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High-harmonic generation (HHG) of laser radiation has led to attosecond pulse formation which offers
unprecedented temporal resolution in observing and controlling electron and nuclear dynamics. But the
energy of attosecond pulses remains quite small, especially for photon energies exceeding 100 eV, which
limits their practical applications. We propose a method for amplification of attosecond pulses in the active
medium of a plasma-based x-ray laser dressed by a replica of the laser field used for HHG. The
experimental implementation is suggested in hydrogenlike C5þ x-ray laser at 3.4 nm wavelength in the
“water window” range.
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Attosecond x-ray pulses produced by high-harmonic
generation (HHG) of laser radiation offer a unique combi-
nation of unprecedented temporal and spatial resolution in
observing and controlling electron and nuclear dynamics in
atoms, molecules, and solids [1–4]. However, the energy of
attosecond pulses remains quite modest, which limits their
practical applications. In particular, it prevents carrying out
the attosecond pump—attosecond probe experiments. This
limitation is especially severe in the soft x-ray range above
200 eV corresponding to the fundamental absorption edges
of matter. Attosecond pulses with down to tens of atto-
second duration have been produced in this range recently
via HHG of laser fields [5–15], but their energy does not
exceed a few picojoules [12,13].
In this Letter, we suggest a technique for amplification of

a train of attosecond pulses, produced by HHG, in the
active medium of a plasma-based x-ray laser [16–24] in the
presence of a strong copropagating infrared (IR) laser field.
The amplification of a single high-order harmonic by the
plasma-based x-ray laser has been widely studied before
[18–20,22–24]. But narrow linewidths of x-ray lasers did
not allow for joint amplification of several harmonics. In
this Letter, we show that such amplification becomes
possible if the active medium of an x-ray laser is simulta-
neously irradiated by a replica of a laser field used for
the HHG.
As shown below, under the action of a strong IR field, the

active medium amplifies x-ray radiation not only at the
frequency of the resonance but also at its multiple side-
bands, separated by twice the frequency of the modulating
field. As a result, (i) if replicas of the same IR field are used
for the HHG and for modulation of the active medium and
(ii) the carrier frequency of the incident attosecond pulse

train coincides with the time-averaged frequency of the
modulated transition, then various spectral components of
the incident x-ray field (harmonics of different orders)
might be jointly amplified during their propagation through
the medium. With the proper choice of parameters of the
active medium (densities of the resonant ions and free
electrons) and the modulating field (its amplitude and
frequency), the spectral and temporal structure of the
attosecond pulses can be preserved during the amplification
process.
Let us consider amplification of a set of high-order

harmonics in an active medium of a plasma-based x-ray
laser with a population inversion at the transition between
the ground and the first excited energy levels of hydro-
genlike ions, n ¼ 1 ↔ n ¼ 2 (where n is the principal
quantum number), simultaneously irradiated by the cop-
ropagating IR laser field of the fundamental frequency.
If the harmonic of order 2kþ 1 is tuned in resonance with
the inverted transition, that is ω2kþ1 ¼ ω̄tr, then the
frequency of any other harmonic of order 2ðkþ lÞ þ 1
can be represented as

ω2ðkþlÞþ1 ¼ ω̄tr þ 2lΩ; ð1Þ

where Ω is the laser frequency, l is an integer number,
ω̄tr ¼ 3

8
ðmee4=ℏ3ÞZ2½1 − ð109=Z6ÞðE2

C=E
2
AÞ� is the fre-

quency of the resonant transition accounting for the
quadratic Stark effect [25], EC is the laser field strength,
EA ¼ m2

ee5=ℏ4 ≅ 5.14 × 109 V=cm is the atomic unit
of electric field, e and me are the charge and mass of
the electron, respectively, ℏ is Planck’s constant, and Z is
the nucleus charge number of the ions. Based on Eq. (1), for
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the sake of conciseness, we will call harmonic order
2ðkþ lÞ þ 1 the ”2lth” harmonic.
In order to gain insight into the process of high-harmonic

