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Relativistic high-order harmonic generation from solid-density plasma offers a compact source of
coherent ultraviolet and x-ray light. For solid targets much thinner than the laser wavelength, the plasma
thickness can be tuned to increase conversion efficiency; a reduction in total charge allows for balancing the
laser and plasma driving forces, producing the most effective interaction. Unlike for semi-infinite plasma
surfaces, we find that for ultrathin foil targets the dominant factor in the emission spectral shape is the finite
width of the electron nanobunches, leading to a power-law exponent of approximately 10=3. Ultrathin foils
produce higher-efficiency frequency conversion than solid targets for moderately relativistic (1 < a0 < 40)
interactions and also provide unique insight into how the trajectories of individual electrons combine and
interfere to generate reflected attosecond pulses.

DOI: 10.1103/PhysRevLett.124.185004

The extreme electric and magnetic fields present at the
focus of petawatt-class lasers and the massive net Coulomb
forces in solid-density plasmas can produce relativistic
electrons in femtoseconds. Electrons accelerated by a
relativistic-intensity laser pulse focused on a solid will
radiate broadband high-frequency light, creating a compact
brilliant x-ray source [1–8]. Ionized interaction media
support far higher laser intensities than gas-based high-
order-harmonic generation (HHG), and relativistic HHG
offers a route to high-energy attosecond pulses, attosecond
pump-probe spectroscopy, and x-ray nonlinear optics
[9–11]. In the coherent synchrotron emission (CSE) model
of HHG from relativistic plasma mirrors, a dense electron
bunch is driven in an instantaneously circular trajectory
at the plasma surface during each laser cycle, emitting
synchrotron-like radiation with a power-law spectrum
[12,13]. The CSE model predicts that the spectral energy
scales with harmonic frequency (ω) as ω−4=3 up to a cutoff
ωγ which depends on the maximum Lorentz factor (γ) [12].
Relativistic HHG varies with the laser intensity, plasma
density profile [14–17], angle of incidence [18,19], and the
frequency composition [20–23], pulse duration [24], and
polarization [25] of the driving light. Additionally,
the dynamics will change as the target thickness (d) is
reduced—previous work falls in three regimes: semi-
infinite (d ≫ λ) [1,2,19,26–29], thin (d ≈ λ) [25,30–38],
and ultrathin (d ≪ λ) [13,32,39–43], where λ is the laser
wavelength—with thin and ultrathin targets allowing for
the collection of both transmitted and reflected harmonics.
Although semi-infinite and thin targets behave similarly for
few-cycle driving pulses, nanometer-scale foils (d ≪ λ)
enter a different regime, allowing high efficiency, and, as

we demonstrate here, showing behavior that can be
explained by a modified CSE mechanism.
We find that for ultrathin targets the spectrum of the

reflected radiation can be approximated as a power law
IðωÞ ¼ ω−p with p ¼ 10=3 up to a cutoff at ωγ ¼

ffiffiffiffiffiffiffi
8α1

p
γ3z .

This scaling arises because although individual electrons
follow synchrotron-like trajectories and produceω−4=3 CSE
spectra, emission events for ultrathin targets are spread
broadly in time and space, limiting the fraction of electrons
that constructively interfere. The distribution of high-
frequency generation events has a sharp leading edge
and can be approximated by a step function; only electrons
within a half-wavelength of this edge coherently add,
leading to an additional factor ω−2 in the spectrum. This
analysis of the finite bunch width extends to semi-infinite
targets, explaining apparent spectral cutoffs at frequencies
much lower than those predicted by the CSE model.
Consider an ultrathin (D ¼ d=λ ≪ 1) overdense plasma

(N ¼ ne=nc > 1, nc ¼ meω
2
L=4πe

2) in a relativistic
(a0 ¼ eE=meωLc > 1) laser field as illustrated in
Fig. 1(a), where E is the maximum laser electric field,
ωL ¼ 2πc=λ is the frequency, ne is the electron number
density, and e and me are the electron charge and mass.
For a0 ≫ 1, the trajectories of plasma electrons depend on
S ¼ N=a0, not either a0 or N separately [20,44]. In the
limit D → 0, with D much smaller than any other length
scale, the total charge in the foil rather than the exact
initial distribution governs the interaction. The character-
istic parameter SD—the total charge reduced by a rela-
tivistic factor [39,45]—describes the effective plasma
thickness, and the parametric dependence of the efficiency
(η) simplifies:
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η ¼ fðN; a0; D;…Þ ¼ f

�
ND
a0

;…

�
: ð1Þ

In Figs. 1(b) and 1(c) the efficiency of harmonic con-
version to the interval 4 < ω=ωL < 100 in both the
reflected (b) and transmitted (c) directions collapses to
a single line for SD < 0.2.
The utility of ultrathin foils arises from the collapse to

