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Morphological Superfluid in a Nonmagnetic Spin-2 Bose-Einstein Condensate
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The two known mechanisms for superflow are the gradient of the U(1) phase and the spin-orbit-gauge
symmetry. We find the third mechanism, namely a spatial variation of the order-parameter morphology
protected by a hidden su(2) symmetry in a nonmagnetic spin-2 Bose-Einstein condensate. Possible

experimental situations are also discussed.
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Superflow is usually generated by the gradient of the
U(1) phase. In spinor Bose-Einstein condensates (BECs),
the spin-gauge symmetry provides the second mechanism
of superfluidity. For instance, in a ferromagnetic spin-1
BEC, superflow can be induced by spin textures via the
spin-gauge symmetry [1,2], whereas a polar superfluid can
only be carried by the gradient of the U(1) phase [2].
Similarly, in the superfluid *He-A phase, superflow can be
induced by textures of the I vector via the orbital-gauge
symmetry [3]. Here we report our finding that for the case
of a spin-2 BEC, spatial variation of the order-parameter
shape can generate a supercurrent even in the nonmagnetic
nematic and cyclic phases, offering the hitherto unexplored
third mechanism of superfluidity. A full investigation of
this possibility is the main theme of this Letter.

A spin-F BEC can be described in the mean-field
approximation by a (2F 4 1)-component order parameter
V=W p W rils s W - W)L [2,4], where T denotes
the transpose and m = F, ..., —F is the magnetic sublevel.
The superfluid velocity is defined in terms of the order
parameter the atomic mass M, and the local density p =

mf—F ‘Wml a v= (h/lep) [W:;(vy/m) - (vw;kn)ll’m]
For a general spin-1 BEC, the order parameter can be
expressed in the irreducible representation by six param-
eters (see Supplemental Material S1 D [5]):

cosd

= pR = (a.p.y)| O |. (1)
sind

where ¢ is the U(1) phase, d characterizes the relative
amplitude between the m = +1 states, and Rf (a, B, 7) =
exp (—aF ) exp (—fF,) exp (—yF ) describes a Euler rota-
tion in terms of the spin-F matrices F,’s (u = x, y, z) and
the Euler angles «a, f, and y. Equation (1) describes a
ferromagnetic state at 9 = nz/2 (n € Z) and a polar state
with 9 = (2n + 1)x/4. The superfluid velocity for a spin-1
BEC can be expressed in terms of these parameters as [14]
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v = %{(Vgo) —[(Va)cos p+ (Vy)]cos28}.  (2)
For the case of a nonmagnetic spin-1 BEC with d =
(2n + 1)z/4, Eq. (2) reduces to v = (2/M)V¢ and hence
superflow can only be generated from the U(1) phase.
However, a new situation arises for a nonmagnetic spin-2
BEC, where the order parameter can generally be described
by seven parameters (Supplemental Material S1 E [5]):

e siny
0
Y= ei"’\/ngz(a’ﬁ, 7)| V2cosn |, (3)
0

e siny

where 7 and y describe the relative amplitude and phase
between the m = £2 and m = 0 components. Here we note
that the phase difference between the m =2 and m = -2
components can be absorbed in the Euler angle y. The
symmetry of this order parameter can be described by
the reciprocal spin representation [6—10] which employs
the stereographic mapping of the four roots of the following
algebraic equation:

* o 2+
Z 2+m )!imW

m=-=2

" =0, (4)

where &, =w,,/,/p is the normalized order parameter.
The four roots of Eq. (4) are stereographically mapped onto
the Bloch sphere via w = ¢/?tan(6/2) with ¢ and 0
being the azimuth and polar angles, giving four vertices
of a polyhedron. These vertices constitute a line segment, a
rectangle, or a tetrahedron for the uniaxial nematic, biaxial
nematic, and cyclic phases, respectively. The morphology
of the order parameter of a spin-2 BEC depends crucially
on y and 7 as illustrated in Fig. 1.
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FIG. 1. Phase diagram and stereographically mapped polyhe-
drons plotted against y and 7 in Eq. (3). The blue, red, and green
regions show the uniaxial nematic (UN), biaxial nematic (BN),
and cyclic (C) phases, respectively. Each polyhedron shows the
stereographic projection of the order parameter [i.e., the roots of
Eq. (4)] on the Bloch sphere.

It follows from Eq. (3) that the superfluid velocity v is
given by (see Supplemental Material S1E [5])

n 1

v =17 | (Vo) +5 (V)1 = cos2n)|. (5)
The second term, which is absent in a nonmagnetic spin-1
BEC, implies that a supercurrent can be generated by a
texture of the order parameter, the physical origin of
which is a spatial variation of the morphology of the
order parameter. The circulation of Eq. (5) along a two-
dimensional closed loop C(x,y) gives

M 1
jg [—v—(Vgo)] dl:—/ d(1—cos2n)dy,
Cley) LT 2.8 @nxy) xy))

(6)

where S'[2n(x,y), x(x,y)] represents the surface of a unit
sphere in spin space swept by the polar coordinates (27, y)
when they are mapped from the region inside the loop C
on the x-y plane. The right-hand side of Eq. (6) may be
interpreted as one half of the Berry phase swept by the unit
vector 72 with the azimuth angle y and the polar angle 27,
which is analogous to the circulation of a supercurrent in a
fully polarized BEC [2] except for the factor of 1/2.

