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We report the experimental implementation of discrete-time topological quantum walks of a Bose-
Einstein condensate in momentum space. Introducing stroboscopic driving sequences to the generation of a
momentum lattice, we show that the dynamics of atoms along the lattice is effectively governed by a
periodically driven Su-Schrieffer-Heeger model, which is equivalent to a discrete-time topological quantum
walk. We directly measure the underlying topological invariants through time-averaged mean chiral
displacements, which are consistent with our experimental observation of topological phase transitions.
We then observe interaction-induced localization in the quantum-walk dynamics, where atoms tend to
populate a single momentum-lattice site under interactions that are nonlocal in momentum space. Our
experiment opens up the avenue of investigating discrete-time topological quantum walks using cold
atoms, where the many-body environment and tunable interactions offer exciting new possibilities.
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Exploring topological phases is a main theme in modern
physics. Characterized by topological invariants that reflect
the global geometric properties of the system wave func-
tion, topological phases host a range of fascinating features,
which are robust to local perturbations and potentially
useful for applications in quantum information [1,2]. In
addition to conventional topological materials in solid-state
systems, topological phenomena also emerge away from
equilibrium. For example, topological phenomena exist in
non-Hermitian open systems [3–14], quench processes,
and periodically driven Floquet systems [15–33], which
have stimulated intense interest recently due to the rapid
progress in synthetic quantum-simulation platforms such as
cold atoms [34–37], photonics [38–51], phononics [52],
and superconducting qubits [53].
In particular, photonic topological quantum walks have

proved to be a versatile platform for investigating topo-
logical phenomena in both unitary [38–45] and nonunitary
[47–51] Floquet dynamics. In cold atoms, whereas Floquet
topological phases [34] and quantum walks [54] have
been respectively implemented, quantum walks with topo-
logical properties are yet to be realized. In contrast to
photonic quantum walks, where only dynamics of up to
two strongly correlated photons have been reported
[55,56], the quantum-many-body nature and tunable inter-
actions [57] of cold atoms offer the exciting possibility of
exploring topological quantum walks in the presence of
many-body entanglement [58] or strong interactions.

Here we report the experimental implementation of
discrete-time topological quantum walks in momentum
space for a Bose-Einstein condensate (BEC). Building upon
the technique of momentum-lattice generation [59–63], we
introduce a staggered, time-periodic driving sequence to the
Raman-induced tunneling along the lattice, such that dynam-
ics of the condensate atoms is well described by a discrete-
time quantumwalk that supports Floquet topological phases.
Our scheme is in contrast to previous implementations of
photonic quantum walks, where the dynamics is driven by
the propagation of classical light or photons rather than by
Hamiltonians.
We confirm topological properties of the atomic quan-

tum walk by measuring dynamic signatures such as time-
averaged mean chiral displacement (A-MCD) [40] and the
second-statistical moment [39]. As an illustrative example
of the tunability of cold atoms, we experimentally dem-
onstrate the interaction-induced localization in the quan-
tum-walk dynamics, where the degree of localization
sensitively depends on the BEC density.
Discrete-time quantum walks in momentum space.—We

implement discrete-time quantum walks in momentum
space using Raman-induced momentum lattice with peri-
odic driving (see Fig. 1). In previous experiments, momen-
tum lattices have been realized for cold atoms, thanks to the
precise control of momentum states with multifrequency
Raman beams [59–63]. Here we further introduce periodic
switching of the odd- and even-frequency components of
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the multifrequency Raman lasers [see Fig. 1(a)]. This gives
rise to a stroboscopic switching of the hopping terms
between adjacent sites along the momentum lattice. Here
the nth site (n ∈ Z) along the lattice corresponds to the
momentum pn ¼ n × 2ℏk, where k is the wave vector of
the Raman lasers. As illustrated in Fig. 1(a), atoms on site n
and nþ 1 are coupled by a pair of Raman beams with an
offset frequency fn ¼ ð2nþ 1Þ × 4Er=h, where Er is the
recoil energy. In order to realize the switching of Raman
couplings, the offset frequencies are divided into odd and
even components depending on the parity of n. While these
odd- and even-frequency components are switched on and
off by step functions through the rf driver, the effective
Hamiltonian for the BEC is given by a periodically driven
Su-Schrieffer-Heeger model