ND; changing thickness adjusts the effective density of the
target. Relativistic HHG is most efficient when the laser
and plasma forces are balanced, i.e., a0=N ≈ 0.5 [22],
which is difficult to achieve for solid densities (N ≈ 400)
with current laser intensities, so reducing the effective

N with small D is a route to more efficient harmonic
conversion. The efficiency peak for the a0 ¼ 40 line in
Figs. 1(b) and 1(c) shows that optimal ultrathin foils are a
more efficient source for both reflected and transmitted
harmonics than semi-infinite targets at moderate intensity.
Note that the interval 4 < ω=ωL < 100 spans the plasma
frequency, so for SD > 1, transmitted harmonics with
ω=ωL <

ffiffiffiffi
N

p ¼ 20 are filtered by the plasma. We must
carefully distinguish micron-scale (thin) targets (D ≈ 1)—
which for few-cycle lasers will behave similarly to semi-
infinite targets due to the finite speed of light—from
nanometer-scale (ultrathin) targets (D ≪ 1), where the
finite plasma extent fundamentally affects the interaction.
In addition to increased efficiency, for ultrathin foils the
entire phase-space distribution can be adequately repre-
sented with relatively few particles (<10 000); the detailed
trajectory of every particle can be recorded to build a
complete picture of the contributions to the total spectrum.
Using one-dimensional particle-in-cell (PIC) simulations

(BOPS [46] and EPOCH [47]) with resolutions between 2 500
and 50 000 cells=λ and 50–10 000 particles=cell, we simu-
lated relativistic HHG for ultrathin targets with varied a0,
N, D, and angle of incidence (θL). We emphasize single-
cycle driving pulses since the high-frequency emitted
pulses are formed in a fraction of a cycle and the number
of cycles which efficiently drive harmonics tends to be
limited even for longer (> 20 fs) pulse duration by the
breakup of thin foils [48]. To analyze the spectral con-
tributions of individual electrons, we note that in one
dimension the propagating (transverse) electric field pro-
duced by a charged plane may be written [50]:

Ey ¼ 2πσ
βy

1 − βzsgnðz − zuÞ
; ð2Þ

where βy;z are the y and z velocity components normalized
by c, z is the plane position, σ is the charge density, and zu
is the observation location. To address reflection, we
choose zu such that zu < z for all particles and time and
Eq. (2) simplifies to Ey ¼ ð2πσÞβy=ð1 − βzÞ. The non-
linearity that distinguishes this process from simple reflec-
tion (where βz ¼ 0 and βy ∝ sinωt) arises from both the
nonsinusoidal behavior of βy for relativistic fields and the
nonzero value of βz, initially driven by the laser mag-
netic field.
Figure 2 shows the detailed electron motion during the

generation of an attosecond pulse over a single optical half-
cycle. The blue-to-red lines in each subplot of Fig. 2
correspond to evenly distributed electron trajectories, with
colors ordered by emission arrival time. Most electrons
follow synchrotron-like trajectories [Fig. 2(a) inset], emitting
high-frequency radiation when their velocities point toward
−z. This emission time matches a peak in the Lorentz factor
in the reflected direction (γz ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2z=c2

p
), plotted in

Fig. 2(a) against the advanced time (ta ¼ tþ z=c) to directly

(a)

(b)

(c)

FIG. 1. Simulations of relativistic HHG. (a) Plot of electron
density (blue), ion density (red), laser magnetic field (purple)
and attosecond pulses (green) in space and time for a0 ¼ 20,

N ¼ 500, D ¼ 0.005, and θL ¼ 30°. Efficiency (η½ωLF;ωUF �
ω is the

fraction of incident energy produced with ωLF < ω < ωUF) of
reflected (b) and transmitted (c) harmonic generation for varied
SD, a0, and D at N ¼ 400 and θL ¼ 30°.
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show when the fields [Fig. 2(b)] produced by particular
trajectories arrive at the observation point. The spread of the
γz peaks over several tenths of a laser cycle results in the
distribution of high frequency emitted field components over
a scale much longer than their wavelength.
The total field [Fig. 2(b), orange] is the sum of individual

electron contributions; it only exhibits a sharp transition
near ta ¼ 0, though the individual fields have high-
frequency structure for ta=tL as large as 0.3. Despite this
spread in high frequencies (ω=ωL > 40) and the attosecond
pulses that would be produced by isolated electrons
[Fig. 2(c)], the contributions destructively interfere for
ta > 0.01TL, so the total emission is a single attosecond
pulse with duration ≈TL=100. Although most electrons in
the plasma are sufficiently relativistic to produce radiation
with ω=ωL > 40, only the small fraction near the leading
edge of the emission contribute constructively to the total
spectrum.

