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We investigate the quantum depinning of a weakly driven skyrmion out of an impurity potential in a
mesoscopic magnetic insulator. For small barrier height, the Magnus force dynamics dominates over the
inertial term, and the problem is reduced to a massless charged particle in a strong magnetic field. The
universal form of the WKB exponent, the rate of tunneling, and the crossover temperature between thermal
and quantum tunneling are provided, independently of the detailed form of the pinning potential. The
results are discussed in terms of macroscopic parameters of the insulator Cu2OSeO3 and various skyrmion
radii. We demonstrate that small enough magnetic skyrmions, with a radius of ∼10 lattice sites, consisting
of some thousands of spins, can behave as quantum objects at low temperatures in the millikelvin regime.
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Magnetic systems have been theoretically predicted
[1–9] and experimentally verified [10–16] to be good
candidates for the observation of macroscopic quantum
tunneling events and quantum to classical phase transitions
[17]. In such systems, a large number of elementary
magnetic moments display quantum behavior, as they
may coherently tunnel from a metastable configuration
to a more stable state. A particlelike configuration of the
classical magnetization field supports a collective mode of
position that tunnels out of the local minimum through a
potential barrier into the classically forbidden region.
Among the various magnetic solitons, skyrmions are in

the focus of current research because they appear as
attractive candidates for future spintronic devices [18,19].
Skyrmions are spatially localized two-dimensional (2D)
topological magnetic textures in a magnetic material, which
can be either metallic [20], a multiferroic insulator [21],
or ultrathin metal film on heavy-element substrates [22].
Typically they are classical objects with a size of the order of
50 nm and a dynamics that is governed by the Landau-
Lifshitz-Gilbert equation [23,24], although small-size sky-
rmions of 1 nm (a few lattice constants) have been recently
observed [25], inspiring studies on the quantum properties
of skyrmions [26–35].
In this Letter, we study the quantum depinning of a

magnetic skyrmion out of a potential created by an atomic
defect in a magnetic insulator, which removes the very
strong dissipation from itinerant electrons. We consider
the application of a magnetic field gradient, which tilts the
pinning potential and lowers the barrier height. The sky-
rmion then escapes out of its metastable state into the
classically forbidden region along the direction of the
magnetic field gradient. In the limit of small barrier height,
inertial terms can be neglected and the skyrmion dynamics
is governed by the Magnus force. In this respect, the
skyrmion dynamics resembles the Hall-type dynamics of a

vortex in high-Tc superconductors [36,37] or a charged spin
texture in quantum Hall systems [38,39]. Nevertheless,
skyrmions in insulating ferromagnets provide the unique
setup to study tunneling events in situations when the
Magnus force, related to the topological character of the
particle, is the dominant contribution over the intertial term.
The exact temperature-independent WKB exponent depends
on the pinning potential width, but not on its depth, in
contrast to the result for a massive magnetic particle. We
provide explicit expressions for the tunnel frequency, the
tunneling rate, and the crossover temperature between
quantum tunneling and thermal activation, for arbitrary
width and height of the pinning potential. We give estimates
of these quantities for the magnetic insulator Cu2OSeO3, and
find that skyrmions, under certain specified circumstances,
can exhibit macroscopic quantum behavior.
To study the macroscopic tunneling of a magnetic texture

m from a defect pinning center, we employ the imaginary
time formulation for path integrals with a Euclidean action
written in the form

SE ¼ NA

Z
β

0

dτ
�
iSd2

Z
dr _Φð1 − ΠÞ þH=J0

�
; ð1Þ

where the magnetization density at position r is represented
in polar coordinates, mðrÞ¼ ½sinΘcosΦ;sinΘsinΦ;cosΘ�,
Π ¼ cosΘ, S is the total spin, and NA the number of layers.
The magnetic Hamiltonian H ¼ J0

R
drF ðmÞ reads

F ðmÞ ¼
X
i¼x;y

�∂m
∂ri

�
2

þm ·∇ ×m − κm2
z − hmz: ð2Þ

The exchange coupling J0 sets the energy scale, while
κ ¼ KJ0=D2

0 and h ¼ gμBHJ0=D2
0 are dimensionless and

denote the strength of anisotropy and uniform magnetic
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field, respectively. D0 and K denote the Dzyaloshinskii-
Moryia (DM) and anisotropy coupling, respectively, in
units of energy, andH is the external magnetic field in units
of T. Imaginary time τ and space r variables are given in
reduced units. Physical units are restored as r0 ¼ rαd and
τ0 ¼ τ=J0, where d ¼ J0=D0, and α is the lattice constant.
Also, we set ℏ ¼ 1. In F ðmÞ, Eq. (2), we ignore dipolar
magnetic interactions, which are usually weaker than the
DM coupling and would stabilize skyrmions of much larger
size than considered here. The functional Eq. (2) supports a
stable skyrmionic solution, described by Φ ¼ ϕþ π=2 and
the approximate function ΘðρÞ ¼ 2 tan−1½ðλ=ρÞe−ðρ−λÞ=ρ0 �,
with ðρ;ϕÞ the polar coordinate system, ρ0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ð2κ þ hÞp

