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Metastatic cancer cells detect the direction of lymphatic flow by self-communication: they secrete and
detect a chemical which, due to the flow, returns to the cell surface anisotropically. The secretion rate is low,
meaning detection noise may play an important role, but the sensory precision of this mechanism has not
been explored. Here we derive the precision of flow sensing for two ubiquitous detection methods:
absorption vs reversible binding to surface receptors. We find that binding is more precise due to the fact
that absorption distorts the signal that the cell aims to detect. Comparing to experiments, our results suggest
that the cancer cells operate remarkably close to the physical detection limit. Our prediction that cells
should bind the chemical reversibly, not absorb it, is supported by endocytosis data for this ligand-receptor

pair.
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Metastasis is the process of cancer cells spreading from
the primary tumor to other parts of the body. A major route
for spreading is the lymphatic system, a network of vessels
that carry fluid to the heart. Particular cancer cells detect the
drainage of lymphatic fluid toward the vessels and move in
that direction [1]. Experiments have shown that the
detection occurs by self-communication: the cells secrete
diffusible molecules (CCL19 and CCL21) that they detect
with receptors (CCR7) on their surface [2]. The flow affects
the distribution of detected molecules, which thereby
provides information about the flow direction. This flow
detection mechanism, termed ‘“autologous chemotaxis,”
has been observed for breast cancer [2], melanoma [2],
and glioma cell lines [3], as well as endothelial cells [4],
and has been studied using fluid dynamics models [2,5,6].

The flow is slow. Lymphatic drainage speeds near tumors
are typically vy =0.1-1 um/s [7,8], and the speed
decreases further with proximity to the cell surface due
to the laminar nature of low-Reynolds-number flow. In
contrast, a secreted molecule diffuses with coefficient
D = 130-160 um?/s [5], covering a distance equivalent
to the cell radius (a ~ 10 ym [2]) in a typical time of a®>/D
and giving a “velocity” of D/a = 13-16 um/s. The ratio
of these velocities € = vya/D = 0.006-0.08, called the
Péclet number, is small, indicating that diffusion dominates
over flow in this process.

Also, the secretion rate is low. Cells secrete 0.7-2.3 x
10~ g of CCL19 and CCL21 in a 24-hour period (Fig. 3F
in Ref. [2]), which given the molecular weights of these
ligands (11 and 14.6 kDa, respectively [9]), corresponds to
a secretion rate of v = 1200-5200 molecules per hour. Yet,
cells begin migrating in a matter of hours [2].

The slow flow and low secretion rate raise the question of
whether autologous chemotaxis is a physically plausible
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mechanism for these cells. Is a couple thousand molecules,
biased by such a weak flow field, enough to determine the
flow direction? If so, with what precision? Although this
mechanism has been modeled at the continuum level, the
question of sensory precision has remained unexplored.

At the same time, the question of sensory precision has
been heavily explored for other cellular processes, begin-
ning with the early work of Berg and Purcell [10], and
extending to more modern works on concentration sensing
[11-18], gradient sensing [19-23], and related sensory
tasks [24-27]. Yet, the mechanism of autologous chemo-
taxis has thus far evaded this list, despite its importance to
cancer biology and its potential for interesting physics.

Here we combine stochastic techniques from sensory
biophysics with perturbation techniques from fluid
dynamics to derive the fundamental limit to the precision
of flow sensing by self-communication. We consider two
ubiquitous methods of molecule detection: absorption vs
reversible binding to receptors (Fig. 1). For both, we find a
Berg-Purcell-like expression that is ultimately limited by
the Péclet number, the secretion rate, and the integration
time. Comparing to the experiments, this expression places
a stringent limit on the level of precision that is possible for
these cells, suggesting that they detect the flow direction
near optimally given the physical constraints. Finally, we
predict that reversible binding is more precise than absorp-
tion due to the fact that absorption necessarily reduces the
anisotropy in the detected signal, a prediction that we test
with endocytosis data.