amplification, we derive a simple analytical solution for the
amplified x-ray field while assuming that the population
difference at the resonant transition is constant. We also
assume that the IR pulse used for both HHG and modu-
lation of the active medium is sufficiently long so that it can
be represented as a monochromatic wave, E⃗IRðx; tÞ ¼
z⃗0EC cos½Ωðt − xnpl=cÞ�, where the x axis is the propaga-
tion direction, z⃗0 is a unit polarization vector along the z
axis, c is the speed of light in vacuum, and npl is the plasma
refractive index for the IR field. The incident x-ray field
comprises the set of harmonics ranging from 2ðk�lminÞ þ 1
to 2ðkþ lmaxÞ þ 1. For the sake of analytical study, it is
assumed in the form

E⃗x-rayðx ≤ 0; τÞ

¼ 1

2
z⃗0

Xlmax

l¼−lmin

E½2ðkþlÞþ1�
inc expf−iðω̄tr þ 2lΩÞτg þ c:c:;

ð2Þ

where E½2ðkþlÞþ1�
inc is a complex amplitude of the harmonic,

τ ¼ t − x=c is the local time, and c.c. stands for complex
conjugation. Since the harmonics have the same z polari-
zation as the modulating IR field, amplification of the
harmonics can be described within the three-level approxi-
mation, taking into account the two excited states dressed
by the IR field: j2i ¼ ðj2si þ j2p;m ¼ 0iÞ=p2, and
j3i ¼ ðj2si − j2p;m ¼ 0iÞ=p2, as well as the ground
state j1i ¼ j1si [26,27]. If the population differences

between the states j1i, j2i, and j3i remain constant and
a phase shift acquired by the IR field due to plasma
dispersion is much larger than π (the IR and x-ray fields
are not phase matched), then [as discussed in the
Supplemental Material [28]; see Eqs. (S1)–(S12)] the
scattering of the harmonics into each other is strongly
suppressed so that each harmonic propagates through the
medium independently from the others, and the output
x-ray field acquires the form

E⃗x�rayðx; τÞ ¼
1

2
z⃗0

Xlmax

l¼−lmin

E½2ðkþlÞþ1�
inc expfgtotalJ22lðpωÞxg

× expf−iðω̄tr þ 2lΩÞτg þ c:c:; ð3Þ

where gtotal ¼ ð4πntrNiond2trω̄tr=ℏγ̄trcÞ is the amplification
coefficient for the resonant x-ray field in the absence of the
linear Stark effect, ntr ¼ ρ22 − ρ11 ¼ ρ33 − ρ11 is the pop-
ulation difference at the transitions j2i ↔ j1i and
j3i ↔ j1i, dtr and γ̄tr are the absolute value of the dipole
moment and the decoherence rate at these transitions, Nion
is the density of the resonant ions, JmðхÞ is the Bessel
function of the first kind of order m, pω ¼ Δω=Ω is the
modulation index, and Δω ¼ 3ðmee4=ℏ3ZÞðEC=EAÞ is an
amplitude of the linear Stark shift induced by the modu-
lating optical field.
As follows from Eq. (3), irradiation of the active medium

of the x-ray laser by the modulating field results in the
appearance of a gain for the x-ray field at the frequencies of
the harmonics, ω̄tr þ 2lΩ, l ¼ �1;�2;…, at the cost of
reduced gain at the resonance frequency ω̄tr; see Figs. 1(a)
and 1(b). Since (i) each spectral component of the incident
x-ray field is amplified independently from the others,