, while λ, which we obtain numerically from
the Euler-Lagrange equation of the stationary skyrmion, is
the skyrmion radius [29]. Magnetic skyrmions are charac-
terized by a finite topological charge Q,

Q ¼ 1

4π

Z
drm · ð∂xm × ∂ymÞ; ð3Þ

which denotes the mapping from the 2D magnetic system
in real space into the 3D spin space.
The presence of a crystal defect at r ¼ 0 alters the

exchange and DM couplings as J=J0 ¼ 1 − J0e−ρ=λd and
D=D0 ¼ 1 −D0de−ρ=λd , respectively [26], with J0,D0 being
the strength and λd the size of the defect. On the classical
level, the interactions of skyrmions with atomic defects
crucially affect their mobility [40–45]. J0 and D0 are
perturbations and the distortion of the skyrmion profile
is weak. The resulting pinning potential Vp as a function of
the distance r0 between the center of the defect and the
center of the skyrmion can be approximated by the function

Vpðr0Þ ¼ −
1

J0

V0ðλdÞ
r20 þ aðλdÞ2

; ð4Þ

where V0ðλdÞ ¼ c0NAV0
JðλdÞ, c0 ¼ ð1 − d=d0ÞJ0=J0, and

d0 ¼ J0=D0 [46]. We take V0ðλdÞ > 0, in order for the
skyrmion to experience an attractive potential. The behav-
ior of aðλdÞ and VJðλdÞ is summarized in Fig. 1.
To describe a skyrmion escaping from the potential well,

we need to employ a description which isolates the center
of mass of the skyrmion RðτÞ from all other degrees of
freedom. This is achieved by integrating out the magnon
degrees of freedom, within a quantum field theory method
which makes use of the Faddeev-Popov techniques for
collective coordinates [29]. Then one finds that the
Euclidean action of Eq. (1) takes the form

SE ¼
Z

β

0

dτ

�
iQ̃ð _XY − _YXÞ þ 1

2
M _R2 þ UðX ;YÞ

�
; ð5Þ

with R ¼ ðX ;YÞ and Q̃ ¼ 2πNASQ. Here, UðX ;YÞ¼
Vpð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2þY2

p
Þ−FextX , where Vp is the pinning potential

of Eq. (4) and Fext is a linear force acting on the
skyrmion collective coordinate equal to Fext ¼
hext∂=∂X

R
dr xmzðr −RÞ, as the result of an applied

out-of-plane magnetic field gradient. We introduce hext ¼
gμBNAHextJ20=D

3
0, andHext is measured in T. The first term

in Eq. (5) is a Magnus force acting on the skyrmion
proportional to the topological number [47]. Here, M
denotes the effective mass which arises from the skyrmion-
magnon bath coupling in the presence of a pinning
potential [29] [for explicit expressions for M, see
Ref. [29] and, in particular, Eq. (32) therein]. A non-
negligible mass term gives rise to oscillatory modes in the
real-time dynamics of the skyrmion [48,49], which per-
forms a cyclotron rotation of frequency ∝ Q̃=M.
For small values of the magnetic field Fext, the skyrmion

is trapped at its minimum position. As the field grows,
the barrier Eq. (4) is lowered and the skyrmion eventually
gets depinned at the coercive force Fc. However, even for
Fext < Fc, the position of the skyrmion at the pinning
center becomes metastable and can tunnel out of the local
minimum, as long as 0 < ϵ≡ 1 − Fext=Fc ≪ 1 [2,8]. The
coercive force is given by Fc ¼ V 0ðRiÞ, where Ri is the
inflection point close to a local minimum, calculated by

requiring V 00
pðRiÞ ¼ 0, V 0

pðRiÞ > 0 and Vð3Þ
p ðRiÞ < 0. For

the potential of Eq. (4), we find Ri ¼ a=
ffiffiffi
3

p
.