Consider a spherical cell with radius a that secretes
molecules isotropically with rate f = v/4za? per unit area,
in the presence of a fluid flowing with velocity v, (Fig. 1).
At low Reynolds number and high environmental per-
meability, laminar flow lines obeying Stokes’ equation [10]
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FIG. 1. Flow sensing by self-communication. (a) A cell iso-
tropically secretes molecules (red) that diffuse and drift along

laminar flow lines (blue). The cell detects the molecules by
(b) absorption or (c) reversible binding to receptors.

form around the cell [Fig. 1(a), blue]. However, in the
tumor environment and in experiments, the permeability K
is low (k = v/IC/a ~ 1073 [2]), and the flow lines obey the
more general Brinkman’s equation [28]. For a sphere at
steady state they are given by [29]

. 3
v(r,0,¢p) =wvycos [1 —%—I——’; (1 —|—5> e‘(”‘l)/K] 7
P p p

. ¢ 3 ( K K'2> I A
—posind|1+—=—— [ 14242 Je-l=D/x|Q,

' [ 200 20\ p P’
(1)

Here, p = r/a and ¢ = 1 + 3k + 3«2, the flow is in the
direction (6 = 0), 7 and 0 are the radial and polar unit
vectors, and v is independent of ¢ by symmetry. In the limit
kK — o0, Eq. (1) reduces to Stokes flow; we are interested in
the opposite limit. Note that ¥ = 0 at the cell surface r = a.

The molecules diffuse with coefficient D and drift along
the flow lines [Fig. 1(a), red]. This process creates a
stochastically evolving concentration field c¢(r, 0, ¢, t) with
a mean ¢(r, 0, ¢, t), where the bar represents the ensemble
average over many independent realizations of the system.
The mean follows the diffusion-drift equation, which at
steady state reads

oc R
O:a—j:DVZE—v.Va. (2)
We consider two cases for molecule detection at the cell
surface: absorption [Fig. 1(b)] or reversible receptor bind-
ing [Fig. 1(c)]. In the former, there exists a flux boundary
condition at the cell surface,

-D

oc(r, 0

C(arr ) = p-ata0), (3)
where a is the absorption rate per unit area, and ¢(r, 0) is
independent of ¢ and ¢ by symmetry and the system being

in steady state, respectively. We also require that the
concentration vanish at infinity.

We define the dimensionless concentration y = ¢a® and
velocity i = 7/vy. In terms of the dimensionless radial
distance p and the Péclet number €, Eq. (2) at steady state

becomes 0 = V,%)( — €l - ﬁp;(. Because ¢ is small, we use a
perturbative solution y = y, + €y;. However, in problems
with diffusion and background flow, a single perturbative
expansion cannot simultaneously satisfy the boundary
conditions at r = a [Eq. (3)] and r — o (¢ — 0) due to
the particular spatial nonuniformity of u [30]. The reso-
lution is to split the solution into an inner part y(p, 8) that
satisfies the boundary condition at the cell surface and
holds when p is order one, and an outer part X(s, 6) that
satisfies the boundary condition at infinity and holds when
s = €p is order one. We match y and X by requiring them to
be equal at each order in € as p - o and s — 0,
respectively.

To zeroth order, the inner solution satisfies Laplace’s
equation, 0 = Vﬁ){o, the general solution to which consists
of spherical harmonics and powers of p [31]. For the outer
solution, we write Eq. (2) in terms of s and X, which reads

0 = V2X —ii - V,X. One can define a perturbative expan-
sion for X, but we show [31] that only the leading terms of
X and u matter. The latter is # = 2, corresponding to the
uniform flow far from the cell where X applies. The
solution to this equation satisfying X - 0 as s — o
consists of modified Bessel functions and spherical har-
monics [31].

We find that the matching condition requires all but one
term in y, and X to vanish [31], yielding

Yo = Z’ X = ge—s(l—cosé‘)/Z’ (4)
p s

where y = /(1 + &), and = pa*/D and @ = aa/D are

dimensionless secretion and absorption rates, respectively.

We see that to leading order, the concentration falls off with

distance, and far from the cell it is largest in the flow

direction (8 = 0).

