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In the linear regime, thermoelectric effects between two conductors are possible only in the presence of
an explicit breaking of the electron-hole symmetry. We consider a tunnel junction between two electrodes

and show that this condition is no longer required outside the linear regime. In particular, we demonstrate
that a thermally biased junction can display an absolute negative conductance, and hence thermoelectric
power, at a small but finite voltage bias, provided that the density of states of one of the electrodes is gapped

and the other is monotonically decreasing. We consider a prototype system that fulfills these requirements,
namely, a tunnel junction between two different superconductors where the Josephson contribution is
suppressed. We discuss this nonlinear thermoelectric effect based on the spontaneous breaking of electron-

hole symmetry in the system, characterize its main figures of merit, and discuss some possible applications.

DOI: 10.1103/PhysRevLett.124.106801

Introduction.—Recently, thermal transport at the nano-
scale and the field of quantum thermodynamics have
attracted growing interest [1-14]. In particular, thermoelec-
tric systems have been extensively investigated [15-26],
since they provide a direct thermal-to-electrical power
conversion. In a two-terminal system, a necessary condition
for thermoelectricity in the linear regime, i.e., for a small
voltage V and a small temperature bias AT, is breaking the
electron-hole (EH) symmetry which results in the transport
property I(V,AT) # —I(=V,AT), where I is the charge
current flowing through the two-terminal system. In fact, if
I(V,AT) = —I(-=V,AT), it follows I(0,AT) =0, and
hence a null thermopower, irrespectively of the temperature
bias AT. Nonlinear thermoelectric effects have also been
investigated [27-35], even in systems where /(0, AT) =0
[36], but the EH symmetry breaking is always assumed. For
metals, the EH symmetry is roughly present for Landau-
Fermi liquids at small energies, and indeed thermoelectric
effects in real metals are typically small, scaling as T/Tp,
where Ty is the Fermi temperature. More generally, a
nearly perfect EH symmetry characterizes many interacting
systems in the quantum regime, such as superconductors
[37,38] or Dirac materials [39].

Here, we establish a set of sufficient e}nd universal
conditions for finite thermoelectric power W = —IV > 0
in systems where EH symmetry holds, I(V,AT) =
—I(—V,AT). More precisely, we demonstrate that the
electron-hole symmetry breaking which leads to thermo-
electricity is driven by the nonlinear temperature difference
and asymmetry between the two terminals.

Model.—We consider a basic example in quantum
transport, namely, a tunnel junction, which is also exper-
imentally relevant. The system consists of two conducting
electrodes (L, R), coupled through a thin insulating barrier,
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where quantum tunneling takes place. In this case, the main
contribution to transport is typically given by Landau’s
fermionic excitations, called quasiparticles. For the purpose
of our discussion, we assume each electrode in internal
thermal equilibrium, namely, the quasiparticle distributions
read f,(E - ) = {1+ expl(E — 1)/ (ksT,)]} ", where
kg is the Boltzmann constant and 7', y, (With a = L, R)
are the temperatures and the chemical potentials of the
quasiparticle systems, respectively. The quasiparticle
charge and heat current flowing out of the a electrode
(with @ = R when a = L and vice versa) read [37,40]

(SL) -/ :°dE(,;j)NAEa)Na(Ea)Fa(Ea), 0

where —e is the electron charge, N, (E) is the quasiparticle
density of states (DOS), F,(E,) = fo(Eq) — fa(Ea),
E,=FE —yu,, and Gy is the conductance of the junction
if both the electrodes have constant N,. For simplicity, we
assumed spin degeneracy and an energy and spin inde-
pendent tunneling in the derivation of Eq. (1). We consider
EH symmetric DOSs, N,(E) = N,(—E), and we define
I =1; [41]. Under a voltage bias V # 0, the chemical
potentials are shifted: u; —up = —eV. By exploiting
the symmetries, one can show that I(V,T;,Tg)=
_I(_V’TL’TR) and Qa(V’TL7TR):Qa<_V?TL’TR) [42].
The expressions of Eq. (1) respect the thermodynamic
laws [1,34,48,49]. In particular, the energy conservation in
the junction reads QL + QR + 1V =0 (first law), and
the entropy production rate S = —Q;/T; — Qr/Tx is
not negative (second law) [1,34,50]. As a consequence,
for T, =Tr =T it follows IV >0. Conversely, for
T; # Ty, the condition IV < 0 is possible. For instance,
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in a thermoelectric generator, the condition W=-IV>0
is thermodynamically consistent with the constraint $§ > 0
if the efficiency of the conversion 1 = W/Qp, is not
larger than the Carnot efficiency, 7 < ¢ = 1 — Teoia/ Thot
(Qhot > ( is the heat current from the hot lead).