Provided that effective mass in dimensionless units is
M ∝ NASU2

0, where U0 is the height of the barrier [29],
and motivated by the fact that the optimum condition for
the observability of tunneling events is when the potential
barrier is small and narrow, it is convenient to separate the
fast cyclotron rotation of frequency, Q̃=M ≫ 1, from the
slow motion of the guiding center [50]. This is achieved
by considering the real-time Lagrangian L, obtained upon
replacing imaginary time τ with real time t ¼ −iτ in the

FIG. 1. Parameters V0; a of the pinning potential Vpðr0Þ of
Eq. (4), as a function of the defect size λd, with κ ¼ 0.463 and
h ¼ 0.25, for a skyrmion of radius λ ¼ 1.86αd, with α the lattice
constant. Vertical dashed line indicates the value λd ¼ αd.
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imaginary time Lagrangian L, with SE ¼ R β
0 dτL and SE

given in Eq. (5). The Hamiltonian H that corresponds to L
is given by

H ¼ 1

2M
½ðPx þ Q̃YÞ2 þ ðPy − Q̃XÞ2� þUðX ;YÞ; ð6Þ

with Px ¼ M _X − Q̃Y and Py ¼ M _Y þ Q̃X . Following
Refs. [37,50], instead of the original coordinates X , Y and
conjugated momenta Px, Py, we define new operators X, Y
and Πx, Πy as X ¼ Py=Q̃þ X , Y ¼ −Px=Q̃þ Y, Πx ¼
−Py=Q̃þ X , and Πy¼Px=Q̃þY, with ½X; Y� ¼ −2i=Q̃ ¼
½Πy;Πx�, while all other commutators vanish. These new
operators form a complete set of canonical variables which
can be used instead of the original coordinates. In the X, Πy

representation, Πx ¼ ð2i=Q̃Þ∂=∂Πy, Y ¼ ð2i=Q̃Þ∂=∂X,
and the Hamiltonian (6) equals

H ¼ Hf þ
Z

dkUðkx; kyÞeiðkx=2ÞðXþΠxÞþiðky=2ÞðYþΠyÞ; ð7Þ

where the fast part of the skyrmion Hamiltonian is
expressed in terms of Hf ¼ −ð1=2MÞ∂2=∂Π2

y þ
ð1=2ÞMω2

cΠ2
y, and corresponds to a harmonic oscillator

with frequency ωc ¼ 2Q̃=M and mass M ¼ M=4. The
ground state jΨ0i of Hf, hΠyjΨ0i ¼ ð2π=Q̃Þ−1=4e−iQ̃Π2

y=4,
describes the cyclotron motion of the skyrmion at the zero
Landau level with ground state energy equal to ωc=2.
By averaging over the fast rotation hΨ0jHjΨ0i and taking
the zero Landau level as a reference point for energy,
H ¼ hΨ0jHjΨ0i − ωc=2, we obtain H ¼ UðX; YÞ, with
½X; Y� ¼ −i=2Q̃. This approximation holds as long as
l ≪ α, where l is the magnetic length l ¼ αdQ̃−1=2, while
in this limit ½X; Y� → 0.
With these preparations, the problem is reduced to a

problem equivalent to that of the motion of a massless
charged particle in a strong magnetic field, with an action
of the form

SE ¼
Z

β

0

dτ½iQ̃ð _XY − _YXÞ þ UðX; YÞ�; ð8Þ

and a saddle point solution which is in general complex.
The criterion for the applicability of the WKB method for
the action Eq. (8) is the same as the 1D massive case [37].
We introduce a normalized potential of the formUðX; YÞ ¼
VpðX; YÞ − FextX, with VpðX;YÞ¼V0ðλdÞf1=aðλdÞ2−
1=½X2þY2þaðλdÞ2�g, and V0, a as in Eq. (4). We further
consider the potential in shifted coordinates UðX; YÞ →
UðX þ Xmin; YÞ − UðXmin; 0Þ, where Xmin is defined as
∂UðX; 0Þ=∂XjX¼Xmin

¼ 0. In Fig. 2 we plot the potential
energy U for Fext ¼ 0 and 0 < Fext < Fc. The analysis is
significantly simplified if we expand around the inflection

point Xi, defined as ∂2UðX; YÞ=∂X2jX¼Xi;Y¼0 ¼ 0. The
resulting expression is

ŪðX; YÞ ≃ Vy
max

Y2

Y2
d

�
1 −

X
Yd

�
þ Vx

max
X2

X2
d

�
1 −

X
Xd

�
: ð9Þ

We also introduce Yd¼c1=c2, Xd¼c4=c3, Vy
max¼

c31=c
2
2, and Vx

max ¼ c34=c
2
3, where c1 ¼ ð1=2ÞVð0;2Þþ

½ϵFcV2
ð1;2Þ=ð−2Vð3;0ÞÞ�1=2, c2 ¼ −ð1=2ÞVð1;2Þ, c3 ¼

−ð1=6ÞVð3;0Þ, and c4 ¼ ½−ð1=2ÞϵFcVð3;0Þ�1=2. Derivatives
are denoted as Vði;jÞ ¼ Vði;jÞ

p ðXi; 0Þ, while Vð3;0Þ
p ðXi; 0Þ;

