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We investigate the microscopic mechanisms of ultralow lattice thermal conductivity (κl) in Tl3VSe4 by
combining a first principles density functional theory based framework of anharmonic lattice dynamics
with the Peierls-Boltzmann transport equation for phonons. We include contributions of the three- and four-
phonon scattering processes to the phonon lifetimes as well as the temperature dependent anharmonic
renormalization of phonon energies arising from an unusually strong quartic anharmonicity in Tl3VSe4. In
contrast to a recent report by Mukhopadhyay et al. [Science 360, 1455 (2018)] which suggested that a
significant contribution to κl arises from random walks among uncorrelated oscillators, we show that
particlelike propagation of phonon excitations can successfully explain the experimentally observed
ultralow κl. Our findings are further supported by explicit calculations of the off-diagonal terms of the heat
current operator, which are found to be small and indicate that wavelike tunneling of heat carrying
vibrations is of minor importance. Our results (i) resolve the discrepancy between the theoretical and
experimental κl, (ii) offer new insights into the minimum κl achievable in Tl3VSe4, and (iii) highlight the
importance of high order anharmonicity in low-κl systems. The methodology demonstrated here may be
used to resolve the discrepancies between the experimentally measured and the theoretically calculated κl
in skutterides and perovskites, as well as to understand the glasslike κl in complex crystals with strong
anharmonicity, leading towards the goal of rational design of new materials.
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Understanding of thermal transport in crystalline com-
pounds with ultralow lattice thermal conductivity κl is
fundamentally interesting because such materials bridge
the gap between the particlelike propagation of phonon
wave packets in typical crystals and the off-diagonal
coupling and diffusion of localized vibrational modes in
disordered systems such as glasses [1]. Materials with
ultralow values of κl also have useful technological
applications as thermoelectrics, thermal barrier coatings,
and in data storage devices [2–5]. Despite significant effort
[6–9], comprehensive understanding of the heat transport in
crystals with κl near the amorphous limit remains an
outstanding challenge [10] because the phonon mean free
path (MFP) approaches the interatomic separation and the
conventional description based on propagating lattice
phonons starts to break down. A successful empirical
model was introduced by Slack [11], which has guided
design and experimental demonstration of ultralow κl in
crystalline compounds with large unit cells and complex
structures, such as clathrates [12,13] and skutterudites
[14,15]. In contrast, ultralow κl is relatively rare in simple
crystals with small unit cells.
Recently, Mukhopadhyay et al. [16] experimentally

reported an ultralow value of κl ¼ 0.30� 0.05 W=ðmKÞ
[17] at T ¼ 300 K in crystalline Tl3VSe4. This is highly

unusual considering that Tl3VSe4 has a simple body-
centered cubic lattice (space group I4̄3m) with only eight
atoms in its primitive cell, as shown in Fig. 1(d). To explain
the observed value of κl, Mukhopadhyay et al. proposed a
complex scenario of heat transport that involves two
channels: lattice phonons and localized oscillators. Their
proposal was largely based on the results of calculations
using the Peierls-Boltzmann transport equation (PBTE)
[18] with 3rd order anharmonicity in the conventi-
onal phonon picture. These calculations resulted in a
value of κl ¼ 0.16 W=ðmKÞ at T ¼ 300 K, which is
only approximately half of the experimental value
[0.30� 0.05 W=ðmKÞ]. It was noted that the MFPs of
many phonons were predicted to fall below the interatomic
separation due to low group velocities and strong anhar-
monicity, possibly invalidating the foundational assump-
tions of PBTE. To resolve the discrepancy between the
theoretical and experimental κl in Tl3VSe4, the authors
proposed a phenomenological two-channel model, which
consists of two separate vibrational transport channels,
namely, (i) propagating particlelike phonon wave packets
and (ii) random walk (hopping) among uncorrelated
localized oscillators [16]. The resulting κl shows a signifi-
cantly improved agreement with the experiments in both
magnitude and temperature dependence, suggesting that
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the hopping channel contributes as much as the conven-
tional transport by phonon wave packets. However, the
observed Raman spectra, specific heat, and temperature
dependence of κlðTÞ only revealed features characteristic of
phonons in an ordered crystalline compound. Since the
interpretation given by Mukhopadhyay et al. [16] relies
heavily on the calculated phononic contributions to κl
within the lowest order of the perturbation theory, it is
important to ascertain that this picture still holds when
higher order anharmonic interactions and temperature
dependent phonon frequency shifts are included. The
possibility of strong high order anharmonicity has already
been indicated by the large discrepancy between the
theoretical and experimental mean square displacements
of Tl atoms in Ref. [16]. It is thus important to understand
the physics of heat transport in Tl3VSe4 when lattice
dynamical effects beyond the third-order anharmonicity
are included.

