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Electrons moving in a Bloch band are known to acquire an anomalous Hall velocity proportional to the
Berry curvature of the band which is responsible for the intrinsic linear Hall effect in materials with broken
time-reversal symmetry. Here, we demonstrate that there is also an anomalous correction to the electron
acceleration which is proportional to the Berry curvature dipole and is responsible for the nonlinear
Hall effect recently discovered in materials with broken inversion symmetry. This allows us to uncover
a deeper meaning of the Berry curvature dipole as a nonlinear version of the Drude weight that serves
as a measurable order parameter for broken inversion symmetry in metals. We also derive a quantum
rectification sum rule in time reversal invariant materials by showing that the integral over frequency of
the rectification conductivity depends solely on the Berry connection and not on the band energies. The
intraband spectral weight of this sum rule is exhausted by the Berry curvature dipole Drude-like peak, and
the interband weight is also entirely controlled by the Berry connection. This sum rule opens a door to
search for alternative photovoltaic technologies based on the Berry geometry of bands. We also describe the
rectification properties of Weyl semimetals which are a promising platform to investigate these effects.
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Introduction.—The Berry phase has become a protago-
nist on our modern understanding of the motion of
electrons [1] and in the classification of their phases
[2,3]. The Berry curvature determines an anomalous
electron velocity which gives rise to the intrinsic Hall
effect in materials without time reversal symmetry [4].
It has been recently predicted [5—7] and experimentally
observed [8—10] that materials with time reversal symmetry
can display a nonlinear Hall effect. The nonlinear Hall
conductivity characterizing this effect is a product of the
Berry curvature dipole (BCD), an intrinsic quantum geo-
metric property of the material [7], and the scattering time,
which is subject to sample quality variations. This poses the
question of whether the BCD could be probed or defined in
a more fundamental manner that is less intertwined with
disorder effects [11-15].

In this Letter, we propose that the BCD is indeed a
fundamental property of metals that plays the role of a
nonlinear Drude weight, namely, it measures an anomalous
non-Newtonian Hall acceleration that scales with the
square of the electric field and that is allowed in materials
without inversion symmetry. We will call this correction to
the electron acceleration the nonlinear Hall acceleration.
The first section of our work will be devoted to demon-
strating this result in the low energy single band limit.
Subsequently, by developing unifying theory of the second
order optical and transport phenomena of metals and
insulators, we will demonstrate a quantum rectification
sum rule (QRSR), according to which the rectification
conductivity of time-reversal-invariant materials integrates
to a quantity that is entirely controlled by the Berry
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connection, and the BCD exhausts completely its intraband
weight, as depicted in Fig. 1, and in analogy to how the
conventional Drude weight is related to the Drude peak in
the linear conductivity of metals. This suggest that mea-
surements of the rectified current over a broad frequency
range offers a systematic way to estimate the BCD that
bypasses detailed knowledge of the scattering rate, which
could help disentangle the more subtle disorder mediated
corrections [11-15] present in current experiments [8—10].
The BCD therefore offers a solution to the long-standing
problem of defining a measurable order parameter for
broken inversion symmetry in metals, since the electric
polarization, which is a natural order parameter for broken
inversion symmetry in insulators, is generally ill defined in
systems where charge can freely flow.

Single-band limit.—We begin by writing the Hamiltonian
describing the dynamics of electrons in a crystal in the
presence of a time dependent but spatially uniform electric
field in the length gauge [16,17]:

I:Inm = 6nm€n(k) + ef‘nm : E(t)’ (1)

here n, m are band indices and k crystal momentum, ¢, (k)
is the band energy dispersion, t,, = i8,,0x + A, is the
position operator in the Bloch basis, and Anm(k) =
(U |Ox |ui) is the non-Abelian Berry connection [18].
Before solving the full multiband problem, we consider the
special limit in which electric field is slowly varying in time
and the low energy dynamics of electrons can be described
by projecting the Hamiltonian in Eq. (1) onto a single band,
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FIG. 1. Illustration of the real part of the rectification conduc-

tivity which is the spectral weight on the QRSR in Eq. (6). The
intraband weight is exhausted by a Drude-like peak whose area
equals the BCD up to universal constants.