Consider the charge current / from Eq. (1). Essentially,
the condition on the existence of a thermoelectric power
W > 0 can be expressed as the possibility of having an
absolute negative conductance (ANC), I(V)/V < 0, under
a thermal bias. Thanks to EH symmetry, we can focus on
V > 0 and ask whether we can have I(V,T,,Tg) < 0 for
T; # Tg. With no loss of generality, we assume here and in
the rest of this work T; > Ty, with AT =T — T,. For
N;(E) = Ng(E), one can prove that I(V) > 0 for V > 0;
namely, two different DOSs are necessary for thermoelec-
tricity in the presence of EH symmetry [42]. Our goal is to
derive sufficient conditions on the two DOSs which
guarantee the existence of thermoelectricity.

To this end, it is convenient to measure the energy E with
respect to p; ; i.e., we set u; =0, up = eV. We rewrite, with
simple manipulations, the charge current / of Eq. (1) as

I:% OoodENL(E)fL(E)[NR(E+)—NR(E_)]
[ AN (E)No(E)flE-) = NalE ) ol

)

where £, = E £ eV.If N is a gapped function (with gap
A;), that is, N; ~0 for |E| < A;, the second term in
Eq. (2) is negligible when eV, kpTp << A;, due to the
exponential damping of the cold distribution f above the
gap A;. Moreover, for kzT; ~ A;, the integrand function
in the first term of Eq. (2) is finite, owing to the presence of
the hot distribution f;, and negative when Ng(E) is a
monotonically decreasing function for E > A; —eV. In
conclusion, even with EH symmetric DOSs, the presence of
a gap in the hot electrode DOS and the monotonically
decreasing function in the cold electrode DOS may gen-
erate an ANC, and hence thermoelectricity W= -1V > 0.
This is the crucial result of this work, and can be applied in
a quite general setting [42]. Below, we discuss the main
features of this nonlinear thermoelectric effect for an
experimentally suitable EH symmetric system: a tunnel
junction between two Bardeen-Cooper-Schrieffer (BCS)
[51] superconductors (S-1-S junction).

S-1-S junction.—For simplicity, we focus on quasipar-
ticle transport and assume to completely suppress the
Josephson contribution occurring in S-/-S junctions
[8,52,53]. This condition can be achieved either by con-
sidering a junction with a strongly oxidized barrier or by
appropriately applying an external in-plane magnetic field.
The quasiparticle DOS reads N, = 60(|E| - A,)|E|/

VE*— A% [54], where A,(T,) are the temperature

I[GrAg/e]

0
V[Aqy/e]

FIG. 1. (a) Quasiparticle current-voltage characteristic of a
thermally biased tunnel junction between two superconductors
(S-1-S junction) for Ty = 0.01T . ;, r = 0.5 and different values
of T; > Ty. The curves display absolute negative conductance
(ANC) and thermoelectric power W = —IV > 0 at small voltage
bias if A;(T;) > Agg. Top inset: Energy band diagram of the
S-1-S junction. The combination of the gap in the hot electrode
(left) and the monotonically decreasing DOS above gap of the
cold electrode (right) produces a particle current which flows in
the opposite direction of the chemical potential gradient. Bottom
inset: Temperature dependence of the superconducting gap A;.
Colored points mark the values of A;(T;) for the curves
displayed in (a). The horizontal dashed line intercepts the A;
curve at the point where A;(7T;) = Agg, i.e., the maximum
temperature for the existence of the ANC in (a) and (b).
(b) Enlargement of the subgap transport in (a) (dashed rectangle).
Dashed curves give the first term of Eq. (2). The light blue dots
give the values of the Seebeck voltage V. (c) Subgap IV
characteristics for 7, = 0.7T,.;, Tgx = 0.01T.;, and different
values of r. The slopes of the dash-dotted lines in (b) and (c) give
the values of the ANC at V = 0, as expressed by Eq. (3).

