epl/i2004-10542-5
https://doi.org/10.1103/PhysRevE.76.036704
https://doi.org/10.1103/PhysRevE.76.036704
https://doi.org/10.1103/PhysRevE.87.063310
https://doi.org/10.1103/PhysRevE.87.063310
https://doi.org/10.1103/PhysRevE.97.023310
https://doi.org/10.1103/PhysRevE.97.023310
https://doi.org/10.1103/PhysRevE.67.066705
https://doi.org/10.1103/PhysRevE.74.056702
https://doi.org/10.1103/PhysRevE.74.056702
https://doi.org/10.1209/0295-5075/19/3/001
https://doi.org/10.1209/0295-5075/19/3/001
https://doi.org/10.1103/PhysRevE.52.1734
https://doi.org/10.1063/1.3050100
https://doi.org/10.1063/1.3050100
https://doi.org/10.1103/PhysRevE.82.056714
https://doi.org/10.1103/PhysRevE.82.056714
https://doi.org/10.1063/1.3544360
https://doi.org/10.1103/PhysRevE.84.046709
https://doi.org/10.1103/PhysRevE.84.046709
https://doi.org/10.1103/PhysRevE.91.023313
https://doi.org/10.1103/PhysRevE.96.013314
https://doi.org/10.1103/PhysRevE.96.013314
https://doi.org/10.1142/S0129183197000576
https://doi.org/10.1142/S0129183197000576
https://doi.org/10.1142/S0129183197000588
https://doi.org/10.1103/PhysRevE.55.4137
https://doi.org/10.1103/PhysRevLett.81.1845
https://doi.org/10.1103/PhysRevLett.81.1845
https://doi.org/10.1142/S0129183119410079
https://doi.org/10.1142/S0129183119410079
https://doi.org/10.1209/0295-5075/17/6/001
https://doi.org/10.1209/0295-5075/17/6/001
http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501
http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501
http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501
http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501
http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501
http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501
http://link.aps.org/supplemental/10.1103/PhysRevLett.124.234501
https://doi.org/10.1146/annurev.pc.45.100194.001241
https://doi.org/10.1146/annurev.pc.45.100194.001241
https://library.ndsu.edu/ir/handle/10365/28789
https://library.ndsu.edu/ir/handle/10365/28789
https://library.ndsu.edu/ir/handle/10365/28789