which will illuminate on the deeper meaning of the BCD. In
this limit, the acceleration operator can be shown to contain
two terms (see the Supplemental Material [19], section A):
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here Q¥ = 9A%,/okP — DAP,/Ok* is the Abelian Berry
curvature of the band “n.” The first term expresses the
conventional Newton’s second law and the tensor
relating the electric field and the acceleration determines
the ordinary linear Drude weight. The second term, however,
is a non-Newtonian acceleration that is orthogonal to the
applied electric field, which we call the nonlinear Hall
acceleration. The average over the occupied states of the
tensor relating the nonlinear Hall acceleration and the
bilinears of the electric field is precisely the BCD [7]
[d" = P DV = e Pelrn(27)3 /25", [ Ak O,/ Ok*].
Notice that there is no extrinsic quantity in this relation.
Therefore the BCD can be interpreted as a nonlinear Drude
weight, which is nonzero only when the system has a Fermi
surface and breaks inversion symmetry. In metals there is
invariably a friction to the electron flow created by the
impurities, phonons, and umklapp processes, that ultimately
brings the liquid into a steady state with zero acceleration in
the presence of an electric field. The terminal velocity will
depend on the scattering rate from such agents, and this is
why the nonlinear conductivity ends up depending on the
scattering rate and not only on the BCD, in an analogous
fashion to how the linear conductivity depends not only on
the Drude weight but also on the scattering rate. Throughout
our Letter, we will take a simple relaxation time picture of
disorder. The detailed role of disorder on the nonlinear
conductivity of metals is indeed a subject of current intense
investigation [11-15].

Multiband formalism.—We will now develop a multi-
band theory that is applicable to metals and insulators
by modelling relaxation processes in a minimal fashion
following the spirit of the relaxation time approximation,
with the following non-Hermitian Liouville equation for
the density matrix p:

in S p(0) = 1o, 0] = ~H0 (1) =), (3)

here T" is the relaxation rate and p, is the equilibrium
density matrix. Following a standard perturbation theory
analysis (see the Supplemental Material [19], Sec. B) one
obtains the full second order conductivity tensor with two
input driving frequencies w;, and the output current at a

FIG. 2. (a) Illustration of the second order conductivity tensor
with two input frequencies, @, ,, and space indices, af, for the
driving electric field and one output current at frequency at
@ + w, with space index y. (b) Depiction of the geometry of the
BCD antisymmetric part [7] (green vector), the driving linearly
polarized electric (blue vector), and the second order electric
current (red arrow). The three vectors are coplanar and the current
is orthogonal to the electric field. (c) Crystal structure of TaAs
with BCD (green arrow) oriented along its polar axis. (d) Weyl
nodes in the Brillouin zone of TaAs with one elementary Weyl
pair highlighted.
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frequency w; + w, [see Fig. 2(a)], and which can be
separated into metallic and interband terms as follows:

N (1. @,) = e (@1, 02) + ol (@1, 03).  (4)

The interband terms contain the shift and injection
currents identified in previous studies [16,17,20] and are
reproduced in detail in the Supplemental Material [19],
Sec. B. The metallic terms are those which would man-
ifestly vanish in the absence of a Fermi surface and that
diverge in the low frequency w;, — 0 and clean limits
I' = 0. Their explicit expression is this:

1eé
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here f, is the Fermi Dirac distribution and (a < f,
| <> w,) denotes symmetrization under simultaneous
swap of the indices (a, ) and the frequencies (@, w,).
The first term is a purely semiclassical Jerk term [20]. This
term is distinct from the third order Jerk effect described in
[21,22] and vanishes under time-reversal-symmetric con-
ditions which we will assume from here on. The second
term is a multiband finite frequency generalization of the
BCD nonlinear Hall conductivity, which at low frequencies
reduces [see the Supplemental Material [19], Sec. B,
Eq. (12)] to the expression in [7].

Quantum rectification sum rule—We will state now
one of the central findings of our study. Using the full
expression for the second order conductivity, including the
metallic and interband terms, and for any time reversal
invariant material one can show (see the Supplemental
Material [19], Sec. B) that the following quantum rectifi-
cation sum rule (QRSR) holds in the clean limit (I' = 0):

‘fifgt(wl L)) =

h2 1 © 7pa
4?; | daRe[o() (-0, w)]

8 o n . a 1 N a4
<akﬂ m> - < [Af”, t%Ay] > + ([A?, [A%, A"]))

+(a < p), (6)

where ;lzm = A2, (1 = 6,,) is the off-diagonal non-Abelian
Berry connection and average is defined as follows:

/ Gl )