dependent superconducting order parameters. In particular,
A,(T,=0)= A, and it decreases monotonically with
T, following a universal relation, obtained through a self-
consistent calculation [37] [see the bottom inset of
Fig. 1(a)]. It becomes zero when the temperature
approaches the critical value 7., = Ay,/(1.764kg). We
stress that the temperature dependence of A, is not
necessary for the mechanism, and it is characteristic of
the specific system considered here.

Since N (E) # Ng(E) is a necessary condition for
thermoelectricity, hereafter we consider the case where
the two gaps at zero temperature differ, introducing a
parameter r = Ag /Ao = Tor/Ter.

Consider now Eq. (2) for a S-/-S junction. As discussed
above, for eV, kzTr < A;(T;) the second term is negli-
gible and (V) is given entirely by the first contribution.
To have ANC, two conditions must apply: (i) the hot
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temperature 7; must be of the order of the gap,
kgT; < A;(T;), due to the presence of f;(E) (but nec-
essarily smaller than T, , for the superconductivity to
survive), and (ii) the term in the square bracket must be
negative. Since the BCS DOS Ng(E) is monotonically
decreasing only for E > Ag(Tg), the two conditions
require A; (T;) — Ag(Tg) > 0. Being A; (T;) a monoton-
ically decreasing function, the conditions are met only if the
hot superconductor has the larger gap. Thus, a necessary
condition for ANC is r < 1 when T} > Tp. Conversely, by
inverting the temperature gradient, i.e., Ty > T;, the
thermoelectricity requires Ag(7Tg) — Ay (T;) > 0 and the
proper conditions are met for r > 1. The origin of
the thermoelectricity can be intuitively understood in the
energy band diagram in the top inset of Fig. 1(a), drawn for
T; > Ty and u; > pg. The net current is given by the
difference of the particle (fill circle) and the holes (empty
circle) contributions. They exactly cancel out at V = 0, due
to EH symmetry. For V # 0, the shifting of N decreases
(increases) the particles (holes) contribution, due to locally
monotonic decreasing behavior. As a consequence, the
particle current flows in the opposite direction of the
chemical potential gradient.

Figure 1(a) displays the IV characteristics for r = 0.5,
Tp =0.01T.;, and different values of 7, > Ty. The
evolution is linear / ~ GV at large bias eV > A, (T;) +
Ar(Tg) and strongly nonlinear within the gap, i.e., for
eV < Ap(T;)+ Ag(Tg). Figure 1(b) gives an enlarged
view of the subgap transport displayed in Fig. 1(a) (dashed
rectangle). Within the gap, the curves display characteristic
peaks at eV ey ==£|AL (T) = Ag(Tr)|~E|AL(TL) — Agkls
due to the matching of the BCS singularities in the DOSs.
Interestingly, the curves display a significant ANC, and
hence thermoelectricity, for intermediate values of 7.
Furthermore, the thermoelectric effect is negligible if AT =
T; — Tristoolow anditis absentwhen A; (T;) < Ag(Tk).
The contributions due to the first term of Eq. (2) are
displayed with dashed lines in Fig. 1(b). As argued above,
they yield a good approximation for eV < A;. The depend-
ence of the IV characteristics on r is visualized in Fig. 1(c)
forT;, =0.7T,; > Tg = 0.01T ;. In particular, the ANC
is present only when Agr < A;(T) ~0.834(,, namely
for r < 0.83.

For V ~ 0, the IV characteristic is approximately linear
and, by using the first term of Eq. (2), we can derive an
expression for the negative conductance [42], namely,

% o0 NL(E)fL(E
Go=1im "W _ 26,a2, |7 MO
Vo0V Ay (EF=AGR)

(3)

valid for Tp < T.x and A;(T;) > Agg. This negative
slope is shown in Figs. 1(b) and 1(c) for some curves with
dot-dashed lines, which perfectly represent the linear-in-
bias behavior.