FIG. 1. Frequency dependence of the gain for the incident x-ray field (b) with and (a) without modulating field. In (b), the value of
modulation index is pω ¼ 6.4; black, red, green, blue, and magenta curves correspond to the gain coefficients for 0th, �2nd, �4ht,
�6th, and �8th sidebands of the inverted transition. (c) Dependence of the squared Bessel functions of even order (from 0th to 20th
order) on the value of modulation index, pω. The color reflects the order of Bessel function and is gradually changed from magenta,
corresponding to J20ðpωÞ, to cyan, which corresponds to J220ðpωÞ. Vertical dashed lines indicate the values of pω, at which the squares of
Bessel functions of different orders are comparable to each other [compare with (b)].
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(ii) the resonant interaction with the ions does not change
the phases of the harmonics, and (iii) the plasma dispersion
for the x-ray field is negligible; the relative phases of
harmonics remain constant during propagation through the
medium. Thus, if each harmonic experiences the same gain,
then the incident field (2) will preserve its temporal shape
during the amplification.
The gain for 2lth harmonic is proportional to the squared

Bessel function J22lðpωÞ of order 2l of the modulation index
pω. As follows from Fig. 1(c), the magnitudes of several
Bessel functions of even orders are approximately equal at
some particular values of the modulation index. For
example, for pω ¼ 6.4, one has J20ðpωÞ ≃ 0.059, J22ðpωÞ≃
0.090, J24ðpωÞ ≃ 0.087, and J26ðpωÞ ≃ 0.084. Thus, the IR
field providing such a value for the modulation index
allows for nearly uniform amplification of “0th,” “�2nd,”
“�4th,” and “�6th” harmonics. The number of harmonics
which can be amplified increases with increasing pω and is
approximately equal to pω þ 1. Particularly, the values
pω ¼ 10, pω ¼ 13.4, pω ¼ 16.1, and pω ¼ 19.4 are suit-
able for amplification of 11, 15, 17, and 21 high-order
harmonics of the modulating field, respectively. However,
with increasing value of the modulation index, the gain
gtotalJ22lðpωÞ, averaged over the harmonic order 2l, decreases
as 1=pω, while the differences between the amplification
coefficients of neighboring harmonics grow [see Fig. 1(c)
and Figs. S1 and S6 in the Supplemental Material [28] ].
The analytical theory of the linear amplification regime

in the framework of the three-level model allows us to
understand some general aspects of the high-harmonic
amplification. However, in order to perform a quantitative
analysis, one needs to take into account (i) the two
additional degenerate upper states j4i ¼ j2p;m ¼ 1i and
j5i¼j2p;m¼−1i, leading to generation of the y-polarized
amplified spontaneous emission (ASE) and (ii) variation of
the population differences at all of the involved transitions.
This is done on the basis of a complete set of density matrix
equations for the five-level system described in the
Supplemental Material [see Eqs. (S13)–(S16)] [28]. Here
we present the results of calculations. Let us consider
neutral plasma consisting of C5þ ions, electrons, and some
other ions (for example, Hþ, to maintain electric neutrality)
with C5þ ion density Nion ¼ 1019 cm−3 and electron
density Nel ¼ 15Nion. Lasing in inverted plasma with such
parameters has being theoretically studied [21,29] and is
under experimental investigation in the group of Professor
Szymon Suckewer at Princeton University, New Jersey. As
the modulating field and a source of the incident high-
harmonic signal, let us consider 2.1 μm laser radiation,
which is particularly suitable for HHG in the “water
window” [14]. Let us study the case pω ¼ 6.4 and consider
amplification of the harmonics of this laser field with orders
ranging from 617 to 629, which are 0th, �2nd, �4th,
and �6th harmonics with respect to the resonant transition.
The value pω ¼ 6.4 corresponds to the intensity of the

modulating field IC ¼ 2.7 × 1015 W=cm2. In order to tune
the 0th harmonic (of order 623) in exact resonance with the
transitions j2i, j3i ↔ j1i, the laser wavelength should be
λC ¼ 2102.9 nm. For the numerical study, an incident
x-ray field is assumed to have a Gaussian envelope centered
at tpeak and the duration (the full width at half maximum of
intensity) t1=2:

