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Exceptional points (EPs) are branch point singularities of self-intersecting Riemann sheets, and they can
be observed in a non-Hermitian system with complex eigenvalues. It has been revealed recently that
dynamically encircling EPs by adiabatically changing the parameters of a system composed of lossy optical
waveguides could lead to asymmetric (input-output) mode transfer. However, the length of the waveguides
had to be considerable to ensure adiabatic evolution. Here we demonstrate that the parameters can change
adiabatically along a smaller encircling loop by utilizing moving EPs, leading to significant shortening of
the structures compared to fixed EPs. Meanwhile, the mode transmittance is remarkably improved and the
transfer efficiency persists at ∼90%. Moving EPs are very promising for applications such as highly
integrated broadband optical switches and convertors operating at telecommunication wavelengths.
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The Hamiltonian of a nonconservative system containing
open boundaries or dissipation is non-Hermitian [1–4]. By
tuning two (or more) parameters of the system, the
eigenvalues can be made to move on a Riemann surface,
of which branch point singularities are known as excep-
tional points (EPs) [4–7]. There have been a diversity of
intriguing effects based on EPs such as loss induced
transparency [8], lasing [9–11], and unidirectional reflec-
tion [12]. The topological features of EPs have also been
studied theoretically and experimentally in exciton-polar-
iton systems [13], coupled acoustic cavities [14], and
microwave cavities [15,16]. When adiabatically changing
the parameters of a system around an EP in parametric
space, the initial eigenstate will transfer to another while
gaining a geometric phase [17–20]. In photonics, the
dynamical evolution of eigenstates can be realized by
slowly changing the geometry and (effective) permittivity
of a dielectric waveguide and has found applications in
asymmetric (input-output) mode transfer [21–26], where
the nature of the output mode is only determined by the
encircling direction rather than the nature of the input
mode. Experimental demonstrations have been imple-
mented in optomechanical systems [21], microwave wave-
guides [25], and ferromagnetic waveguides [26]. Very
recently, mode transfer by dynamically encircling EPs
has been demonstrated in coupled dielectric waveguides
at optical telecommunication wavelengths [27]. However,
the length of the waveguides was considerable given the

need to satisfy the adiabaticity condition, which limits the
potential for use in highly integrated optical devices.
In order to reduce thewaveguide length, the encircling loop

should be narrowed while ensuring that the parametric
evolution remains adiabatic [28–30]. However, if the EP
remains fixed in parameter space, narrowing the loopmay not
be possible as the EP might become excluded from the loop.
Here we propose, design, and fabricate a non-Hermitian
optical waveguide system based on subwavelength gratings
(SWGs) [31–33] to demonstrate a moving EP in the system.
An advantage of waveguides based on SWGs is that the
optical parameters of every SWG segment (effective index,
propagation loss) can be precisely controlled. As the param-
eters encircle in parametric space, the EP can move and
remain enclosed transiently by the encircling loop. In thisway,
we are able to reduce the length of the waveguide by several
factors. Our study provides a new method for researches on
the topological property of non-Hermitian systems.
Considering an optical waveguide doublet composed of

two closely spaced waveguides, the amplitudes of the
modes in the individual waveguides satisfy the coupled-
mode equation
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whereH is the Hamiltonian of the system, A1;2 stand for the
mode amplitudes in the individual waveguides, α1;2 are the
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propagation constants, γ is the propagation loss, and C is
the coupling coefficient. Generally, the eigenvalues of the
Hamiltonian are complex-valued but they coalesce as
Δα ¼ α1 − α2 ¼ 0 and C ¼ γ=2, at the EP. In practice,
the waveguides are constituted by SWGs operating in the
transverse-electric-like (TE) modes [34,35]. The SWG
waveguide doublet is fabricated by patterning a Si layer
with a thickness of 220 nm on the buried SiO2 substrate
[36–39], as shown in Fig. 1(a). Only the fundamental TE
mode is allowed in each SWG waveguide. The lateral
profiles of the even and odd modes at both ends of the
waveguides are also shown, which are formed by sym-
metric and antisymmetric coupling of the fundamental
modes in individual SWG waveguides. The modes can
be excited by using an asymmetric directional coupler with
incidence from different ports [36,37]. The details of mode
excitation are provided in the Supplemental Material [40].
The period and filling factor of the SWGs are fixed to
Λ ¼ 0.3 μm and f ¼ 0.565, respectively. The operating
photon energy, corresponding to the telecommunication
wavelength around λ ¼ 1550 nm, is far below the band gap
of the SWGs such that Bragg scattering is avoided [35,39].
One SWG waveguide has a slowly varying width wðzÞ
along z and the other has an average width w0 but is
periodically corrugated by a small amplitude δ, which
introduces loss due to scattering and is parametrized as
γðδÞ. The relation between γ and δ is discussed in the
Supplemental Material [40]. The width and gap of the
waveguides vary as wðzÞ ¼ w0 � Δw sinð2πz=LÞ and
gðzÞ ¼ g0 þ Δg sinðπz=LÞ, where w0 ¼ 0.7, Δw ¼ 0.1,
and g0 ¼ 0.1 μm. As the propagation distance increases
from z ¼ 0 to L, the parametric variation gives rise to a
circular loop in the (g, w) plane with its size tuned by Δg.
For a small but fixed loss, the EP is far from the starting