Here, we perform first principles calculations based on
the density functional theory (DFT) to study the physics of
κl in Tl3VSe4 by explicitly including effects arising from
quartic anharmonicity. We show that this treatment leads to
a giant finite-temperature renormalization of the low-lying
phonon modes. The calculated phonon scattering rates for
the processes involving these renormalized phonons are
significantly reduced in comparison with the values
obtained without renormalization. The overall effect of
the quartic anharmonicity, including both three- and four-
phonon processes, increases the calculated κl to a value that
is in good agreement with experiments. Our results show
that particlelike phonon propagation can by itself explain
the measured ultralow κl in Tl3VSe4, without invoking the
second transport channel via uncorrelated oscillators.
We first discuss the current state of the art in anharmonic

lattice dynamics (ALD) and place our work within the
hierarchy of increasingly accurate methods. In the phonon
quasiparticle picture, κl is usually modeled by combining a
microscopic potential energy model with ALD perturbation
series [20,21] and PBTE [18,22], the latter of which can be
solved in various flavors [23–27]. Particularly, solving the
linearized PBTE under the single mode approximation
leads to a simple expression for thermal conductivity,
κl ¼ ð1=NVÞPλ Cλvλ ⊗ vλτλ, where N, V, Cλ, vλ, and
τλ are the number of sampled phonon wave vectors, volume
of the primitive cell, phonon mode heat capacity, group
velocity, and lifetime, respectively (λ is a composite index
for the wave vector and dispersion branch). In practice, κl is
always calculated under some approximations. The lowest
level of theory uses a harmonic (HA) description of the
phonon energy ωλ and an anharmonic estimation of the
lifetime τλ considering only three-phonon (3ph) inter-
actions due to cubic anharmonicity [26,28–38]. Within
this theory, Mukhopadhyay et al. [16] showed that the
calculated κl of Tl3VSe4 is seriously underestimated, which
served as a motivation for their two-channel model.
However, this level of theory often fails to accurately
predict κl in compounds with strong high order anharmo-
nicity, which among other consequences may lead to
substantial anharmonic phonon frequency renormalization
at finite temperatures due to phonon-phonon interactions
[20,39–44]. This has motivated theoretical developments
and computational implementations to explicitly treat such
higher order terms. To account for the anharmonic renorm-
alization arising from high-order (or particularly quartic)
anharmonicity, the self-consistent phonon (SCPH) approxi-
mation [45–48] has been recently integrated with first
principles calculations to gain a better estimation of ωλ by
several authors [49–57]. In a related development, a
formula to explicitly evaluate the phonon scattering rates
(1=τλ) due to the four-phonon (4ph) interactions has been
derived by Feng and Ruan [58]. Applying this to the
theoretically predicted ultrahigh κl compound BAs [59],
Feng, Lindsay, and Ruan have shown that the 4ph
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FIG. 1. (a) Calculated temperature-dependent phonon disper-
sions from T ¼ 0 to 300 K. The disks at the Γ point depict the
experimental measurements at 300 K [16]. (b) and (c) Atom-
decomposed phonon density of states at T ¼ 0 and 300 K,
respectively. The shaded gray areas depict the total density of
states. (d) Crystal structure of Tl3VSe4, which features a sub-
lattice formed by VSe3−4 tetrahedral units with loosely bound Tl
atoms, visualized using VESTA software [19]. (e) Comparison of
theoretical (solid and dashed lines) and experimental (squares)
temperature dependent atomic mean square displacements along
the [111] direction for Tl (gray), V (blue), and Se (orange) atoms.
The dashed lines are calculated in the harmonic approximation,
and the solid lines are from the self-consistent phonon approxi-
mation. The inset depicts the anisotropic thermal displacement
ellipsoids of Tl and Se atoms with the principal ellipses denoted
by black solid lines.
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scattering is comparable in strength with the 3ph scattering
[60], resulting in a much reduced κl; this has been
confirmed both experimentally and theoretically [61–63].
Most recently, it has been demonstrated by Xia [64] and
Ravichandran et al. [65] that to correctly reproduce the
magnitude and temperature dependence of experimental κl
in strongly anharmonic compounds such as PbTe and NaCl,
one needs to take into account quartic anharmonicity for
bothωλ and τλ. These schemes can be thought of as a ladder
of approximations based on the level of theory for model-
ing ωλ and τλ, as shown in Fig. 2(a). In this study, we
utilized a level of theory with the highest accuracy available
today within the framework of ALD and PBTE under the
single mode relaxation time approximation, namely,
SCPHþ 3; 4ph, where ωλ is anharmonically renormalized
at finite temperatures based on the SCPH approximation
and τλ is calculated with both 3ph and 4ph scattering
processes among the renormalized phonons, as well as the
isotope scattering and extrinsic scattering due to the grain
boundaries (see details below) [22,66–68]. We refer the
readers to the Supplemental Material [69] for more details
of our approach [70].