Ezðt; x ¼ 0Þ

¼ 1

2
z⃗0Ehh expf−2 ln 2ðt − tpeakÞ2=t21=2g

×
Xl¼lmax

l¼−lmax

expf−iðω̄tr þ 2lΩÞtg þ c:c:; ð4Þ

where lmax ¼ 3. Equation (4) implies that the incident
harmonics are phase synchronized and have identical
amplitudes. As initial conditions, we assume that at τ ¼
0 all of the ions are excited to the states j2i–j5i with equal
probability by a pumping laser field propagating slightly
ahead of the seeding x-ray and modulating IR fields,
while spontaneous emission at the inverted transitions is
taken into account via the initial values of quantum
coherencies, which are randomly distributed along the
medium [30] (see the Supplemental Material [28]).
The time dependencies of intensities of (i) the z-polarized

amplified attosecond pulse train and (ii) the y-polarized
ASE at the output from a plasma channel with length
L ¼ 1 mm and radius R ¼ 1 μm are shown in Fig. 2.
Figures 2(a)–2(c) correspond to different peak intensities,
I0 ¼ ðc=8πÞð2lmax þ 1Þ2E2

hh, of the incident field—namely,
(a) I0 ¼ 1013 W=cm2, (b) I0 ¼ 1012 W=cm2, and (c) I0 ¼
1011 W=cm2. For comparison, if the isolated attosecond
pulse obtained in Ref. [13] is focused to R ¼ 1 μm,
the peak intensity in the water window range will be
5 × 1012 W=cm2. Figure 2 is plotted for tpeak ¼ 10 fs and
t1=2 ¼ 35 fs, whichmeans that the incident attosecond pulse
train (4) reaches the peak amplitude 10 fs after creation of the
population inversion by a pumping laser pulse at τ ¼ 0 (the
influence of tpeak on the amplification process is discussed in
the Supplemental Material [28]; see Figs. S2–S4). The role
of the ASE depends on the peak intensity of the incident
x-ray field I0. If the incident z-polarized field is strong
enough, Fig. 2(a), then it is amplified and saturates the
resonant transitions j2i ↔ j1i and j3i ↔ j1i before the y-
polarized ASE becomes substantial. As a result, population
from the sates j2i and j3i drops down to the state j1i,
reducing population differences at the transitions j4i ↔ j1i
and j5i ↔ j1i and decreasing amplification of the ASE. For
this reason, in Fig. 2(a), the ASE is negligible. However, as
intensity of the incident x-ray field decreases [see Figs. 2(b)
and 2(c)], its amplification takes place in a linear regime
(without saturation of the resonant transitions), resulting in
(i) the larger ratio of the output intensity to I0, and (ii) the
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stronger ASE, which in this case saturates the transitions
j4i ↔ j1i and j5i ↔ j1i and thereby reduces population
differences at the transitions j2i ↔ j1i and j3i ↔ j1i (see
Fig. S5 in the Supplemental Material [28]).
Amplification of shorter pulses is possible with stronger

modulating fields. An increase in intensity of the modu-
lating field to IC ¼ 2.5 × 1016 W=cm2, which is still below
the ionization threshold of the active medium from the
upper lasing states, allows amplification of 140 as pulses,
produced from 21 high-order harmonics of the laser field
with 2.1 μm wavelength (in such a case, pω ¼ 19.4). But
the gain for each harmonic decreases with increasing value
of the modulation index. Thus, for the same parameters of
the medium as in Fig. 2 and I0 ¼ 1012 W=cm2, the incident
x-ray field (4) will be amplified merely 4.2 times (see
Fig. S6 in the Supplemental Material [28]). However, if the
laser frequency Ω is increased proportionally to the laser
field strength EC, then the modulation index is constant,
and the amplification will be more efficient. This case is
illustrated in Fig. 3, which corresponds to the amplification
of seven harmonics (of orders 231–243) of a laser field with
wavelength λC ¼ 801.53 nm. The modulating intensity is
IC ¼ 1.9 × 1016 W=cm2, which corresponds to pω ¼ 6.4.

