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The spatially dependent phase distribution of focused few-cycle pulses, i.e., the focal phase, is much
more complex than the well-known Gouy phase of monochromatic beams. As the focal phase is imprinted
on the carrier-envelope phase (CEP), for accurate modeling and interpretation of CEP-dependent few-cycle
laser-matter interactions, both the coupled spatially dependent phase and intensity distributions must be
taken into account. In this Letter, we demonstrate the significance of the focal phase effect via comparison
of measurements and simulations of CEP-dependent photoelectron spectra. Moreover, we demonstrate the
impact of this effect on few-cycle light-matter interactions as a function of their nonlinear intensity
dependence to answer the general question: if, when, and how much should one be concerned about the

focal phase?
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The rapid development of technologies for the gener-
ation of intense few-cycle laser pulses from the extreme
ultraviolet to midinfrared [1-9], has allowed for the
investigation of an ever-broadening range of light-matter
interactions in the few-cycle regime. One particular interest
is the ability to sculpt the wave form of few-cycle pulses via
the phase of the carrier wave with respect to the envelope,
the so-called carrier-envelope phase (CEP). As the laser-
induced dynamics depends on the electric field, control of
the CEP directly results in a broad range of applications,
such as isolated attosecond pulse generation [10-12],
selection of high-harmonic generation peaks [13-15],
control of THz-emission [16,17], study of electron dynam-
ics in atomic [18-21], molecular [22-25], and solid state
[26] systems.

An important effect, which is often neglected in the
analysis of these phenomena, is the spatial dependence of
the CEP of a focused beam. Even when it is included, the
usual assumption for this dependence is the well-known
Gouy phase, A®; = —arctan(z/zg) [27], where z is the
beam propagation position and zy is the Rayleigh length.
This spatially dependent phase distribution in the laser
focus shown in Fig. 1(b), is coupled to the cycle-averaged
intensity distribution, shown in Fig. 1(a). Thus, the target,
e.g., atoms or molecules inside the focus experience
different laser intensities and CEPs depending on their
positions. The intensity distribution leads to an averaging
effect on intensity-dependent phenomena, the so-called
intensity-volume effect [28]. Similarly, for phenomena
induced by few-cycle pulses, the CEP dependence will
be partially averaged out due to the phase distribution,
which we refer to as the “phase-volume effect.” In other
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words, theoretical modelling that does not take into account
the phase distribution, will predict a stronger phase
dependence than actually measured.

The aforementioned Gouy phase is derived for mono-
chromatic beams. However, the majority of CEP-dependent
effects become observable only when the pulse duration
consists of a few optical cycles, which requires a broad
frequency bandwidth. Therefore, considering only the
monochromatic phase shift is insufficient. The fre-
quency-dependent Gouy phase and its effect started to
draw researchers attention [30-32]. Based on diffraction
theory, M. A. Porras derived a more general description of
the phase shift for broadband pulses [33-35], which we
refer to here as the focal phase:
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where r is the radial position, wy is the center frequency of
the laser, w(z) is the z-dependent beam radius of the center
frequency, Zz(w) is the frequency-dependent Rayleigh
range of the collimated input beam, W(w) is the fre-
quency-dependent input waist, and ¢ is the speed of light.
The focal waist is at the position z = 0. In this formulation,
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FIG. 1. (a) Intensity distribution of a focused Gaussian laser
beam (linear scale). [ is the peak intensity, w is the beam waist
and zy is the Rayleigh range at center frequency. (b),(c) The
spatial distribution of the Gouy phase and the focal phase with a
Porras factor gy = —2. (d) The intensity-dependent ionization
yield in log-scale estimated by the ADK rate [29]. (e),(h) The
normalized phase- and intensity-dependent yield of the Gouy
phase and the focal phase. (f),(i) The projection of the yield on the
phase axis and (g),(j) on the intensity axis, respectively.

an extra term modifying both the on-axis phase and radially
dependent phase is added to the familiar Gouy phase, see
Eq. (1). The Porras factor, gy, describes the frequency-
dependent spectral diameter and the spectral divergence
of the input beam, see Eq. (2). Characteristic examples
are input beams with (i) gy = 0, which reverts back the
monochromatic approximation (Gouy phase), (ii) gy = —1,
which has a frequency-independent divergence, and
(iii) go = 1, which has a frequency-independent waist.
Additional deviations from this formulation may become
important to account for higher order effects or poor beam
quality. However, we find that this formulation without
additional higher-order corrections is sufficient to accu-
rately reproduce the measured phase distribution.