To understand the correspondence between the super-
fluid circulations of a nonmagnetic spin-2 BEC and that of
a ferromagnetic BEC, we let a=f =y =0 in Eq. (3)
without loss of generality, since the Euler angles specify
the direction of the order parameter but do not change its
morphology. Then the nonvanishing components of the
quardrupole, octupole, and hexadecapole moments are
given by (see Supplemental Material S2 for details [5])

Dy =\ (FE - FY). )

Yiyp = ?f; (—-F2 - F}+2F2), (8)

o= LLFFT. o

o =Y (Fi+ i~ FF). (10)

®“E£(F§—F§+@—ﬁ), (11)
GRS fﬁ (3F} +3F) + 8F}

+ F2IF2 — 4F2F] - AF2FY), (12)

where the coefficients are determined so as to
make the L —2 norm of each matrix in Egs. (7)-(12)
equal to that of F,’s (see Supplemental Material

S2 [5]), and F, ---F, denotes the symmetrized

u
product of F,’s (u;=x, y, z), that is, F, ---F, =

> i) eSWptrgn}) Fon = o, Where S({up, o py}) is
the permutation group of a given set {y, ..., u,} [11]. The
physics behind the morphological supercurrent is a hidden
su(2) symmetry whose generators can be constructed from
Egs. (7)-(12) as (see Supplemental Material S2 E for the

derivation [5])

2 3
N, —WDX),—\/;Q)“, (13)

N2 = _Txyz’ (14)
2 1 5
N3 :—Wyhyp—i(b‘ +ﬁ®2 (]5)

Note that the structure factor of this algebra is 2\/§ which
is to be distinguished from the usual spin su(2) subalgebra
with the unit structure factor. Substituting Eq. (3) into
Egs. (7)—(12), we obtain the expectation values (N;)’s of
N;’s in Eqgs. (13) and (14):

(N1) = V/5pcos y sin 2, (16)
(N,) = V/5psiny sin 2y, (17)
(N3) = V/5pcos2y, (18)

which form a vector (N) = ((N,), (N,), (N3))T pointing
in the direction of 7. In a spin-2 nonmagnetic BEC, 1,
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which originates from the magnetic multipoles, plays the
role of the spin vector in a fully polarized BEC.

A nonmagnetic superflow can also be induced between
two weakly coupled BECs with different order-parameter
symmetries, which we refer to as a morphological
Josephson current. We assume that two nonmagnetic
BECs are placed on the left and right of a potential wall
in a well-localized manner. Then, the mean-field energy
functional can be well approximated as

Eolwr.wrl = Elw.] + Elwg]

2
+ K Z /dr(wzml//Rm + W;ml//Lm)’

m=—

(19)

where y; (j = L, R) represents the order parameters of the
left (L) and right (R) BECs, Efy;] indicates the energy
functional of the BEC on side j, and K denotes the coupling
between them. When atoms interact via s-wave channels,
the energy functional Efy ;] is given by [15,16]

Ewl= [l 3 (w4 U,

m=-2

2
1
+> Qjmzl//;ml//jm+§(COP?+C]J(?+C2|AJ'|2) ;

m==2

(20)

where g; denotes the quadratic Zeeman energy in each
well and the coupling strengths ¢y, ¢, and ¢, are given by
co = (4n?/M)(4a, + 3ay), ¢, = (4h*/M)(as — a,), and
¢y = (4h?/M)(Tay — 10a, + 3a,). Here, ar represents
the scattering length for binary collisions with the

total hyperfine spin F =0, 2, and 4, and p;, f;=

%n,n:—Z(F)mnw;mwjn’ and A,i = %n,n:—Z(A)mnl//ijjn

are the density, the magnetization vector, and the spin-
singlet amplitude with a five-by-five antidiagonal matrix
(A),,, = adiag(1,-1,1,-1, 1)/\/5. The multicomponent
Gross-Pitaevskii equation for y; can be obtained from
Eq. (19) as ih(dy;,/dt) = SE /oy, from which we
obtain dp; /dt = —dpg/dt and

don K 5 ; 21
dt lhmgz(l//Lml//Rm Wle/’Lm) ( )
To derive a general nonmagnetic current-phase relation,
let us take the initial order parameter in Eq. (3) with a; =
B; = v; = 0 and assume that y/; is uniform in each well and
decays exponentially on the other side of the potential
barrier. Then, the populations of the m = 4+1 components
stay zero and those of the m = +2 components remain

equal to each other, since no population transfer occurs
between m = +2, 0 and m = =£1 and the energy functional
in Eq. (19) is symmetric with respect to exchange of the
m = £2 states, from which we conclude that the order
parameter can be expressed as in Eq. (3) with a; = f; =
y; = 0 during the time evolution. Then, Eq. (21) reduces to

d 2K
% = /prpr[sin Ap(cos Ay sinn; sinng
+ cosny cosng) + cos Ag sin Ay sinn; sinng],