point of the loop such that the loop must be large enough to
encircle the EP. Thus, the waveguide should be rather

lengthy to guarantee adiabatic evolution. On the other hand,
for larger loss, the EP can be encircled by a smaller
parameter loop, but the modes suffer considerable attenu-
ation during propagation. In this regard, the loss of the
waveguide is set to be variable following the corrugation
distribution δðzÞ ¼ δ0 exp½−ðz − L=2Þ2G2

0=L
2� with δ0 ¼

0.1 μm and G0 ¼ 3.5. Figure 1(b) shows the three-dimen-
sional plots of parametric and EP variations along the
waveguide. The branch of the Riemann surface in (g, w)
parameter space indicates an initial EP at g ¼ 1.4 and w ¼
0.7 μm as z ¼ 0, which is out of the parameter encircling
loop. As the propagation distance increases, the EP moves
along a curved trajectory in the w ¼ 0.7 μm plane since the
location of the EP is independent of w, given the EP
condition CðgÞ ¼ γðδÞ=2. It becomes closest to the para-
metric loop as z ¼ L=2 and δ ¼ δ0, where gEP ¼ 0.52 and
wEP ¼ 0.7 μm. To have this transient EP encircled by the
parameter loop in the (g, w) plane, we should ensure
Δg > gEPðδ0Þ − g0 ¼ 0.42 μm.
To shed light on the process of mode transfer, the

eigenvalue and EP evolution on the Riemann surface are
illustrated in Fig. 2. For convenient observation, we map
the eigenvalues from the (g, w) plane to the (C, Δα) plane
considering that C and Δα are functions of g and w,
respectively. The encircling loop starts from the initial
point at z ¼ 0, where C ¼ Cðg0Þ and Δα ¼ 0, as shown in
Fig. 2(a). With increasing propagation distance, the eigen-
value moves on the upper Riemann sheet. As the encircling
point reaches the crossing of the two Riemann sheets,
the EP has moved within the loop (encircled), and the
eigenvalue progresses smoothly to the lower sheet, as
shown in Figs. 2(b) and 2(c). After a round trip, the EP
moves out of the loop, as shown in Fig. 2(d). Generally,
instantaneous mode transfer occurs only when the Riemann
sheets are just glued together such that the encircling point

FIG. 1. (a) Schematic of the SWG waveguide doublet. (Insets)
Profiles of the even and odd modes at both ends of the structure.
(b) Three-dimensional plots of the encircling curve (red) and
trajectory of EPs (purple) along the waveguide doublet. The
projection of the encircling curve constitutes a round loop (red
dotted) in the (g, w) plane.

FIG. 2. (a)–(d) Evolution of the Riemann sheets and the EP as a
function of parameter variation in the (C, Δα) plane. Δz ¼ 0.01L.
The yellow and blue dots show the clockwise trajectory of
instantaneous eigenvalue and EP, respectively. The mode at the
start (end) point is the even (odd) mode.
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can temporally pass through the crossing of distinct sheets.
Even if the EP is not included in the encircling loop at its
starting and end points, topological mode transformation
persists.
The structure [Fig. 1(a)] was fabricated using electron-