Access to the fields produced by individual electrons
allows analysis of the individual spectral contributions. In
Fig. 3, the spectra resulting from selected trajectories are
plotted in comparison to a CSE-type spectrum [12]:

IðωÞ ∝ jf̃ðωÞj2ω−4=3
�
Ai0

��
ω

ωγ

�
2=3

��
2

; ð3Þ

which is derived by assuming that the radiation emitted by
a charge bunch is dominated by the motion near the time
of emission, approximated by jðtÞ ¼ α0t and zðtÞ ¼ βztþ
α1t3=3, where α0 and α1 are calculated from the bunch
trajectory [12]. For a single point particle, the shape
function f is δðzÞ, leading to a unity factor in the spectrum.
If we examine the trajectory of a single electron—here, that
with the highest γz—and calculate the spectrum, we have
excellent agreement to both p ¼ 4=3 and the ωγ ¼

ffiffiffiffiffiffiffi
8α1

p
γ3z

cutoff, as shown in Fig. 3(a). This holds if we consider,
for example, the total spectrum produced by the 5% of
electrons closest to the leading edge of the bunch [Fig. 3(b),
red], but not for the total spectrum of all electrons (black),
which, with (p ≈ 3.3) follows neither the prediction of
CSE nor the p ¼ 8=3 of the relativistic oscillating mirror
model [5]. Since the spectra produced by individual
electrons and small groups of electrons are predictable
from the CSE model, deviations from 4=3 scaling could be
explained as a violation of the bunching model due to a
spread in either γz or emission times.
The individual particles which dominate harmonic gen-

eration exhibit a relatively narrow distribution in maximum
γz, suggesting that for ultrathin foils the primary contributor
to the disagreement is the lack of coherence due to the finite
electron bunch size. In Fig. 3(c), the spectrum produced by
adding together the spectral intensities (neglecting phase) of
every individual particle (solid red) is almost the same as the
spectrum produced by the single fastest particle (blue); both
agree reasonably with the calculated CSE spectrum (dashed
orange), but fail to match the actual total spectrum (black),
which is affected by both spectral intensity and phase.
From Fig. 2(c), we note that the coherent emission comes

from the leading edge of the bunch, where the initial half
cycle of radiation is not canceled. If we assume that the
electron emission times are distributed evenly over a
window much longer than the harmonic (n) period, then
the number of electrons which will emit coherently scales
as λn, and the intensity of the emitted harmonic n scales as
λ2n, or ω−2. This is equivalent to choosing a Heaviside step
function as the shape function f in Eq. (3). A Gaussian
distribution of electrons would produce an exponential
spectrum. Our observation of a power-law spectrum for
wavelengths much shorter than the bunch duration high-
lights the importance of the sharp leading edge.
The additional factor of ω2 means that up to the cutoff—

which remains at ωγ—the harmonic intensity approxi-
mately decreases as:

IðωÞ ∝ ω−10=3 ð4Þ

FIG. 2. Contribution of individual electrons at a0 ¼ 10,
N ¼ 500, θL ¼ 0°, and D ¼ 0.004. (a) The Lorentz factor in
the direction of emission for selected electrons in the advanced
time, showing the relatively long spread of emission times. The
blue-red color scale marks time of emission and corresponds
across plots. Inset: trajectories of selected electrons in the zy
plane. (b) The electric field generated by each particle in (a),
together with the total field (orange). The fields of individual
electrons have been multiplied by the number of electrons.
(c) The high-frequency (ω=ωL > 40) radiation intensity emitted
by selected electrons compared to the total high-frequency
intensity (orange). Inset: total reflected electric field. Erel ¼
meωLc=e.
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as long as our assumption about the bunch shape holds. As
the spectra in Figs. 4(a) and 4(b) and the fitted values of p
in Fig. 4(c) show, ultrathin-foil spectra lie close to p ¼
3.3� 0.5 across a broad range of parameters. Some
deviation arises from uncertainty in the power-law fit,
which has been marked by error bars for selected points.
Although p varies little across the 0.05 < SD < 0.3 range
plotted in Fig. 4(c), Fig. 1(b) shows that the total reflected
harmonic signal peaks near SD ≈ 0.2. For SD < 0.2 the
total efficiency drops because the plasma is too tenuous to

reflect most laser energy; however, the harmonics that are
generated follow the same p ≈ 10=3 scaling law. For
SD ≫ 0.2 and a0=N ≪ 1 the interaction is in an inefficient
semi-infinite target regime, where the laser is too weak to
efficiently drive harmonics. The maximum Lorentz factor
produced by ultrathin foils tends to be higher than that for
semi-infinite targets; in Fig. 4(d), γz for ND=a0 ¼ 0.1 is a
larger fraction of a0 than that for even relatively efficient
values of a0=N, implying a higher limit for the γ3z cutoff.
The 10=3 power law also appears in limited parts of the