We begin by examining the impact of quartic anharmo-
nicity on ωλ. Figure 1(a) shows the calculated phonon
dispersion from T ¼ 0 to 300 K, which reveals a significant
hardening of the low-lying modes below 5 meV with
increasing temperature. These modes are dominated by the
vibrations of Tl atoms, as revealed by the atom-decom-
posed phonon density of states in Figs. 1(b) and 1(c). In
contrast, the high-lying optical modes corresponding to the
majority Se and V vibrations are only slightly hardened.
This interesting vibrational feature associated with the Tl
atoms resembles the behavior of rattling phonon modes in
the so-called cage compounds, whose energies display
small values but exhibit strong temperature dependence
[56,88]. The analogy is made stronger by the loose bonding
strength of Tl atoms [16] and by the experimentally
observed anomalously large mean-square displacements
(MSD) at 300 K [16]. Physically, the hardening of the low-
lying phonon modes stems from a U-shaped potential
energy surface with a strongly positive quartic coefficient
(an example of the lowest-lying phonon mode at the H
point is given in Fig. S3 in the Supplemental Material [69]).
The observed strong anharmonic phonon hardening

further manifests in the improved agreement between the
calculated MSDs and experimental data. We see in Fig. 1(e)
that the calculated MSD of Tl atoms in the harmonic
approximation is 0.060 Å2 at T ¼ 300 K, which compares
well to the slightly larger value of 0.067 Å2 calculated in
Ref. [16], but is nearly twice as large as the experimentally
measured value of 0.031 Å2. In striking contrast, the SCPH
approximation significantly reduces the discrepancy, giving
rise to a value of 0.039 Å2 [89]. This improved agreement
between theory and experiment shows that the hardened Tl
vibrations suppress the phonon population and thereby
decrease the MSD, revealing the essential role of quartic
anharmonicity. Note that additional frequency shift could
also arise from cubic anharmonicity [20,40,90–92], which
is not considered here but might be used to further resolve
the slightly overestimated MSD from theory. It is worth
mentioning that a large discrepancy in heat capacity
between theory and experiment has been reported at low
temperatures (T < 10 K) in Tl3VSe4 [16]. Since the
renormalization is weak at low temperatures, we find that
this discrepancy persists in our SCPH calculations (see
Fig. S4(a) in the Supplemental Material [69]), suggesting
that it could be caused by lattice imperfections inherent in
the synthesized samples.
With an improved description of the phonon quasipar-

ticle energy at hand, we move on to investigate κl by
exploring how the quartic anharmonicity affects the key
ingredients entering PBTE, namely, ωλ, vλ, and the scatter-
ing rate (1=τλ). We find that replacing the ωλ and vλ in the
HAþ 3ph calculations with the renormalized ones leads to
negligible increment in κl from 0.16 to 0.17 W=ðmKÞ at
300 K. This indicates that τλ plays a more dominant role
than ωλ and vλ in altering κl. Indeed, as shown in Fig. 2(b),