The parameters of the incident x-ray field are the same as in
Fig. 2, except for higher Ω, I0 ¼ 1013 W=cm2. If the length
of the active medium would also be the same, the result of
amplification would resemble that in Fig. 2. However, in
Fig. 3, the medium length is increased to L ¼ 7 mm. It
results in a very large optical depth of the medium,
gtotalJ20ðpωÞL ¼ 22.7, and thus in the substantial shortening
of the attosecond pulse train due to predominant amplifica-
tion of its front edge, which extracts the major part of the
energy, stored in the population inversion of themedium (see
Figs. S7–S9 in the Supplemental Material [28]). For the
considered parameters of the medium, the envelope of
the amplified attosecond pulse train becomes shorter than
the repetition period of the pulses in the train. As a result, the
active medium isolates a single pulse with 130 as duration,
which is amplified to Imax ¼ 261 I0.
The lower limit for the duration of attosecond pulses

which can be amplified is set by the upper limit of the
intensity of the modulating field, which is determined by
the threshold of ionization of the resonant ions from the
upper lasing states. For the case of C5þ ions, the acceptable
peak intensity of the modulating field is estimated as IC ¼
3.5 × 1016 W=cm2 and corresponds to the ionization time

FIG. 2. Time dependence of intensity of an amplified attosecond pulse train of z polarization (red solid curve) and of an ASE of y
polarization (blue dashed curve) at the output from an active medium of C5þ hydrogenlike x-ray laser. The length of active medium is
L ¼ 1 mm, the concentration of C5þ ions is Nion ¼ 1019 1=cm3. (a)–(c) correspond to peak intensities of the incident attosecond pulse
train I0 ¼ 1013 W=cm2, I0 ¼ 1012 W=cm2, and I0 ¼ 1011 W=cm2, respectively.

FIG. 3. A single attosecond pulse in the water window spectral range, which is produced as a result of amplification of the attosecond
pulse train, shown in the inset, in an active medium of a C5þ hydrogenlike x-ray laser. Red solid curve is the amplified z-polarized x-ray
signal; the blue dashed curve corresponds to the ASE of y polarization. The length of the active medium is L ¼ 7 mm; the concentration
of C5þ ions is Nion ¼ 1019 1=cm3.

PHYSICAL REVIEW LETTERS 123, 243903 (2019)

243903-4



from the states j2i and j3i, τð2Þ;ð3Þion ¼ 60 fs. Scaling of the
results, shown in Fig. 3, for this intensity of the modulating
field and λC ¼ 590 nm leads to duration of the amplified
isolated attosecond pulse τpulse ≈ 100 as.
In conclusion, we have shown the possibility of amplify-

ing a set of high-order harmonics of an IR laser field in
active medium of a hydrogenlike plasma-based x-ray laser,
dressed by a replica of the same field as used for HHG. The
amplification occurs due to periodic in time and space sub-
optical-cycle Stark splitting of the upper lasing energy level
by the IR field, which results in redistribution of the gain to
the combination frequencies separated from the resonance
by even multiples of the frequency of the IR field. For the
specific intensities of the modulating field, nearly uniform
gain may be provided for the whole set of harmonics. In a
sufficiently dense plasma, the harmonics are amplified
independently from each other so that their relative phases
remain constant. Thus, if the incident x-ray field represents
an attosecond pulse train, it will keep this form during the
amplification. We have suggested an experimental imple-
mentation of this method in active medium of C5þ ions and
have shown the possibility of amplifying by 2 orders of
magnitude the attosecond pulses with duration down to
100 as at the carrier wavelength 3.4 nm in the “water
window” range. In an optically deep medium, the duration
of the amplified attosecond pulse train is reduced due to
predominant amplification of its front edge. If the optical
depth of the medium is high enough, the active medium
selects a single attosecond pulse, which is amplified much
more strongly than the other pulses from the train. The
amplification of a set of harmonics does not rely on specific
features of the hydrogenlike ions and potentially might be
implemented in an arbitrary (not only hydrogenlike) active
medium. The suggested approach for the attosecond pulse
amplification is robust with respect to variation of major
experimental parameters (such as population difference at
the inverted transition and concentration of the resonant
ions and free electrons, as well as intensities of the IR and
x-ray fields), since (i) it does not rely on the phase matching
of the IR and x-ray fields and (ii) preserves the relative
phases of the amplified harmonics (see the Supplemental
Material [28] for more details). To the best of our knowl-
edge, this is the first proposal for using plasma-based x-ray
lasers for the amplification of attosecond pulse trains.