Here, we will focus primarily on the situation where
go < —1 for two reasons. First, this corresponds to the
typical geometry of few-cycle pulse generation systems
based on the hollow-core fiber-compressor (HFC). Namely,
the diameter of frequency components are confined by the
exit of the fiber and long wavelengths have large diver-
gence propagating in free space. Thus, after the collimation
of the beam, the long wavelength (red) radius is larger than
the short wavelength (blue) radius, resulting in a larger
Rayleigh range, Z(w), which corresponds to the situation
where g, < —1. Second, a Porras factor of —2.1 £+ 0.2 was
directly measured [36] for such geometry. Therefore, for

typical HFC-based laser systems, gy = —2 is a good
assumption. However, if one has a laser system not
conforming to this geometry, the Porras factor must be
measured to determine the exact phase distribution. The
focal phase distribution with g, = —2, shown in Fig. 1(c),
shows significantly larger phase shifts than the Gouy phase,
shown in Fig. 1(b). As a consequence, the phase-volume
effect due to the phase distribution of few-cycle pulses is
significantly stronger than generally assumed for the mono-
chromatic case.

In this Letter, we demonstrate the importance of the phase-
volume effect, i.e., the reduction of the CEP-dependence
due to averaging the CEP in the focus. First, we compare
measurements and simulations of the asymmetry obtained
from the CEP-dependent photoelectron emission in oppos-
ing directions in xenon at different laser wavelengths to
illustrate and quantify the phase-volume effect in different
experimental configurations. Further, building upon this
knowledge, we formulate a more general description of
the impact of the focal phase for laser-matter interactions
with different nonlinear intensity dependencies to answer
the general question: if, when, and how much should one be
concerned about the phase-volume effect?

First, we illustrate the quantitative differences between
the Gouy phase and the focal phase to demonstrate the
significance of the phase-volume effect of few-cycle pulses.
For a Gaussian laser beam, the intensity distribution near
the focus is shown in Fig. 1(a). The spatial distribution of
the Gouy phase is shown in Fig. 1(b). In contrast, a more
realistic case of few-cycle pulses, with g, = —2, has a very
different phase distribution, see Fig. 1(c). Combining the
phase distribution and the intensity-dependent yield of a
certain physical process, an intensity- and phase-dependent
yield can be calculated. Here, we select strong-field ioniza-
tion as a characteristic instance and quantify the phase-
volume effect for this process as a baseline. Assuming that
(1) the target, i.e., atoms or molecules, has a uniform density
and (ii) the probability of strong-field ionization at different
intensities can be estimated applying the commonly used
Ammosov-Delone-Krainov (ADK) ionization rate [29],
the phase-averaged intensity-dependent yield for strong-
field ionization is obtained, see Fig. 1(d). The phase- and
intensity-dependent yield can be obtained [Figs. 1(e)
and 1(h)] by calculating a two-dimensional histogram of
the spatially-dependent phase and the intensity weighted by
the yield (details see the Supplemental Material [37]).

The projection of this yield on each axis illustrates the
intensity-volume and the phase-volume effects individu-
ally. The intensity-dependent yield, shown in Figs. 1(g)
and 1(j), demonstrate the intensity-volume effect, which
implies two important consequences: (i) the maximum of
the intensity-dependent probability appears at an intensity
well below the peak intensity, /. This is because the
increasing probabilities at higher intensities approaching 1,
cannot counteract the vanishingly small interaction volume.
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(i1) Instead of a single intensity dependence, all intensities
below the peak intensity make various contributions. Here,
the mean value is ~0.80/, and the rms of the distribution
is ~0.131.

Similarly, the projection of the yield on the phase-axis
illustrates the phase-volume effect, which results in aver-
aging of the CEP and a reduction of the strength of CEP
effects, see Figs. 1(f) and 1(i). If the phase is not taken into
account, the phase distribution in Figs. 1(f) and 1(i) will be
a Dirac delta function at zero. For a monochromatic beam,
the rms of the phase distribution is ~0.09z rad. In contrast,
for broadband pulses, the rms of the phase distribution
increases significantly and varies from 0.20z to 0.27x rad,
with a gy factor in a range from —1.5 to —2.5, which
corresponds to achievable frequency-dependent beam
radius for typical fiber-compressor based few-cycle laser
systems. For the gy = —2 case detailed here, the corre-
sponding rms is ~0.25z rad. Comparing to the Gouy phase
case, the roughly factor of 3 times wider phase distribution
implies a much stronger averaging effect and leads to a
more significantly smearing out of any measured CEP
dependence.