The integrand in this sum rule is the real part of the
rectification conductivity which measures the net dc current
produced by an ac linearly polarized electric field (see the
Supplemental Material [19], section C). Remarkably, all the
low frequency subgap spectral weight is exhausted by a
delta function peak at zero frequency whose weight is given
by the BCD, and which gives rise to the first term in the
right-hand side of Eq. (6) (see Fig. 1). The remaining
weight accounting for the two other terms in the right-hand
side arise from interband terms that are only nonzero when
the frequency is above the spectral gap (see Fig. 1). It is
remarkable that both intra- and interband terms integrate
to a quantity that is purely quantum geometric depending
only on the Berry connection. This sum rule offers a direct
way to measure the BCD that bypasses knowledge of the
disorder relaxation rate, by integrating the rectified current
over frequency, in complete analogy to how the Drude
weight is estimated from the conductivity in metals. A
related rectification sum rule derived under more restricted
conditions was recently reported in [23].

This sum rule also opens a door to a systematic search for
alternatives to conventional photovoltaics in which the band
geometry plays a central role in the rectification mechanism
[23,24]. This is because the rectification weight, defined as
the right hand side of Eq. (6), provides a natural figure of
merit for photocurrent generation when the light spectrum is
broad in comparison to the bandwidth of interest and its
calculation could be efficiently streamlined with realistic
modeling of band structures. The rectification weight has
units L4973, and, interestingly, it is dimensionless in 3D. The
rectification weight of time reversal invariant materials
therefore joins a select group of observables that are entirely
controlled by the Berry geometry including the Hall con-
ductivity [1,4], the polarization [24-26], and the magneto-
electric coefficient of 3D topological insulators [27,28].

Weyl semimetals.—We will now apply our theory to
Weyl semimetals which are topological states that can be
realized in three-dimensional materials that break either
inversion or time reversal symmetry [29]. Their nonlinear
optoelectronic properties are a subject of intense current
investigation [30-34]. We will consider first the ideal
model of an isolated Weyl node and subsequently a model
of mirror related Weyl node pairs that captures the essential
behavior of materials such as TaAs. A Hamiltonian for a
single Weyl node is [29]:

Hy =0y Y kaby+uk,1. (8)

a=xy,z

Here v, is a Fermi velocity, u. is the tilt in z direction, &,

are Pauli matrices, and 1 is identity operator. In the clean
limit, we have found that the rectification conductivity of an
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Rectification conductivity (in units of {e?/[['(27)*A2]}) for (a) linearly polarized light of a single Weyl node displaying the

BCD Drude-like peak (A" = 0.05¢F, u, = 0.2v,). (b) circularly polarized light has two contributions: a BCD term at low frequency and
an interband term (shown in the inset) which leads to the quantized circular photo-galvanic effect (dashed horizontal line) described in
[33,34]. (c) linearly polarized light of a Weyl node pair model relevant for TaAs, with its Drude-like BCD peak clearly separated from

the interband term [displayed in inset, A" = 0.01¢p, u, = 0.05v,, A = 5¢p, v, = v, = \/m/(2A)].

ideal Weyl node has only two contributions: the intraband
BCD term and the interband injection current term respon-
sible for the circular photogalvanic effect in [33,34], as
shown in [see Figs. 3(a)-3(c)]. The BCD tensor of a Weyl
node is symmetric and its nonzero components are

R 1 k 4
(D)% = D = EgﬁyﬂZ/ d Q’;y%fm )

(2z)
preopro L1 Bl 1eE) g
a 8t i’ 2 1—a)
1 #2-1 1. 1+
D% =— (-2l 11
4w (” 2“1—a>’ (i

here it = u,/v,. Notice that the BCD of a single Weyl point
does not depend on the location of the Weyl point in
momentum space, as found in [35]. The origin of this
inconsistency is discussed in the Supplemental Material
[19], section D. Remarkably the trace of BCD for a Weyl
node is a universal quantity independent of the details of its
Hamiltonian determined by its integer valued monopole
strength (S; € Z) [29]:

Tr[D] = 4%. (12)

The BCD rectification conductivity is given by

3 feo :
:e—z dw l,
) o+ il

i(0)gp {D.E(-0)} x E(0)]. (13)

Therefore the QRSR for an ideal Weyl node yields

0 o 63 D% — DXx
/_0o og) (~w,w)do = ﬁf{é"zsﬂﬁ +(a < p)}.