Ĥ ¼
X
m

½wðtÞjm; bihm; aj þ qðtÞjmþ 1; aihm; bj þ H:c:�;

ð1Þ

where nonresonant Raman couplings are neglected. This
would be a good approximation for ℏΩ ≪ 4Er, whereas
typical experimental parameters feature ℏΩ ∼ Er. While
these nonresonant couplings are a major source of imper-
fection, they do not qualitatively change our results (see
Supplemental Material [64]). Here m labels the unit cell,

and a and b are the sublattice sites, with jm; ai (jm; bi)
corresponding to the momentum-lattice site n ¼ 2m
(n ¼ 2mþ 1). Importantly, the stepwise Raman-induced
hopping rates wðtÞ and qðtÞ satisfy wðtÞ þ qðtÞ ¼ −ℏΩ=2,
where Ω is the Raman-coupling rate and wðtÞ is given by

wðtÞ ¼
�
− ℏΩ

2
; jT < t ≤ jT þ tw

0; jT þ tw < t ≤ ðjþ 1ÞT : ð2Þ

Here j ∈ f0; 1; 2;…:g, T ¼ tw þ tq, and tw and tq are
pulse durations for Raman processes with even- and odd-
frequency components, respectively.
Dynamics under Eq. (1) can be mapped to discrete-time

quantum-walk dynamics governed by Floquet operators.
As illustrated in Fig. 1(b), when the even-frequency Raman
coupling is turned on, intracell hopping wðtÞ in Eq. (1) is
finite, while qðtÞ ¼ 0. It follows that the corresponding
time-evolution operator Wðθ1Þ is

Wðθ1Þjm;aðbÞi¼ cosθ1jm;aðbÞiþ isinθ1jm;bðaÞi; ð3Þ

where θ1 ¼ Ωtw=2. Similarly, when the odd-frequency
Raman coupling is turned on, intercell hopping qðtÞ is
finite and wðtÞ ¼ 0. The time-evolution operator Qðθ2Þ is

Qðθ2Þjm; aðbÞi ¼ cos θ2jm; aðbÞi þ i sin θ2jm ∓ 1; bðaÞi;
ð4Þ

where θ2 ¼ Ωtq=2. Note that the condition tw þ tq ¼ T
translates to θ1 þ θ2 ¼ ΩT=2. The overall dynamics is thus
governed by the Floquet operator U ¼ Qðθ2ÞWðθ1Þ, which
drives the discrete-time quantum walk. We note that the
static effective HamiltonianHF associated with the Floquet
operator is defined through U ¼ e−iHFT=ℏ, which is differ-
ent from the Hamiltonian (1).
Experimentally, we prepare a 87Rb BEC with ∼1 × 105

atoms in a crossed dipole trap with trapping frequencies
2π × ð115; 40; 100Þ Hz. We generate the momentum lattice
with a pair of multifrequency Raman lasers at 1064 nm,
following the procedure outlined in Ref. [63]. Quantum
walks are introduced by a periodic modulation of the
Raman pulses. For detection, we turn off the dipole trap and
Raman beams and take an absorption image after 20 ms
time of flight, from which atomic populations at different
momenta are extracted. For all our experiments, we set
Ω ¼ 2π × 2.3ð1Þ and Er=ℏ ¼ 2π × 2.03 kHz, while θ1 and
θ2 are tuned by adjusting pulse durations tw and tq.
A typical experimental measurement for a homogeneous

discrete-time quantum-walk dynamics is shown in Fig. 2,
where a ballistic spreading of population, typical for
discrete-time quantum walks, is observed. Here we fix T ≈
0.22 ms and θ1 ¼ θ2 ¼ π=4. The experimental observation
agrees well with numerical simulations using either the
full Hamiltonian (with nonresonant Raman terms) or the

1U

2U

(c)

2

1

2

(b)(a)