In order to show this focal phase effect concretely, let
us examine the strong-field ionization of xenon. We use
~12-fs, 1800-nm pulses to ionize xenon atoms around the
barrier-suppression intensity (0.8 x 10'* W/cm?). The
CEP-dependent photoelectron spectra, also called above-
threshold ionization (ATT) spectra [18,38,39], are measured
by a high-resolution time-of-flight (TOF) spectrometer.
The spatial asymmetry A is obtained by analyzing the
normalized difference between the photoelectron spectrum
emitting to opposing directions along the laser polarization
axis: A = (S, —=S5,)/(S; + S,), where S; and S, indicate the
spectra measured at two directions. The measured asym-
metry probed with ~12-fs, 1800-nm pulses is shown in
Fig. 2(a).

A standard one-dimensional time-dependent Schrodinger
equation (TDSE) simulation is applied to calculate the left-
right asymmetry and compared to the measurements. The
simulated asymmetry using a single intensity considering
neither the intensity-volume nor the phase-volume effect are
shown in Fig. 2(b). Comparing this with the simulated
asymmetry considering only the intensity-volume effect
and not the phase-volume effect [see Fig. 2(c)], and with
simulations including both effects [see Fig. 2(d)], one can
clearly see the blurring of phase dependence due to the
intensity- and phase-volume effect. The strength of the
asymmetry for each energy region becomes smaller when
the focal phase is included in the simulation, producing a
better agreement with the measurements.

To quantify the phase-volume effect in strong-field
ionization directly, we look at the carrier-envelope phase-
meter (CEPM) traces at 1800 nm laser wavelengths, which
are based on the measurement of high-order photoelectron
emission, allowing for single-shot CEP and pulse duration
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FIG. 2. Comparison between the measurements and the sim-
ulations of the strong-field ionization of xenon at 1800 nm.
(@) Measured asymmetry with 7=11.8+051fs, I,=
(0.8 £0.2) x 10'* W/cm?. (b) Simulated asymmetry excluding
the intensity- and phase- averaging effect with 7 = 12 fs,
Ip=0.8 x 10" W/cm?. (c) Simulated asymmetry including
only the intensity-volume effect. (d) Simulated asymmetry
including both effects. (e) Measured PAP by a CEPM with 10.4 +
0.5 fs pulses at 1800 nm. (f) Simulated PAPs with z = 10 fs
pulses. The blue and red dots represent the case with and without
the phase-volume effect, respectively. Two energy regions within
black dashed lines and black solid lines in (d) are selected to
obtain the PAPs.

measurement. The CEPM has been detailed in previous
publications [40-42], thus only the salient points will be
addressed here. In the CEPM, two detectors located on the
left and right side along the laser polarization measure the
high-order CEP-dependent photoelectron spectra for each
single laser shot. In order to extract the CEP, two energy
regions, i.e., one low and one high, are selected, [regions
between the dashed lines and solid lines in Fig. 2(d)].
Integration of two spectra in each energy region yields four
quantities, Yiefitows Yiefhighs ¥righttows aNd Yrighthigh- BY tak-
ing the normalized difference in each energy region, two
sinusoidal-like CEP-dependent asymmetries are obtained,

Y left-low — Y right-low

Alow = ~ Ao Sin(¢ + ¢0)’ (4)

Y left-low + Y right-low

Y left-high — Yright—high

Apigh = ~Agsin(¢p + o+ i), (5)

Yiefinigh + Y right-high

where A is the asymmetry amplitude, ¢ is the CEP, ¢ is
an arbitrary but fixed offset phase and ¢); is the relative phase
between two energy regions.
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FIG. 3. (a) Comparison between pulse duration measurements with a CEPM and simulations at 1800 nm. The measurements are

calibrated with a home-built frequency-resolved optical gating device. (b) Difference between no phase-volume effect included and
including the Gouy phase or the focal phase. (c) rms of the phase distribution of strong-field ionization in xenon with different slit sizes

and the corresponding PAP radii of 10-fs pulses at 1800 nm.

A so-called parametric asymmetry plot (PAP) is obtained
by plotting two asymmetries, Ay, and Ay, as x and y
coordinates. One point in the PAP corresponds to one laser
shot measurement and the polar angle in the PAP has a one-
to-one correspondence to the CEP. As larger radius of the
PAP implies a stronger CEP dependence, the PAPs serve
as a simplified way to visualize the strength of the CEP
dependence.

The measured PAPs by a CEPM with 10.4-fs pulses at
1800 nm are shown in Fig. 2(e). Accordingly, the simulated
PAPs are presented in Fig. 2(f). The red dots (inner circle)
and blue dots (outer circle) are the simulated intensity-
averaged traces with and without the focal phase, respec-
tively. Including the focal phase in the theoretical model
reduces the radius of the PAP due to the averaging effect on
the CEP and shows a good agreement with the measure-
ment while those exclusions overestimate the radius—the
CEP dependence.