Vð1;2Þ
p ðXi; 0Þ < 0. For the particular choice of the pinning

potential, the parameters simplify as c1 ¼ cð1= ffiffiffi
3

p þ
2

ffiffiffi
ϵ

p
=3Þ, c2 ¼ c=a, c3 ¼ c2=2, c4 ¼ c

ffiffiffi
ϵ

p
, Xd ¼ 2a

ffiffiffi
ϵ

p
,

and Vx
max ¼ 4a2cϵ3=2, with c ¼ 9

ffiffiffi
3

p
V0=J016a4.

To study the imaginary time trajectories and obtain a
real problem from the action Eq. (8), we perform the
additional transformation Y → iY, provided that the con-
dition Im½UðX; iYÞ� ¼ 0 holds. The instanton trajectories
ðXI; YIÞ are the classical solutions of the equations of
motion in Euclidean time, 2Q̃ _YI þ∂U=∂XI ¼ 0 and
−2Q̃ _XI þ∂U=∂YI ¼ 0. By integrating the first (second)
equation with respect to XI (YI) we arrive at the condition
UðXI; iYIÞ ¼ 0, where we also took into account that
the energy along the trajectory has to vanish, since it is
conserved by the dynamics [37]. Then one finds that
YI ¼ J ðXIÞ, which takes the following simplified form
for the expanded potential (9):

J ðXIÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XI

Vx
maxY3

dðXI − XdÞ
Vy
maxX3

dðXI − YdÞ

s
: ð10Þ

The XI variable ranges from zero up to the turning point Xd,
calculated by the requirement J ðXdÞ ¼ 0, and Xd ¼ 2a

ffiffiffi
ϵ

p
for the expanded potential Ū, Eq. (9). The instanton
trajectories, defined by the equipotential lines
UðXI; iYIÞ ¼ 0, are illustrated in Fig. 3(a), for λ ¼ 1.86,
λd ¼ 2.5λ, and for ϵ ¼ 0.096, with Fc ¼ 0.13. Figure 3(b)

FIG. 2. Schematic illustration of the pinning potential U as
function of position, for two values of the external field, Fext ¼ 0
and 0 < Fext < Fc. U0 denotes the height of the potential barrier
and Xd the position of the turning point.
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compares the values of Xd, derived by both the potential U
and Ū as a function of ϵ, and implies that Ū is a good
approximation of U, as long as ϵ≲ 0.05.
The quantum tunneling of the particle into the classically

forbidden region is achieved by the nontrivial instanton
solution ðXI; YIÞ, in which the skyrmion starts at X ¼ 0
at τ ¼ −∞, reaches X ¼ Xd at τ ¼ 0, and then returns to
X ¼ 0 at τ ¼ ∞. This motion occurs with a characteristic
tunnel frequency,

ωτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vx
maxV

y
max

p
jQ̃jXdYd

¼ 9V0ð3ϵÞ1=4ðαdÞ2
16ℏjQ̃ja4 ; ð11Þ

where for the rest of the Letter units are restored. The
probability of tunneling is governed by the temperature-
independent WKB exponent e−S0 , with the tunneling action
S0 ¼ S½XI; YI� given by

S0 ¼ 2ℏjQ̃j
Z

Xd

0

dXI½J ðXIÞ − J 0ðXIÞXI� ≃
16Vx

maxJ0
15ωτ

;

ð12Þ

where for the last approximate equality we used the
expanded potential (9), and is further simplified as
S0 ≃ 5.6ℏjQ̃ja2ϵ5=4=ðαdÞ2. We note that the tunneling
action depends on the width of the pinning potential a,
but is independent of its height V0 [40], and the coercive
force Fc, in contrast to the tunneling exponent of domain
walls in ferromagnets [8]. The dependence of S0 on ϵ is
depicted in Fig. 3(c), for a skyrmion with radius
λ ¼ 1.86αd, while the inset summarizes the dependence
of S0 from the skyrmion size λ. The decay rate Γ at zero
temperature is calculated as [51]