We stress that the existence of the ANC in a thermally
biased S-/-S junction is not discussed in the literature to the
best of our knowledge. This is not totally surprising, since the
ANC can be observed only for  # 1 and higher temperature
of the larger gap superconducting electrode 7; < T ;. This
effectis reminiscent of the ANC predicted [56] and observed
in experiments on nonequilibrium superconductivity, with
particles injection [57-59] or microwave irradiation [60].

Thermoelectric figures of merit—Because of the non-
linear nature of the effect, we cannot rely on the standard
figures of merit for linear thermoelectric effects. Yet, in the
nonlinear regime we can still define the Seebeck voltage Vg
which corresponds to the voltage developed by the thermal
bias AT at open circuit. Consider, for instance, the light
blue curve in Fig. 1(b), where there is thermoelectricity
W > 0. Clearly, the curve crosses the x axis in V =0, as
required by EH symmetry. Furthermore, if there is ANC at
low voltage (I/V < 0) and an Ohmic behavior at high
voltage (I/V ~ Gy > 0), there will be, at least, two finite
values V = £V # 0, where I(V) = 0 [see marked points
in Fig. 1(b)].

Figure 2(a) displays |V| as a function of r for T =
0.017 .z and some values of T > Ty (solid lines). The
curves show some characteristic features: (i) for a given 7',
|V ¢| decreases monotonically with r and it is zero when r is
larger than some critical value (depending on 7;), and
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FIG. 2. Thermoelectric figures of merit for a S-I-S junction.
(a) Seebeck voltage versus r for T = 0.017 .. p and some values of
T; (solid lines). The voltage corresponding to the singularity
matching peak is displayed for a comparison (dashed lines).
(b) Density plot of the thermoelectric power W = —IV versus r
and T for Tp = 0.017T, ;. In the gray region the thermoelectric
effect is absent; i.e., the junction is dissipative W < 0. The white
dashed curve displays the equation Ay (T7) = A . (c),(d) Cuts of
(b) for particular values of 7'; and r, respectively. The correspondent
thermoelectric efficiency 7 = W/Q;, is plotted with dashed lines.
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(i) for a given r, |Vg| decreases when the temperature 7',
that is proportional to the temperature difference AT, is
increased, something that differs with the usual linear
thermoelectricity. These features can be qualitatively
understood by comparing V¢ with the matching peak
value Ve = [AL(T) — Ag(Tg)]/e [dashed curves in
Fig. 2(a)]. In fact, the magnitude of Vg is correlated to
Vpeaks 1-€.5 | Vs| > Vpeuc When there is thermoelectricity [see
Figs. 1(b) and 1(c)]. By definition, for a given T, Veu
decreases almost linearly with r; ie., eVpeu /Ao~
A;(T;)/Ag; —r. This explains also the temperature
evolution, since A;(7;) is a monotonically decrea-
sing function. In particular, when r is larger than a critical
value depending on 7, ie., r 2 A (T.)/Agr, Vs goes
to zero since Ay (T, ) < Ag(Tg), i.e., there is no thermo-
electricity. For » = 0.3, an effective nonlinear Seebeck
coefficient S =Vy/AT can reach values as large
as ~0.8A7/(0.4eT, ;) =2 x 1.764kg/e ~ 300 uV /K.
Now, we consider the thermoelectric power W =—IV.
For simplicity, we evaluate it at V., where it is app-
roximately maximum [42], namely, —I(V eu)Vpeak™

maxy (—IV). Figure 2(b) displays the density plot of W
as a function of r and T, for T = 0.017' ;. The thermo-
electric power is absent if 7, < 0.17T ., irrespectively of r.
Furthermore, it is zero when A, (T;) < Ay [the dashed
white line in Fig. 2(b) displays the curve A; (T7) = Agrl.
The maximum value of W is obtained at r ~ 0.25 and T, =
0.87,; and it yields Wy, ~0.11G;A}, /e*. For an
aluminum based (Ag; /e ~ 200 uV) tunnel junction with
Gr = (1 kQ)™!, the maximum is W, ~ 4 pW.