(a) (b)

(c) (d)

FIG. 2. (a) A schematic showing the ladder of approximations
for calculating κl. The levels of theory with accuracy from low to
high are HAþ 3ph, SCPHþ 3ph and SCPHþ 3; 4ph, where HA
and SCPH denote, respectively, the harmonic (without renorm-
alization) and self-consistent phonon approximations (with re-
normalization) for calculating phonon energy, and 3=4ph denote
three- or four-phonon scattering processes considered in comput-
ing phonon scattering rates. (b) Comparison of 3ph scattering
rates (1=τλ) calculated in the HA (blue) and the SCPH (pink)
approximations, respectively. The purple dots depict the calcu-
lated 4ph scattering rates in the SCPH approximation. The solid
black line assumes the scattering rate to be twice the vibrational
frequency, as adopted in the Cahill model [7] to estimate
minimum κl. (c) Comparison of cumulative (solids lines) and
differential (dashed lines) κl calculated using different levels of
theory. (d) Same as (c) but for the mean free path cumulative κl.
All results were obtained at T ¼ 300 K.
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3ph scattering rates are significantly reduced when pho-
nons are anharmonically hardened, which can be ultimately
traced back to the suppressed three-phonon scattering
phase space [56,64,88]. This leads to a remarkable increase
in κl from 0.16 to 0.41 W=ðmKÞ at 300 K when the
lowest level of theory (HAþ 3ph) is improved by consi-
dering anharmonic renormalization (SCPHþ 3ph).
Meanwhile, the 4ph scattering rates are roughly as high
as those of the 3ph processes, particularly for the phonon
modes with energies around 2 meV. As a result, SCPHþ
3; 4ph leads to a reduced κl of 0.29 W=ðmKÞ, which
is in excellent agreement with the experimental value
of 0.30� 0.05 W=ðmKÞ.
We conclude that the highest ladder of theory can fully

explain the heat transfer in Tl3VSe4 in terms of the
particlelike phonon wave packet propagation picture with-
out using adjustable parameters and without invoking
ad hoc assumptions about a secondary transport channel.
The validity of the phonon picture, qualitatively different
from the two-channel model proposed by Mukhopadhyay
et al. [16], is largely restored by including the effects of
quartic anharmonicity. As discussed by Allen and Feldman
[8], in order for the PBTE approach to work well, each
phonon mode should have either (i) an MFP long enough to
define its wave vector or (ii) a lifetime (τλ) long enough to
define its frequency. It is evident from our results that the
overall scattering rates (1=τλ) are significantly reduced [see
Fig. 2(b)] and MFPs [see Fig. S4(c) in the Supplemental
Material [69] ] are enhanced in comparison with the
HAþ 3ph theory level, thus making the phonon picture
relevant again [93]. We note that these renormalized
phonons for which the particlelike propagation applies
are not harmonic but are quasiparticle excitations corre-
sponding to the poles of the Greens function [95], which
preserve a well-defined relation between the frequency and
the wave vector and can form propagating wave packets.
The energy cumulative and differential κl in Fig. 2(c)

show that the major contributions to the enhanced κl
computed with SCPHþ 3; 4ph relative to HAþ 3ph are
from the phonon modes with energies below 5 meV,
consistent with their significantly reduced scattering rates.
The MFP-cumulative κl in Fig. 2(d) indicates that heat
carrying phonons have fairly large MFPs with a maximum
value of about 100 nm at T ¼ 300 K. The phonon picture
of thermal transport implies that an even lower κl may be
achieved through nanostructuring [e.g., less than
0.20 W=ðmKÞ if the maximum MFP is limited to 10 nm].
We compare the temperature-dependent κl calculated

using three different levels of theory in Fig. 3(a). The
overall effect of the quartic anharmonicity on κl in the
whole temperature range qualitatively resembles those
at T ¼ 300 K. Quantitative analysis shows that higher
temperature tends to increase the relative enhancement
in κl. Specifically, comparing the results obtained from
HAþ 3ph and SCPHþ 3; 4ph, the relative enhancement in