beam lithography and reactive ion etching. The experi-
mental setup and measurement techniques are discussed in
the Supplemental Material [40]. Figure 3(a) gives scanning
electron microscope images of the fabricated structure. The
length of the waveguide doublet is L ¼ 69 μm and the gap
variation amplitude isΔg ¼ 0.45 μm. Figures 3(b) and 3(c)
plot the measured spectral mode transmittance for different
encircling directions. Tmn (T 0

mn) signifies the transmittance
from input mode m to output mode n as the mode is
injected from left (right), wherem, n ¼ 1 or 2, denoting the
even or odd mode, respectively. The oscillations in the
spectra are due to reflection from connections of the SWG
waveguides and convertors [44,45]. As the even mode is
incident from the left, we have T12 ≫ T11 and the differ-
ence can be as large as 9 dB in the range 1540–1565 nm,
which means that the odd mode dominates at the output and
most of the even mode transfers to the odd. As the odd
mode is incident, we have T22 ≫ T21, and the odd mode
still dominates at the output. Consequently, for left inci-
dence, corresponding to clockwise encircling [Fig. 3(b)],
the odd mode dominates at the output for either the odd or
even injection. On the other hand, as the mode is injected
from the right, corresponding to anticlockwise encircling
[Fig. 3(c)], the even mode dominates at the output—one
observes that T 0

11 ≫ T 0
12 and T

0
21 ≫ T 0

22 for injection of the
even and odd modes, respectively. Interestingly, the trans-
mittance with mode transfer is always larger than that

without mode transfer; that is, T12 ≫ T22 and T 0
21 ≫ T 0

11.
This is due to reciprocity [46,47], which indicates T 0

mn ¼
Tnm. For clockwise encircling as shown in Fig. 3(b), the
odd mode always dominates at the output (T12 ≫ T11).
Thus, we have T 0

21 ≫ T 0
11. On the other hand, there is

T 0
21 ≫ T 0

22 as depicted in Fig. 3(c), which leads to T12 ≫
T22 for clockwise encircling.
We have also performed control experiments for

Δg ¼ 0.1 μm, where the encircling loop does not enclose
the EP. As shown in Fig. 3(d), one sees that T11 ≫ T12 and
T22 ≫ T21, which means that no mode transfer occurs.
This result repeats for anticlockwise encircling. The mea-
sured transmittance spectra coincide well with those
obtained by finite-difference time-domain (FDTD) simu-
lations over the wavelength range of 1540–1565 nm,
as given in Figs. 3(e)–3(g). The transmittances are remark-
ably improved by about 10 dB compared to a design based
on a fixed EP [40]. Over the wavelength range of
1565–1600 nm, the experimental and simulated results
are inconsistent, mainly because the ancillary optical
circuits in the experiments do not operate well at wave-
lengths far away from the design wavelength of 1550 nm.
Nevertheless, from Figs. 3(b) and 3(c), it is observed that
the output mode is only determined by the encircling
direction over a wide operating wavelength range of 60 nm
in the telecommunications band (near 1550 nm).
The electric field distributions in the waveguide doublet

obtained by FDTD simulations are given in Fig. 4. The
fields are normalized in each propagation direction to
evidently reveal the mode transfer process. When the
even and odd modes are injected from the left, we always
obtain the odd mode at the output, as observed from the

FIG. 3. (a) SEM images of the central part of the fabricated SWG waveguide doublet. (b)–(d) Experimentally measured and (e)–(g)
FDTD-simulated spectral response of transmittances Tmn (T 0

mn) for clockwise (anticlockwise) encircling. The modulation amplitude of
the gap is set to (b), (c), (e), (f) Δg ¼ 0.45 μm and to (d),(g) Δg ¼ 0.1 μm.
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distribution of the output electric field (Ex), which is out of
phase on the two SWG waveguides, as shown in Figs. 4(a)
and 4(b). Alternatively, when the even and odd modes are
injected from the right, the even mode with an in-phase
field distribution is observed at the left output, as shown in
Figs. 4(c) and (d).
The asymmetric mode transfer results from the non-