(14)

Notice that Weyl nodes related by time reversal sym-
metry have the same BCD tensors, and, therefore, even
though the responses from Weyl nodes of opposite topo-
logical charge tend to cancel, the net response in materials
without symmetries relating nodes of opposite charge, such
as SrSi2 [36,37], will be finite. However, several Weyl
materials such as TaAs [38—41] have mirror symmetries
mapping Weyl nodes of opposite charge. In fact, for TaAs
with space group 141md only the antisymmetric part of the
BCD tensor is allowed [7], and therefore, the contribution
to the net BCD tensor from the linearized model cancels
after adding all nodes. However, TaAs and related materials
are expected to have a large BCD [42]. A reason for this
enhancement in TaAs is the proximity of pairs of nodes of
opposite charge [see Fig. 2(d)]. Related large enhancements
have been predicted in BiTel [43]. The ideal Hamiltonian
describing such pairs is [29,43]

A-K

H=vkoé, + 58y + vkeb + uk, 4. (15)

Here v,, v, = /|4|/m, v, are anisotropic Fermi veloc-
ities, u, is tilt in the x direction and 24 is the node shift. The
antisymmetric BCD tensor (defined as: d* = e®”DF") is a
vector oriented along the polar axis of TaAs [see Figs. 2(b)
and 2(c)], and the contribution from each Weyl-node pair to
the BCD is

N 3vxvzuxn1/ 3
‘ 107*3v2m(3v,0,0,)%3"

(16)

where 7 is a density of carriers. The rectification response
to linearly polarized fields, shown in [see Fig. 3(c)],
displays a clear separation between the interband and the
BCD term, making it viable to estimate the BCD by
integrating it up to some w <K 2¢€p.
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Figure 3 shows the response of these ideal models for
Weyl nodes. The real and imaginary parts of the second
order conductivity have a crucially distinct nature, because
the former controls the response to time-reversal-symmetric
drive (linearly polarized light) while the second to time-
reversal-breaking drive (circularly polarized light). See
the Supplemental Material [19], section C, Eq. (23). The
QRSR requires knowledge only of the real part. Figure 3(a)
illustrates this for a single Weyl node. Such contribution
would cancel when adding Weyl pairs related by a mirror
symmetry as it is the case for TaAs. Figure 3(c), however,
illustrates that there is a finite contribution beyond the
linearized model even in the case of Weyl pairs related by a
mirror, which could be observed in TaAs. For completeness
we also show the response to circularly polarized light
in Fig. 3(b), illustrating how our formalism interpolates
from the interband effects of [33,34] to the low frequency
intraband BCD peak.

Discussion.—We have shown that the BCD controls a
nonlinear Hall acceleration in metals without inversion
symmetry that scales with the square of the applied electric
field. Therefore, the BCD can be viewed as a nonlinear
version of the Drude weight, that serves as a measurable
order parameter for metallic inversion symmetry breaking.

We have also shown that the nonlinear conductivity of
time-reversal invariant materials satisfies a QRSR whose
intraband weight is exhausted by a sharp Drude-like BCD
peak, and, remarkably, also the interband contributions to
this QRSR are purely controlled by the Berry connection,
with all dependence on band energies disappearing. The
rectification weight defined by this sum rule, therefore,
provides a figure of merit for dc current generation in
response to light, provided that the incident spectrum is
broad in comparison to the band energy window of interest.
We hope that this rectification weight could be estimated
from first principle studies to help guide the search for
alternative photovoltaic materials based on the quantum
geometry of Bloch bands. Another promising avenue of
applications for these effects are wireless energy harvesting
devices [12,44].

Weyl semimetals are also promising platforms to study
these effects. In particular, several polar Weyl materials
such as TaAs will have a large vectorial component of the
BCD aligned with its polar axis [see Figs. 2(b) and 2(c)].
The BCD and the QRSR in these materials could be studied
by measuring a nonlinear Hall current flowing along the
polar axis in response to a driving electric field in the plane
perpendicular to the polar axis as a function of frequency.

Cold atomic systems also offer an interesting alternative
platform to investigate these nonlinear effects of the Berry
geometry [45-50], where the slower time scales for
dynamics and the absence of friction might allow the
direct measurement of the nonlinear Hall acceleration.
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for sharing their manuscript on a study employing a similar
formalism prior to publication [32], and Elio K6nig, Habib
Rostami, Roser Valenti, and Christof Weitenberg for
valuable discussions and correspondence.
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