1

FIG. 1. Experimental implementation of momentum-space
discrete-time quantum walks with cold atoms. (a) Atoms in
the BEC are coupled by counterpropagating Raman beams. One
of the Raman beams (Raman 2) is imprinted with multiple-
frequency components via an acoustic-optical modulator (AOM).
The odd- and even-frequency components, marked by red
and blue arrows, alternate in time, which are controlled by the
radio-frequency (rf) driver. The periodically modulated Raman
processes couple discretized momentum states, leading to a
momentum lattice labeled by n ∈ Z with nearest-neighbor
Raman-assisted hopping. The staggered Raman couplings enable
us to define sublattice sites a and b along the lattice. (b) Illus-
tration of the effective time-evolution operators W and Q. Under
W (Q), the intracell (intercell) couplings are turned on along the
momentum lattice. (c) Illustration of the two time frames, dictated
by Floquet operators U1 and U2 (see main text), respectively.
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effective Hamiltonian (1), especially at short times. At long
times, deviations become manifest due to decoherence
from a range of sources [65].
Detecting topological properties.—Quantum walks gov-

erned by U ¼ Qðθ2ÞWðθ1Þ support Floquet topological
phases, which are characterized by a pair of winding
numbers defined in distinct time frames [66]. As illustrated
in Fig. 1(c), these time frames are associated with the
Floquet operators

U1 ¼ W
�
θ1
2

�
Qðθ2ÞW

�
θ1
2

�
;

U2 ¼ Q

�
θ2
2

�
Wðθ1ÞQ

�
θ2
2

�
; ð5Þ

which have chiral symmetry ΓUαΓ−1 ¼ U−1
α (α ¼ 1; 2)

with Γ ¼ jaihaj − jbihbj and give rise to winding numbers
C1 and C2, respectively. We note that the nonresonant
Raman couplings neglected in (1) can break chiral sym-
metry and give rise to experimental error (see Supplemental
Material [64]). However, these terms are far detuned with
two-photon detunings much larger than Ω, such that
topological features of the quantum-walk dynamics are
still manifest in our experimental data.
Following Ref. [66], we define topological invariants

ðC0; CπÞ ¼ f½ðC1 þ C2Þ=2�; ½ðC1 − C2Þ=2�g, which dictate
the number of topological edge states with quasienergies
ET=ℏ ¼ 0 and ET=ℏ ¼ π, respectively, through the bulk-
boundary correspondence. The topological phase diagram of
the system is shown in Fig. 3(a), where ðC0; CπÞ are plotted
as functions of the Raman-coupling parameters ðθ1; θ2Þ.
To experimentally demonstrate topological features of

the momentum-space quantum walk, we experimentally
probe ðC0; CπÞ and confirm topological phase transitions

by monitoring dynamics of condensate atoms in momentum
space. Quantum walks in different time frames are imple-
mented by applying different sequences of Raman pulses,
which correspond to U1 and U2, respectively. Here we fix
T ≈ 0.16 ms and adjust tw and tq so that θ1 þ θ2 ¼ 3π=8, as
shown by the red dashed line in Fig. 3(a).
First, we directly probe topological invariants ðC0; CπÞ

by detecting chiral displacements [40]. We initialize atoms
in the n ¼ 0 state, let them evolve on the lattice, and take
time-of-flight images at different time steps. Interestingly,
we find that the A-MCD converges much faster to the
topological invariant than the commonly used mean chiral
displacement (see Supplemental Material [64]). For an
N-step quantum walk, the A-MCD is defined as

C̄α ¼
2

N

XN
Nstep¼1

X
m

m½PðαÞ
m;aðNstepÞ − PðαÞ

m;bðNstepÞ�; ð6Þ

where α ∈ f1; 2g indicates the time frame, and

PðαÞ
m;aðbÞðNstepÞ is the measured atom population in the state

jm; aðbÞi at the Nstepth step (Nstep ∈ N) for the dynamics
under Uα. Performing the measurements in both time
frames, we construct C̄0;π ¼ 1

2
ðC̄1 � C̄2Þ, which should

approach C0;π in the long-time limit. In our experiment,
as shown in Fig. 3(b), the measured A-MCDs agree well
with theoretical predictions after a six-step quantum walk.
An important observation of the measured A-MCD is the

occurrence of a topological phase transition near γ ¼ 1

(a) (b) (c)

FIG. 2. (a) Experimental demonstration of a typical discrete-
time quantum-walk dynamics in momentum space. The color
scale indicates atomic population of the corresponding momen-
tum-lattice sites, normalized by the total atomic population
detected at each time step. (b),(c) Numerical simulation of the
atomic population at each time step driven by (b) the full
Hamiltonian [64] and (c) the effective Hamiltonian (1), respec-
tively. For both the experiment and the numerical simulations, the
atoms are initialized in the ground state of the BEC with n ¼ 0
and are evolved under ðθ1; θ2Þ ¼ ðπ=4; π=4Þ. Deviations of the
experimental measurements from numerical simulations are due
to experimental decoherence [65].