(22)

where Ap = @ — ¢ and Ay = yr — yr- When the BEC
on the left side is in the biaxial nematic phase (¢, =
0,y = 0,n;, = x/2) and the BEC on the right side is in the
cyclic phase (pr = A@, yr = Ay # 0,1z = n/4), Eq. (22)
gives

dpr V2K

gt~ p VPLPR sin (Ag + Ay), (23)
which implies that the current flows depending on the
difference of the parameter y determining the shape of
the order parameter and that of the U(1) gauge ¢. Thus the
supercurrent flows in a manner depending on the difference
in the morphology of the order parameter between the left
and right BECs. This is essentially different from the
Josephson effect due to the Goldstone modes associated
with symmetry breaking from O(N) to O(N — 1) [17-20].
When the two BECs share the same morphology, Eq. (22)
reduces to the familiar Josephson relation caused by the
difference of the U(1) phase.

We now demonstrate the above general theory by
numerical simulation. The nonmagnetic supercurrent
given in Eq. (5) can be induced by a spatially varying
quadratic Zeeman effect. To demonstrate this, we consider
a cigar-shaped spin-2 BEC of 10° 3’Rb atoms, apply a
spatially varying quadratic Zeeman field, and examine
how the density profile of the BEC changes after the
quadratic Zeeman field is switched off. We assume
that the axial trapping frequency w, = 2z x 10 [Hz] in
the x direction is much smaller than those in the radial
directions, i.e., w, <w,, @, =27 x200 [Hz] with the ratio
v = /0,0 /o, =20. Then the mean-field dynamics of
the spin-2 BEC can be described by the following multi-
component Gross-Pitaevskii equation [21]:

oy
h m
! ot

R o 2
= [_2MV + U(x) + gq(t,x)m* |y,

2
> ({eoplt-x)on + rlf (1) - Fl, b,

n=-2

+ A1 x)(A) ), (24)
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potential to be 10? x ycy/2x. We vary the quadratic

where M represents the mass of an 8’Rb atom. The trapping
Zeeman field ¢(z, x) as

potential U(x) is assumed to be a box potential in the x
direction given by

J(t.r) = { gx* (0<t<T); (26)

© L/2),
(Ix[ > L/2) (25) 0 (t<0 and t>T),

V) = {o (] <L/2).

where L =50 x [, with [, = \/Ai/Mw,~3.41 [um]. In  where ¢’ = 10h and T = 0.1/w,. The scattering lengths
the numerical calculation, we set the height of the trapping  az’s for binary s-wave collisions with their total hyperfine
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FIG. 2. Position dependences of the density profile and the morphology of the order parameter (upper panels) and the superfluid
velocity (lower panels) of a spin-2 BEC at 7 = w,t = 0, 0.1, 0.2, 0.4, 0.6, and 0.8. The quadratic Zeeman field is switched on during
e

7 = 0-0.1. The coordinate, the density, and the superfluid velocity are normalized as ¥ = x/I,, [dxp(i,X) =1, and ¥ = v/l
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spins F =0, 2, and 4 are given by ay = 89.4ap,
a, =94.5ap, and a, = 106ap with ap being the Bohr
radius [16]. The density profile p(0, x) of the initial order
parameter is chosen to be the ground state of a scalar BEC
with the same potential U(x) and the interaction energy c
is chosen to be the same as that used in Eq. (24). The initial
spin configuration is assumed to be spatially uniform and
givenby é(r = 0,x) = (1,0, V2,0, 1)7 /2 corresponding to
the biaxial nematic state (see Fig. 1). By numerically
solving Eq. (24) with the Crank-Nicolson method, the
multicomponent order parameter y can be obtained and the
dynamics of the density profile p(z,x), the superfluid
velocity v(t,x), and the magnetization vector f(¢,x) can
be calculated from y. The density profile and the superfluid
velocity evolves in time as shown in Fig. 2, where
f(z,x) = 0, which implies that the BEC stays nonmagnetic
throughout the time evolution. As shown in Fig. 2, the
texture of the order-parameter morphology induces super-
flow without recourse to neither the U(1) gauge nor spin
textures.

In summary, we have found the third mechanism of
superflow originating from a spatial variation of the
morphology of the order parameter in nonmagnetic spin-
2 BECs. We have also discussed the morphological
Josephson current due to different symmetries of the order
parameter on the left and right sides of the potential barrier.
We have numerically demonstrated that the morphological
superflow can be generated by using a spatially varying
quadratic Zeeman effect.
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