To obtain the anisotropy near the cell, which is essential
for the flow sensing problem, we must go to the next order.
1 satisfies 0 = V%}(l — - ﬁp)(o, which is the Poisson
equation with i [Eq. (1)] and y, [Eq. (4)] providing the
source term. This equation can be solved using a Green’s
function, with coefficients determined by Eq. (3) and
matching to X in Eq. (4) [31]. The result is

_Z{ a o cosOf(1-a)w
A=\ +a) 4 |(2+a)?
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where w = 1 + k! —x2¢!/%E, (x~!) is a monotonic func-
tion that limits to 2 (k < 1) and 1 (k > 1), f(p, k) is an a-
independent function [31], and E,(x) = [ dte™™ /1. We
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see that y; acquires a cos @ anisotropy largest in the flow
direction (6 = 0). We have checked by numerical solution
of Eq. (2) that for ¢ < 0.1, Eq. (5) is accurate to within 0.4%
at the cell surface [31,32].

Information about the anisotropy, and thus the flow
direction, comes from the front-back asymmetry in the
absorptive flux of molecules ac at the cell surface over a
time 7, which is captured by weighing each absorption
event by its location represented as cos . Normalizing this
by the mean number of absorbed molecules, we define the
anisotropy measure [19,23]

_ JIdt [ a*dQac(a,0, ¢, t)cos O

A 9
T [a*dQYac(a. )

(6)

where dQ = d¢d0 sin 0, and the cosine extracts the asym-
metry between the front (§ = 0) and back (@ = r). Using
the solution for y in Egs. (4) and (5) and the fact that
f(1,k) = w, the mean evaluates to [31]

we

A=sa+®

)
to leading order in e.

Equation (7) gives the mean anisotropy but ignores the
counting noise due to diffusive molecule arrival. The
equivalent expression to Eq. (6) that accounts for discrete
molecule arrival is [19] A= N"!'>"Y cos6,, where 6,
is the arrival angle of the ith molecule, and N =
JIdt [ a*dQac(a, 0, ¢, 1) is the total number of molecules
absorbed in time 7. The mean of this expression is given by
Eq. (7) [31]. The variance is calculated by recognizing that
molecule arrivals are statistically independent and that N is
Poissonian [19] (which we have checked even with flow
using particle-based simulations [31,32]). The result is [31]

1 1 /1+a
o1 _ 1 8
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to leading order in e. This expression includes [as does
Eq. (14) below] a factor of 3 that arises from each
directionally independent component of the variance. We
see that the variance in the anisotropy scales inversely with
the mean number of absorbed molecules.

Combining Egs. (7) and (8), we obtain a relative error of

o3 64(1+a)(2+a)? - 282 )

A2 w?elvTa YT
In the second step, we have set w to its maximal value of 2
for k < 1 (as in the experiments [2]) and recognized that
the expression has a minimum at & = (v/17 — 1)/4~
0.78. The minimum arises from the following tradeoff:
strong absorption maximizes the number of detected
molecules and therefore reduces noise (Eq. (8); but it also

causes molecules to be absorbed immediately after release,
preventing them from interacting with the nonzero flow
away from the cell surface and therefore reducing the mean
[Eq. (7)]. Equation (9) sets the fundamental limit to the
precision of flow sensing by molecule absorption, depen-
dent only on the Péclet number ¢ and the total number of
secreted molecules v7T.

We now consider the case of reversible receptor binding
[Fig. 1(c)]. Calling b(0, ¢, 1) the surface concentration of
bound receptors, we have

dc R ob
E:szc—v-chLnDjL (—at+ﬂ+nﬂ)5(r—a),
ob

E:lc(a,@,gb, t) — ub + ny, (10)

where the term proportional to the delta function contains
the boundary condition at the surface. Here 1=
k,(R/4na®> — b) ~ k,R/4na* and u are the binding and
unbinding rates, respectively, where k, is the intrinsic
ligand-receptor association rate, and R is the number of
receptors per cell. Because binding is reversible, there are
correlations between the bound receptor concentrations at
different regions of the cell surface. Therefore, we cannot
use the Poisson counting technique [Eq. (8)] to calculate
the noise. Instead, we include Langevin noise terms in
Eq. (10) to account for these correlations. These terms have
zero mean, are uncorrelated with each other, and satisfy
[18,23,33,34]