adiabatic evolution induced by loss [17–20]. We denote the
local eigenmode at position z by φnðzÞ and the eigenvalue
by βnðzÞ as the even (n ¼ 1) or odd (n ¼ 2) mode is
incident. Because of the nonadiabatic transitions, the total
field should be the superposition of the two local modes:
ψðzÞ ¼ ΣnanðzÞφnðzÞ, where an represents the mode
amplitude. Figures 5(a) and 5(b) plot the intensity weighted
mode index βðzÞ ¼ ΣnRe½βnðzÞ�janðzÞj2=ΣnjanðzÞj2 for
distinct encircling directions, which illustrates mode evo-
lution in practice. For encircling clockwise [Fig. 5(a)], we
always have βðLÞ ¼ β1ðLÞ at the output (z ¼ L) for
incidence of either even or odd modes. For even mode
incidence, the evolution of β follows β1ðzÞ almost com-
pletely, indicating that the mode conversion abides by an
adiabatic evolution. On the other hand, for odd mode
incidence, β varies with β2 initially, then switches abruptly
to β1 at the middle of the waveguide. This nonadiabatic
transition is due to the distinct losses of modes φ1 and φ2

during propagation. As β1 has a much smaller imaginary
part than β2, the evolution of β1ðzÞ undergoes smaller
power damping and always dominates in the mode transfer.
For anticlockwise encircling [Fig. 5(b)], the process is
reversed, with the output always being the even mode.
Similarly, the evolution of β2ðzÞ undergoes smaller power
damping and dominates in the mode transfer. The mismatch
of the dynamic and adiabatic evolutions is due to incom-
plete mode transfer, which can be improved by using a
longer waveguide [40].
The efficiency of mode transfer can be characterized by

the power ratio of output modes [21]. Figure 5(c) plots the
power ratio of the odd mode η12 ¼ T12=ðT12 þ T11Þ as a
function of the waveguide length L for clockwise encircling

and even mode incidence. The other cases are shown in the
Supplemental Material [40]. Here we aim to compare the
transfer efficiency by encircling moving and fixed EPs, as
depicted in Figs. 5(e)–5(g). The corresponding transmit-
tance T12 is also shown in Fig. 5(d). The results are
obtained by FDTD simulations at λ ¼ 1550 nm. For fixed
EPs, the loss is distributed evenly in the waveguide. As the
EP locates closely to the starting point of encircling loop,
the transfer efficiency reaches unity rapidly as L increases,
but the transmittance is relatively low. For a distant EP, the
mode evolution suffers less loss, but the loop size should be
large enough to enclose the EP. Thus, the nonadiabatic
evolution dominates for shorter waveguide and the transfer
efficiency is much lower. The efficiency is further reduced
for odd mode incidence [40]. Comparably, encircling a
moving EP results in both high transfer efficiency ∼90%
and considerable transmittance (−3.4 dB) as L ¼ 69 μm.
The values coincide well with the experimental results in
Fig. 3(b).
In conclusion, we have experimentally realized dynamic

encircling of an EP in SWG waveguides. The EP moves in
parameter space as the third parameter is introduced and
modulated along the length. Even if the EP at its initial
position is not enclosed by the encircling loop, mode
transfer still persists as long as the EP moves within the
encircling loop during passage of the encircling point

FIG. 4. (a)–(d) Numerically simulated Ex field distributions in
the SWG waveguide doublet. The incident mode is injected from
(a),(b) the left side and (c),(d) the right side. The insets at the ends
of the structure show the computed field profile along the x
direction at the input and output ports.

FIG. 5. (a),(b) Evolution of the instantaneous eigenvalues
β1;2ðzÞ and intensity weighted eigenvalue βðzÞ during parameter
encircling of EP. The solid (real) and dashed (imaginary) curves
denote adiabatic evolutions of β1;2ðzÞ (blue for β1 and red for β2)
and the dots denote dynamical evolution of βðzÞ. (c) Power ratio
η12 and (d) transmittance T12 as functions of the waveguide
length for encircling moving and fixed EPs. The vertical dashed
line indicates the waveguide length L ¼ 69 μm in the experi-
ment. (e) Parameter encircling as the EP moves from gEP ¼ 1.40
to 0.52 μm and back again. Encircling fixed EPs at (f) gEP ¼ 0.52
and (g) gEP ¼ 1.40 μm. All EPs located at wEP ¼ 0.70 μm.
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(eigenvalue) and that the latter can pass through the
crossing of the two Riemann sheets. Allowing the EP to
move via loss modulation enables the transferred mode to
take over ∼90% of the total output power, while signifi-
cantly reducing the loss and length of the structure.
Encircling a moving EP provides a new scheme to optimize
performance, diminish length, and diminish insertion
loss, while maintaining the topological properties of the
operation.
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