As the significance of the CEP increases with a decrease
in pulse length and direct high-accuracy measurements
of few-cycle pulse length are exceedingly difficult, the
strength of the CEP-dependence can also serve as a good
way for pulse length calibration. However, not taking the
phase distribution into account or not properly accounting
for the focal phase may lead one to significantly overesti-
mate the pulse duration. The pulse duration measurements
of few-cycle pulses at 1800 nm with a CEPM are shown in
Fig. 3(a). Unsurprisingly, the simulation excluding the
focal phase always predicts larger radii than the measure-
ments. Though the radii slightly shrink when the Gouy
phase is taken into account in the simulation [green, square
dots in Figs. 3(a) and 3(b)], large discrepancies still remain
compared to the measurements. Apparently, the focal phase
needs to be considered for a more realistic analysis. The
radii of the PAPs further shrink when the focal phase is
considered, which results in a better agreement with the
measurements. This facilitates a better pulse duration
calibration with a CEPM. In general, excluding the inten-
sity- and phase-volume effect will lead one to expect a
significantly larger phase dependence than is measured and

inversely, these exclusions will lead one to believe that their
pulse is longer and less intense than in reality.

In order to verify that these observations are not limited
to a specific process or experimental parameters, we
perform the measurement and simulations of strong-field
ionization using few-cycle pulses at 750 nm additionally,
see the Supplemental Material [37]. By shifting the wave-
length and keeping the intensity, we change the regime of
strong-field ionization between the tunnel ionization and
multiphoton ionization, which can be distinguished by the
Keldysh parameter [43]. Observing the same significant
phase-volume effect at 750 nm as at 1800 nm, validates our
theoretical treatment and predicts that this effect is not
limited to some specific processes.

In order to reduce the phase-volume effect, the inter-
action volume in the experiments is often confined by
inserting a small slit in the focus or using a beam target
which behaves as an effective slit with respect to the
Rayleigh range of the laser beam. In the simulation, we
investigate how the size of the slit influence the phase-
volume effect. The rms of the phase distribution with
different sizes of the slit and the corresponding radius of the
PAP from a 10-fs pulse at 1800 nm as an instance are
shown in Fig. 3(c). With opening the size, the rms increases
as more phase-volume effects are introduced. Thus, the
radius of the PAP decreases. When the size of the slit is
comparable to one Rayleigh range of the laser beam, the
rms and the radius of the PAP maintain, because the yield at
positions far away from the laser focus dramatically drops
due to the low intensity. As long as the slit size is larger than
Zg, it has no significant impact for reducing the phase
effect. Even for slit sizes > 0.5z, the influence is small.
If one wants to suppress the phase-volume effect efficiently,
a beam or slit size < 0.5z is desired. Note that the
consequence of using a small slit is a reduction of the
yield, e.g., ~30% less in strong-field ionization when
the volume is confined to 0.5zp.

So far, we have discussed the phase-volume effect in
strong-field ionization, which is a highly nonlinear physical
process, for which the interaction volume is inherently
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FIG. 4. rms of the phase distribution for light-matter inter-
actions with different degrees of nonlinearity, n, with the
probability of events, P ~ I", where [ is the laser intensity.

confined by the strongly nonlinear intensity dependence of
the yield. However, the phase-volume effect still cannot be
neglected for such a highly nonlinear process and this
situation is even worse for processes with lower non-
linearities, such as molecular dissociation [44], and multi-
photon absorption [45] among others due to the larger
effective interaction volume determined by the intensity-
dependent yield. To address this issue and estimate the
phase-volume effect for a broad range of few-cycle laser-
induced dynamics, we introduce a parameter describing
the probability of events P, as a function of the intensity,
P~1T1" where [ is the laser intensity and n can be
considered as the degree of nonlinearity. Using this
formulation we can determine how much the CEP depend-
ence will be washed away for a given process. For example,
the ADK ionization rate for xenon can be approximated as
n = 6. Scanning over the nonlinear parameter, n, yields
an n-dependent rms of the phase distribution, see Fig. 4.
The larger rms indicates an even stronger phase-volume
effects for lower-order nonlinear phenomena. This provides
a quick and simple method for quantifying the phase-
volume effect for a given process.

In conclusion, by comparing the measurements and the
simulations of CEP-dependent photoelectron spectra of
xenon, we quantify the phase-volume effect in strong-field
ionization as a baseline and further expand the quantification
of this effect to a broad range of few-cycle light-matter
interactions with different degrees of nonlinearity. The theo-
retical analysis including the more realistic distribution of the
focal phase shows a good agreement with the measurements,
which allows us more accurate modeling and interpretation
of the CEP-dependent few-cycle laser-induced processes.
Conversely, the exclusions of the intensity- and phase-volume
effect will predict longer, less intense pulses and larger CEP-
dependence than actually measured in reality.
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