—

(np(F0)p(P. 1)) = 2D8(t — 1)V, - V,u[e(F)6(F — 7)),
(np(Q (@ 1)) = B5(Q - Q)8(1 = 1),
1y (R, )y (1)) = 2ub5(Q — Q)8(1 - 1), (11)

where ¢(r,0) and b(0) = A¢(a,d)/u are the mean con-
centrations in steady state. Binding and unbinding equili-
brate in steady state, such that ¢(r,0) is given by the
previous solution [Egs. (4) and (5)] but with a = 0. The
approximation in the definition of 1 above neglects rece-
ptor saturation, which is valid because ¢(a)/K,; =
v/4raDK, ~107*, where we have used the isotropic
approximation for ¢(a) [Eq. (4), « = 0] and a dissociation
constant of K; = u/k, ~1 nM for CCL19 and CCL21
binding to the CCR7 receptor [35,36].

In the reversible binding case, the anisotropy is defined
as the average of the cosine over the angular distribution of
bound receptors and the integration time 7,

_ JIdt [ a?dQb(0, ¢, 1) cos9‘

A i
T [a?db(0)

(12)

Because b(6) = A¢(a, 0)/u, the means of Eqgs. (6) and (12)
take equivalent forms. Therefore, to leading order in ¢, the
mean of Eq. (12) is simply Eq. (7) with a =0,
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To solve Egs. (10)-(12) for the variance, we Fourier
transform them in space and time, calculate the power
spectrum of A, and recognize that aiT is given by its low-
frequency limit [11,18,22,23]. The result is [31]

1 /7 2
L A 14
& VT(9+A) (14)

to leading order in €, where 1 = Aa/D. The two terms are
from noise due to (i) secretion and diffusion, and (ii) bind-
ing and unbinding, respectively. The derivation of Eq. (14)
assumes that 7 > {7, 7,}, where 7, =a?/D ~ 1 s is the
characteristic time for a ligand molecule to diffuse
across the cell, and 7, = (1 4+ 1)/u ~ 1/u = R/4naDK ,; ~
1-10 s is the receptor equilibration timescale [18]. For 7,
we take R ~ 10*~10° CCR7 receptors per cell [35,37] and
2> 1, which corresponds to diffusion-limited binding as
further discussed below. Because cells migrate over hours,
we see that 7 > {7y,7,} should indeed be valid.

Combining Egs. (13) and (14), we obtain the relative
error

2
o4 1792 18 50
- =———|14+—=]= . 15
A 2T + 1)~ eaT (15)

In the second step, we again take w=2 and 4> 1.
Comparing Eqgs. (9) and (15), we see that reversible binding
achieves /282/50 ~ 2.4 times lower error than absorption.
The reason is that absorption [Eq. (7)], but not binding
[Eq. (13)], reduces the anisotropy. Absorption is an active
modifier of the signal created by secretion and flow,
whereas reversible binding is a passive monitor.

How do our results compare to the experiments on
metastatic cancer cells? The inequality in Eq. (15) provides
the fundamental detection limit. We plot this expression as
a function of T in Fig. 2 using the maximal experimental
values of ¢ =0.08 and v = 5200/hr [2] to obtain the
minimum possible error. We see that low errors are not
possible in a few hours; even 10% error would take over
150 h to achieve. Yet, the cells are observed to migrate over
a 15 h period [2]. In this time frame, it is not possible to
achieve less than 30% error (Fig. 2). The situation is likely
worse, given that the cells presumably begin migrating well
before the 15-hour mark, and given that we have neglected
any internal signaling noise. Thus, we see that the sensory
performance is severely limited by the experimental
parameters and the physics of the detection process. We
conclude that these cells operate remarkably close to the
fundamental detection limit.