(a) (b)

(c)

2

FIG. 3. (a) Topological phase diagram of our discrete-time
quantum walk. Topological invariants ðC0; CπÞ are shown on the
plane of ðθ1; θ2Þ. The dashed red line indicates the parameters
traversed in (b)(c). (b) Experimentally measured A-MCD for a
six-step quantum walk, where each data point is averaged over 3
measurements. The dashed blue (red) line shows the variation of
C0 (Cπ). (c) Experimentally measured MðαÞ

2 =N2
step for dynamics

governed by U1 (black) and U2 (red), respectively. Each data
point is averaged over 11 measurements. In (b)(c), the exper-
imental data (dots with error bars) agree well with results from
numerical simulations (solid lines) using the effective Hamil-
tonian (1). Error bars in (b)(c) reflect the standard deviations.
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(γ ¼ θ1=θ2), where the numerically calculated winding
numbers C1 and C2 undergo abrupt changes. To confirm

this, we measure the second-statistical moment MðαÞ
2

characterizing the probability distribution of the walker
position, which is defined as

MðαÞ
2 ¼

X
m

m2½PðαÞ
m;aðNstepÞ þ PðαÞ

m;bðNstepÞ� ð7Þ

for the Nstepth step. In the long-time limit, MðαÞ
2 =N2

step

should peak at the topological phase boundary under Uα

[39], where the corresponding winding number undergoes

an abrupt jump. In Fig. 3(c), we show measuredMðαÞ
2 =N2

step

after six time steps. The measured peaks in MðαÞ
2 =N2

step for
both time frames are located near γ ¼ 1, consistent with
theoretical predictions. The measured topological invari-
ants and phase transitions are also consistent with edge-
state measurement when an open boundary is imposed (see
Supplemental Material [64]).
Interaction-induced localization.—A key advantage of

an atomic quantum-walk platform is the highly tunable
many-body environment and interactions. As an illustrative
example, we study the impact of interactions on our
quantum-walk dynamics. We consider the short-range,
s-wave interactions between 87Rb atoms, which translate
to nonlocal interactions on the momentum lattice [60].
Under the Hartree-Fock approximation and taking the
mean fields of BEC atoms on each momentum-lattice site,
the equations of motion of the system during an interacting
quantum-walk dynamics can be written as [64]

iℏ
d
dt

Φ ¼ H̄Φ; ð8Þ

where Φ ¼ ½ϕm;a;ϕm;b�T with ϕm;a (ϕm;b) representing
the mean-field wave function on the momentum-lattice
site jm; ai (jm; bi), with the normalization conditionP

m;σ jϕm;σj2 ¼ 1. The matrix elements of H̄ are (σ ¼ a, b)

H̄m;a;m;b ¼ H̄m;b;m;a ¼ wðtÞ; ð9Þ

H̄mþ1;a;m;b ¼ H̄m;b;mþ1;a ¼ qðtÞ; ð10Þ

H̄m;σ;m;σ ¼ Ujϕm;σj2 þ 2U
X

m0≠m;σ0
jϕm0;σ0 j2: ð11Þ

Here the interaction energy U ¼ gρ, where g ¼ 4πℏ2as=μ,
ρ is the BEC density, as is the s-wave scattering length,
and μ is the atomic mass. In deriving Eq. (8), we use the
effective Hamiltonian (1) in addition to the interaction
terms (see Supplemental Material [64]).
A direct consequence of interaction, as manifested in

Eq. (11), is that the interaction energy between atoms on the
same momentum-lattice site is half of that between atoms

from different sites. This is due to the presence of an
exchange term for two interacting atoms in distinct momen-
tum states [60]. For an interacting BEC, such an effect gives
rise to localization of atoms during the quantum-walk
dynamics, since the difference in the interaction-energy
shift plays the role of an effective detuning that hinders
Raman-induced tunnelings. To see the effect, we numerically
evolve Eq. (8), assuming a constantU [64], up to the time of
an eight-step quantum walk. In Fig. 4(a), we plot the
numerically calculated mean distance D, defined through
D ¼ P