We acknowledge support from the Russian Foundation for
Basic Research (RFBR, Grant No. 18-02-00924) and the
Russian Academy of Sciences (Project No. 0035-2018-
0023), as well as support from the National Science
Foundation (NSF,GrantNo.PHY-150-64-67).The analytical
studies presented in this Letter were supported by theRussian
Science Foundation (RSF, Grant Nо. 16-12-10279). We
thank also the Robert A. Welch Foundation and King
Abdulaziz City for Science and Technology (KACST) for
their support. Texas A&M High Performance Research

Computing Center is acknowledged for awarding us super-
computer time. V. A. A. acknowledges support from the
Foundation for the Advancement of Theoretical Physics
and Mathematics “BASIS”.

*Corresponding author.
antonov@appl.sci-nnov.ru

[1] F. Krausz and M. Ivanov, Attosecond physics, Rev. Mod.
Phys. 81, 163 (2009).

[2] M. Wu, S. Chen, S. Camp, K. J. Schafer, and M. B. Gaarde,
Theory of strong-field attosecond transient absorption,
J. Phys. B 49, 062003 (2016).

[3] L. Young et al., Roadmap of ultrafast x-ray atomic and
molecular physics, J. Phys. B 51, 032003 (2018).

[4] R. Schoenlein, T. Elsaesser, K. Holldack, Z. Huang, H.
Kapteyn, M. Murnane, and M. Woerner, Recent advances
in ultrafast x-ray sources, Phil. Trans. R. Soc. A 377,
20180384 (2019).

[5] E. J. Takahashi, T. Kanai, K. L. Ishikawa, Y. Nabekawa, and
K. Midorikawa, Coherent Water Window X Ray by Phase-
Matched High-Order Harmonic Generation in Neutral
Media, Phys. Rev. Lett. 101, 253901 (2008).

[6] M.-C. Chen, P. Arpin, T. Popmintchev, M. Gerrity, B.
Zhang, M. Seaberg, D. Popmintchev, M. M. Murnane,
and H. C. Kapteyn, Bright, Coherent, Ultrafast Soft
X-Ray Harmonics Spanning the Water Window from a
Tabletop Light Source, Phys. Rev. Lett. 105, 173901 (2010).

[7] T. Popmintchev, M. C. Chen, D. Popmintchev, P. Arpin, S.
Brown, S. Ališauskas, G. Andriukaitis, T. Balčiunas, O. D.
Mücke, A. Pugzlys et al., Bright coherent ultrahigh har-
monics in the keV x-ray regime from mid-infrared femto-
second lasers, Science 336, 1287 (2012).

[8] N. Ishii, K. Kaneshima, K. Kitano, T. Kanai, S. Watanabe,
and J. Itatani, Carrier-envelope phase-dependent high har-
monic generation in the water window using few-cycle
infrared pulses, Nat. Commun. 5, 3331 (2014).

[9] F. Silva, S. M. Teichmann, S. L. Cousin, M. Hemmer, and J.
Biegert, Spatiotemporal isolation of attosecond soft x-ray
pulses in the water window, Nat. Commun. 6, 6611 (2015).

[10] D. Popmintchev, C. Hernández-García, F. Dollar, C.
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