We find that absorption is less precise than reversible
binding [Egs. (9) and (15)]. A ubiquitous mechanism of
ligand absorption is endocytosis, wherein bound receptors

Eq. 15 with maximal :
127 ¢, v from experiments |,/ >,
''®
< 1 -
< ’ 83
S 0.8 l/ = _S
. o 2
806 L, g
e Vi
0.4} I
02T Theoretically impossible
0 1

0 5 10 15 20
Integration time, 7' (hr)

FIG. 2. Fundamental limit to the precision of flow sensing.
Maximum experimental values ¢ = 0.08 and v = 5200/hr [2] are
used for minimum error (solid line). Cells migrate within 15 h [2]
(dashed line). Lowest possible error is 30%.

are internalized into the cell. Therefore, we predict that the
degree of CCR7 endocytosis in response to CCL19 and
CCL21 binding is low. This prediction can be tested with
endocytosis data on this ligand-receptor pair. Specifically,
to achieve optimal absorption in Eq. (9) (&" = 0.78), abso-
rption would need to occur at a rate of 4za’a*c(a) =
va* /(1 + &) ~25 min~!, where we have used the iso-
tropic approximation for ¢(a) [Eq. (4)]. However, the rate
of CCR7 endocytosis in response to CCL19 and CCL21
binding is many times slower at about 1 min~' [38]. Thus,
the degree of endocytosis is much lower than required for
the absorption mechanism, as predicted.

We also find that reversible binding is most precise when
the parameter 1 = Rk,/4zaD is large [Eq. (15)]. Writing
this parameter as 4 = (k,/4x¢D)(R¢/a), where ¢ is the
receptor length scale, we see that the first factor is the
ratio that determines whether ligand-receptor binding is
diffusion limited (k, > 47z£D) or reaction limited
(k, < 4n¢D). With the known values of R and a and a
typical receptor length scale of £ ~ 10 nm, the second
factor evaluates to 10—100. Therefore, the requirement that
2> 1 is equivalent to the statement that binding is either
diffusion limited or weakly reaction limited. Given the high
sensory performance implied by Fig. 2 and the low degree
of endocytosis found above, we thus predict that CCL19
and CCL21 binding to CCR7 is either diffusion limited or
weakly reaction limited. We are not aware of kinetics data
that would test this prediction.

Our finding that reversible binding is more precise than
absorption is the opposite of what was found for the
detection of an externally established concentration gra-
dient [19]. The reason is that in our problem absorption
removes molecules at the source, whereas in that problem
molecules are replenished by a source at infinity. Depletion
at the source prevents interactions with the flow and
therefore weakens the anisotropy. Additionally, our models
do not include any additional noise sources from processes
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internal to the cell such as protein signaling or gene
expression. Because any such process would simply add
a fixed amount of noise, our finding is unaffected by the
inclusion of internal dynamics, and Eq. (15) remains a
theoretical minimum to the error in flow sensing.

The severity of the limit in Fig. 2 raises the question of
whether metastatic cancer cells benefit from additional
sensory mechanisms not accounted for in our modeling.
The precision of flow sensing may be affected by geometric
properties of the cell such as a nonuniform distribution of
receptors or aspherical morphology. We find that receptor
clustering has a negligible effect on the anisotropy but that
an ellipsoidal cell [39,40] can decrease its sensory error by
elongating in the direction of the flow [31,32]. Further
investigation of the effects of cell geometry would be an
interesting topic for future work. Some chemoattractants
including CCL21 are known to bind to extracellular matrix
fibers and be subsequently released by proteases [41—44].
This effect has been shown in continuum models of
autologous chemotaxis to substantially increase the
anisotropy [4,5], although the impact on the noise is
unknown. It is also important to recognize that these cells
do not perform flow sensing in isolation. Indeed, studies
have shown that their migration is (i) increased in the
presence of another cell type (fibroblasts) [45],
(i1) decreased at high cell densities [46], and (iii) reversed
at even higher cell densities (although reversal is attributed
to a separate pressure-sensing mechanism) [46]. The
extension of our work to multiple cells remains to be
explored. Finally, recent work has highlighted the benefit of
on-the-fly sensing [25,47], where an agent makes (and
continually updates) its decision during the integration
time, instead of afterward as assumed here. On-the-fly
sensing may play an important role for these cells.

We have derived the fundamental limit to flow sensing
by self-communication and shown that it strongly con-
strains the performance of metastatic cancer cells. Our
work elucidates the physics behind a fascinating detection
process and provides quantitative insights into a critical
step in cancer progression.
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