mðj2mjjϕm;aj2 þ j2mþ 1jjϕm;bj2Þ, as a function of
ℏΩ=2U. With decreasing ℏΩ=2U, interactions dominate
the process and D approaches zero, indicating the localiza-
tion of atoms in their initial state. In contrast, with increa-
sing ℏΩ=2U, couplings dominate the process and D
asymptotically approaches D0, the mean distance for the
noninteracting case with U ¼ 0. Importantly, a localization-
delocalization transition can be roughly identified near
ℏΩ=2U ≃ 0.45, where D=D0 takes half the peak value.
To experimentally study the interaction effects, we

characterize the interaction energy by U ¼ gρ̄, where ρ̄
is the average density of the initial BEC prior to quantum-
walk dynamics evaluated with the Thomas-Fermi radius.
We first vary ℏΩ at a fixed U=ℏ ¼ 2π × 0.9ð1Þ kHz. We
evolve the BEC under the Floquet operator U1 with θ1 ¼
θ2 ¼ 3π=16 for two steps, before we take a time-of-flight

(a)

(c) (d)

(b)

FIG. 4. Interaction-induced localization. (a) Numerically simu-
lated normalized mean distance D=D0 as a function of ℏΩ=2U
after an eight-step quantum walk. (b) Typical time-of-flight images
for two-step quantum walks, with U=ℏ¼2π×0.9ð1Þ kHz. From
top to bottom, the Raman-induced tunneling rate Ω=2 varies from
2π × 1.3 kHz to less than 2π × 100 Hz. (c) D=D0 vs Ω=2 for
U=ℏ ¼ 2π × 0.41ð6Þ kHz (black) and 2π × 0.9ð1Þ kHz (red). The
solid lines are best fits to the experimental results (dots with error
bars). (d) Density dependent D=D0. The coupling strength is
Ω=2 ¼ 2π × 0.35 kHz. The BEC density is decreased by holding
BEC in the dipole trap for a long time. The trap frequencies of the
dipole trap are 2π × ð214; 61; 220Þ Hz.
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image of the atoms. Figure 4(b) shows a typical image for
various values of Ω=2 ranging from 2π × 1.3 kHz to less
than 2π × 100 Hz. Apparently, the atoms become more and
more localized at their initial lattice site j0; ai as the rate
ℏΩ=2U decreases. In Fig. 4(c), we show the measured the
normalized mean distance D=D0 as a function of Ω=2
for different U. Whereas both curves are more smooth
compared to the numerically simulated curve in Fig. 4(a),
our experimental results are consistent with the numerical
prediction that a localization-delocalization transition
occurs near ℏΩ=2U ≃ 0.45. The difference between
Figs. 4(a) and 4(c) originates from the finite time of the
quantum-walk dynamics, as well as from the spatially
nonuniform U in our experiment.
To confirm that the observed localization in the quan-

tum-walk dynamics is unequivocally induced by inter-
actions, we vary ρ̄ by only holding the BEC in the dipole
trap for different durations, prior to the quantum-
walk experiment. This allows us to directly examine the
density dependence of the localization with a fixed
Ω=2 ¼ 2π × 0.35ð2Þ kHz. As shown in Fig. 4(d), the
normalized mean distance D=D0 sensitively depends on
the BEC density at the trap center, with increasing
localization for larger densities. We therefore conclude
that we have indeed observed the interaction-induced
localization in quantum-walk dynamics of a BEC in the
momentum space. Finally, we note that for our experiments
characterizing topological features, U=ℏ≈2π×0.6ð1Þ kHz
and ℏΩ=2U ≃ 2, such that the localization effect due to
interactions is negligible. In the future, it would be
interesting to explore the interplay of topology and inter-
action based on our platform.
Discussion.—We experimentally implement a strobo-

scopic driving of ultracold atoms on a momentum lattice,
thus realizing discrete-time quantum-walk dynamics using
cold atoms. The accessible number of time steps in our
experiment is affected by the finite size and inhomo-
geneous density distribution of the BEC in the trapping
potential. Such inhomogeneity leads to broadening and
inhomogeneous interactions in momentum space, which
give rise to decoherence in the dynamics. A practical
solution is to further weaken the trapping potential by
holding the BEC with a gradient magnetic field that
compensates the gravity. Our scheme offers exciting
possibilities of exploring topological quantum-walk
dynamics in the context of strongly correlated many-body
systems with tunable interatomic interactions or strong
many-body entanglement [58].
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