For a better characterization, we consider cuts of
Fig. 2(b) for specific values of 7, [solid curves in
Fig. 2(c)] and r [solid curves in Fig. 2(d)]. In both panels,
we add the corresponding thermoelectric efficiency n =
W/ QL (dashed curves). Interestingly, the highest abso-
lute efficiency with respect to r is obtained almost in
correspondence of the maximum power #,,,, ~ 0.4 [see
Fig. 2(c)]. Conversely, the best condition for # as a function
of T, does not coincide with the condition for maximum
power [see Fig. 2(d)], although 7 is quite high even at
the best condition in terms of power Ny, = (T, =
0.8T.;) ~0.22 [orange line in Fig. 2(d)].

Spontaneous symmetry breaking.—Here we discuss the
experimental consequences of thermoelectricity in terms of
the junction’s dynamics. We consider a minimal circuital
setup, displayed in Fig. 3(a). The junction is modeled as a
nonlinear element of characteristic I(V,T,,T;) and
capacitance C, in parallel with a load external circuit of
resistance R. The evolution is obtained by requiring the
current conservation in the circuit,

Vv

I(V,TL,TR):_CV_E, (4)

(@) (b)
+ G() 0> 0
14 —__—CZR © @gy<-1/R
I o -
- —> \ V/ ) 0 NN V Z
FIG. 3. (a) Circuital scheme. The junction is a nonlinear

element with characteristic I(V,T;,Tr) and capacitance C,
connected to a generic load R. (b),(c) Phase portrait for the
voltage dynamics across the system. (b) In the absence of
thermoelectricity, G, > 0 and the voltage relaxes to 0, due to
the dissipation in the load. (c) In the presence of thermoelectricity
and for Gy < —1/R, the zero-voltage solution is unstable and a
voltage, either 4V, spontaneously develops across the junction.

where the dot denotes the time (#) derivative. The stationary
points are obtained by setting V =0in Eq. (4) and read
V(t) = V, where V is a solution of the implicit equation
RI(V.T,.Tg)+V=0.Since I(V.T,,.Tg)=—I(=V.T,.Tg),
the equation has an odd number of solutions and V = 0 is
always a solution, irrespectively of R, T, Tg. The stability
of these solutions can be acquired by linearizing Eq. (4),
namely, # = —C~'[G(V) + 1/R]v, where v =V — V and
G(V) = dI/dV|,_y. The solution is stable if the term in
the square bracket is positive and unstable otherwise.

In the absence of thermoelectricity, /V > 0 and the zero-
bias conductance of the junction is positive G, > 0. Thus,
V = 0is the unique solution of Eq. (4) and it is stable [see
Fig. 3(b)]. Conversely, when we apply a temperature
gradient and the S-/-§ junction displays thermoelectricity,
Gy <0 [see Eq. (3)], and additional solutions at finite
voltages are possible. In particular, for sufficiently large
values of the load, such as R > —Gj 1 there are three
solutions, V = 0, £V and G(£V) > 0. As a consequence,
any voltage signal across the device evolves toward one of
the two values £V, depending on the initial conditions [see
Fig. 3(c)]. Namely, the combination of a sufficiently strong
thermal gradient and the voltage polarization imposed by
the external circuit leads to a spontaneous breaking of EH
symmetry. Moreover, the bistability of the stationary
voltage may be used to design a volatile thermoelectric
memory or a switch [42]. In a more general setting which
includes inductive effects, the instability of the zero-voltage
state can generate also a self-sustained oscillatory dynamics
[42,61,62].

Conclusions.—In summary, we discussed a general
thermoelectric effect occurring in systems with EH sym-
metry in the nonlinear regime. For a two-terminals tunnel-
ing system, two sufficient conditions are required for
thermoelectricity: (i) the hot electrode has a gapped
DOS and (ii) the cold electrode has a locally monotonically
decreasing DOS. In particular, we investigated a prototype
system: a tunnel junction between two different BCS
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superconductors. We displayed the relevant figures of merit
and showed that a thermoelectric voltage spontaneously
develops across the system, under proper conditions. Our
results may be extended to different classes of materials,
including hybrid ferromagnetic-superconducting junctions
or low-dimensional quantum systems (dots or wires). This
work can represent a promising step in the exploration of
thermoelectric effects in the nonlinear regime.
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