spectra produced by semi-infinite targets, which for effi-
cient values of a0=N (i.e., a0=N ≈ 0.5) follow p ¼ 4=3 at
lower frequencies. Previous work [12] describes an appar-
ent spectral cutoff due to the bunch width of emitting
electrons at ω ≪ ωγ . Rather than assuming a Gaussian
electron distribution, which leads to an exponential falloff,
we observe, as for thin foils, that the bunch has a sharp
leading edge, leading to 10=3 scaling for TL=tb ≪
ω=ωL ≪ ωγ=ωL [Fig. 5(a)], where tb is the bunch duration
[Fig. 5(b)]. The spectral transition can be seen in Fig. 5(a)
around ω=ωL ¼ 200, well below the ωγ=ωL ¼ 7400 cutoff
expected from the observed γz ¼ 8.3 and α1 ¼ 21, but
corresponding to a 2-nm bunch width. For ultrathin targets
the bunch duration is much longer (tb=TL ≈ 0.5) than for
efficient semi-infinite interactions (tb=TL ≈ 0.002), but the
peak Lorentz factors are a much higher fraction of a0:
ðγ − 1Þ=a0 ≈ 0.3 rather than 0.06. The difference in elec-
tron trajectories between the two cases results from the
different electric fields experienced by emitting electrons.
For thin foils the laser is partially transmitted, so the field is
nonzero over the entire interaction region and even elec-
trons with large longitudinal displacements are accelerated.
The laser is entirely reflected for semi-infinite targets, with
its field strength rapidly approaching zero within the
plasma; electrons more than a few fractions of a wavelength
from the surface are not accelerated. The electron bunch
size is therefore larger in the ultrathin foil case and, since

(a) (b) (c)

FIG. 3. Relativistic HHG with a0 ¼ 10, N ¼ 500, D ¼ 0.0024, and θL ¼ 0°. (a) The spectra that would be produced by individual
electrons compared to an analytic spectrum (dashed red line) calculated using γz and α1 for the highest-γz electron. (b) The spectra
produced by groups of electrons, progressively increasing from the 5% closest to the front (red) to the entire target (black). The leading
edge group produces a 4=3 spectrum because the component electrons are distributed narrowly and constructively interfere. (c) The total
spectrum (black) compared to that of the single highest-γz electron (blue) multiplied by the number of electrons and (red) assuming that
the unique spectrum from each individual electron is emitted coherently. The relatively small difference between the red and blue lines,
in comparison to that between the blue and black lines, suggests that the spectral shape is due to a distribution in emission location rather
than in γz and α1. The dashed orange line marks the analytic spectrum, and the dashed red line shows the correction for the finite bunch
size.

(a) (c)

(b) (d)

FIG. 4. Spectra of HHG with (a) θL ¼ 45°, S ¼ 100, SD ¼ 0.1,
and (b) θL ¼ 0°, S ¼ 100, SD ¼ 0.15 compared to power-law
scaling with p ¼ 4=3 and p ¼ 10=3. (c) The power-law exponent
found for varied ND=a0 for θL ¼ 0°; 45° and a0 ¼ 5, 10, 12, with
dashed lines at p ¼ 4=3 (CSE) and p ¼ 10=3 (CSE with bunch-
width modification). Marked points are from multidimensional
simulations: (i) 2D, a0 ¼ 47.6, SD ¼ 0.126, θL ¼ 0°, (ii) 2D,
a0 ¼ 40, SD ¼ 0.15, θL ¼ 45°, (iii) 3D, a0 ¼ 20, SD ¼ 0.12,
θL ¼ 45°. Additional details are in the Supplemental Material
[48]. (d) Maximum γz against a0 for both an ultra-thin foil
(ND=a0 ¼ 0.1) and selected semi-infinite conditions, all at
θL ¼ 30°.
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the reflected field is smaller and does not cancel the
incident field at the target surface, the transverse accel-
eration is larger, leading to higher γ=a0.
In conclusion, we have provided a general model for the

spectrum of reflected emission produced by relativistic
harmonic generation from ultrathin foils and shown that,
with minor deviations, spectra for D ≪ 1 follow IðωÞ ∝
ω−10=3 up to the Lorentz-factor-dependent cutoff, which
lies at higher frequencies than for thicker targets. This
scaling is superior to that for moderate values of a0 on
solid-density thick targets but lower than the most efficient
solid-target interactions, suggesting that where only mod-
erate intensities are available, ultrathin foils provide an
efficient source of relativistic high-order harmonics.
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