κl sees an increase, percentagewise, from 14% at T ¼ 50 K
to 70% at 300 K. However, even though the enhancement
of κl is relatively small at low temperatures, it leads to a
nonnegligible overestimation compared to the experimental
data below 200 K. We attribute this disagreement to
extrinsic phonon scattering processes due to the grain
boundaries and lattice imperfections, which are not
included in the SCPHþ 3; 4ph model. We show in
Fig. 3(b) the effect of grain boundary scattering on κl as
functions of grain size. It can be seen that κl is significantly
modified in both the magnitude and temperature depend-
ence, particularly at low temperatures. This, of course, is
consistent with the weakened multiphonon interactions and
enhanced intrinsic MFPs at low T. It is worth noting that
using an average grain size of about 0.2 μm, which is used
to match measured κl at 6 K [16], leads to a κl ∝ T−0.64,
which nicely agrees with experimentally observed T−0.65,
as well as magnitude.
The above calculated κl using the PBTE approach,

despite achieving remarkable agreement with the experi-
ments, only includes the diagonal terms of the heat current
operator [8,96]. A comprehensive treatment of the heat
current operators requires additional off-diagonal terms
which correspond to the heat conduction related to the
wavelike tunneling and the loss of coherence between
different vibrational eigenstates [97]. Recently, a unified
theory of thermal transport in crystals and disordered solids
has been independently developed by Simoncelli et al. [97]
and Isaeva et al. [98], making it possible to explicitly
evaluate the off-diagonal terms. Our estimation of the off-
diagonal contributions on top of the SCPHþ 3; 4ph results
gives an increment of 0.08 W=ðmKÞ to κl at 300 K, leading
to a total κl of 0.34 W=ðmKÞ when the additional grain
boundary (0.2 μm) scattering is considered, which is still
within the experimental value of 0.30� 0.05 W=ðmKÞ at
300 K. Although such an increment may not be negligible
as a result of the intrinsically very low κl, it is still
significantly smaller than the heat conduction from the
particlelike phonon propagation. It is worth noting that a
much earlier attempt by Srivastava has identified a

(a) (b)

FIG. 3. (a) Temperature-dependent κl calculated at three levels
of theory in comparison with experimental measurements [16].
(b) Calculated κl (shaped region) considering additional phonon-
grain boundary scattering on top of SCPHþ 3; 4ph. Grain sizes
ranging from 50 to 10 000 nm are considered.
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negligibly small contribution to κl from the off-diagonal
terms in covalently bonded germanium crystal [99].
Additionally, the second heat conduction channel in the
proposed two-channel model [16], which is based on the
Cahill-Watson-Pohl model [7,100] and adopts a wave-
length dependent mean free path [101], is fundamentally
different from the off-diagonal terms of the heat current
operator.
In summary, we have used a state-of-the-art first prin-

ciples scheme, which is capable of explicitly treating the
effects of quartic anharmonicity on both phonon quasipar-
ticle energies and lifetimes, to investigate the lattice thermal
transport in crystalline Tl3VSe4. Our results show that the
lattice thermal conductivity of crystalline Tl3VSe4 can be
explained by the heat transfer due to the particlelike phonon
propagation, with only a small portion from nondiagonal
contributions due to the wavelike tunneling between differ-
ent phonon states. Our study unveils that a comprehensive
understanding of the physical mechanisms underlying
ultralow lattice thermal conductivity in crystalline com-
pounds can be achieved by employing highly accurate
theoretical treatment that goes beyond the phenomenologi-
cal model. Our model that further includes off-diagonal
contributions to κl might be used to explore the physical
mechanisms underlying the glasslike κl in complex crys-
talline compounds with intrinsic strong anharmonicity.
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