Γ ≃
ωτ

2π
e−S0=ℏ ≃

9V0ð3ϵÞ1=4ðαdÞ2
32πℏjQ̃ja4 e−S0=ℏ; ð13Þ

with a characteristic dependence on ϵ in the exponent
∝ ϵ5=4 and the prefactor ∝ ϵ1=4 that provide experimental
signatures of quantum tunneling. To make quantum effects
observable, two conditions must be satisfied. First, the
inverse escape rate Γ−1 must not exceed a few hours [8],
and second, the thermal activation events over the barrier
do not dominate over the quantum tunneling-induced
transitions. The decay rate becomes determined solely
by quantum effects below a characteristic temperature,
Tc¼ℏU0=kBS0¼5ℏωτ=36kB [52], where U0¼4Vx

max=27
is the height of the potential barrier. Table I summarizes
typical values of the tunneling exponent S0, the oscillation
frequency ωτ, the inverse tunneling rate Γ−1, and the
crossover temperature Tc, for various skyrmion radii and
values of ϵ, for the chiral magnetic insulator Cu2OSeO3,
which is known to support stable skyrmions [53]. For
sufficiently small skyrmions with a radius of a few lattice
sites, coherent tunneling out of a pinning potential is
expected to take place involving some thousands of spins,
within a few seconds, in the millikelvin temperature
regime. To optimize the observability of quantum tunneling
events, there is some flexibility to increase ϵ in this
material, by reducing its thickness. For NA ¼ 5 and
ϵ ¼ 0.04, we find Γ−1 ¼ 136 s and Tc ¼ 203 mK.
The action Eq. (1) assumes a quasi-2D behavior,

established when the transverse degrees of freedom are
frozen out due to the finite number of layers NA. The
transverse magnon excitations of a bulk sample, with
energy ωðkzÞ ¼ Aðkz þ l−10 Þ2 þ gμBH þ 2K −Al−20 [55],
where l0 ¼ 2αd, acquire an additional finite size gap which
arises since kmin

z ¼ π=w, with w ¼ NAα. We introduce
A ¼ 2J0gμB=αMs, with Ms the saturation magnetization.
All transverse excitations freeze out below a critical
width given by wðTÞ ¼ πg=ðkBT − gμBH − 2KÞ, with
g¼Al−10 þðAkBTþA2l−20 þA½gμBHþ2K�Þ1=2. To make
an estimate for Cu2OSeO3, we use the parameters

(a) (b) (c)

FIG. 3. (a) Equipotential lines of the potential landscapeUðX; iYÞ, for a skyrmion of radius λ ¼ 1.86αd, trapped by a pinning center of
radius λd ¼ 2.5λ, and ϵ ¼ 0.096. The instanton trajectory describing the tunneling of the skyrmion is depicted by the black solid line,
while the red dashed line signals the position of the turning point Xd. (b) Xd as a function of ϵ, calculated using the full potential U as
well as the expanded potential Ū of Eq. (9), for λ ¼ 1.86αd and λd ¼ αd. The expansion is valid for ϵ≲ 0.05. The inset illustrates the
linear dependence of Xd on the defect size, for a choice of ϵ ¼ 0.01. (c) The tunneling exponent S0 as a function of ϵ for λ ¼ 1.86αd and
λd ¼ αd, while the inset depicts the dependence of S0 on the skyrmion size.
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summarized in Table I and a choice of H ¼ 345.6 mT and
λ ¼ 8.31α. For a freezing temperature of T ¼ 2.2 K, we
find Nmax

A ¼ wðTÞ=α ¼ 114 layers.
In the special case of a separable pinning potential

UðX; YÞ ¼ U1ðXÞ þ U2ðYÞ, the problem can be reduced
to a one-dimensional massive particle by integrating out the
Y variable from Eq. (8) [56], while the properties Eqs. (11)–
(13) remain unaffected. Environmental degrees of freedom
are a source of dissipation and could suppress the prob-
ability of the tunneling process. Ohmic couplings have the
most detrimental effect on the tunneling rate of mesoscopic
systems [57], while super-Ohmic interactions have a very
small contribution [4]. In insulators and for low temper-
atures below the magnon gap, which is about 10 K for the
parameters of Table I, the super-Ohmic skyrmion-magnon
interaction is the main source of dissipation [30]. In the
presence of a pinning potential, the lowest Landau level
splits into quantized levels with spacing proportional to the
potential height [26]. Quantum tunneling processes that
involve the excitation of the skyrmion from the lowest
Landau level to the next higher one, mediated by thermal
excitations, are expected to provide a better estimation of
Tc [58]. Such processes require a detailed understanding
of the rates of the thermal excitations, and we thus leave it
for future work. In view of the increasing interest in new
insulating materials that enable the stabilization of sky-
rmions [59], we anticipate that our results will initiate
experimental studies toward the possibility of observing a
quantum mechanical behavior at a mesoscopic scale for a
topological particle.
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