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By tuning the angle between graphene layers to specific “magic angles” the lowest energy bands of
twisted bilayer graphene (TBLG) can be made flat. The flat nature of the bands favors the formation of
collective ground states and, in particular, TBLG has been shown to support superconductivity. When the
energy bands participating in the superconductivity are well isolated, the superfluid weight scales inversely
with the effective mass of such bands. For flat band systems one would therefore conclude that even if
superconducting pairing is present, most of the signatures of the superconducting state should be absent.
This conclusion is at odds with the experimental observations for TBLG. We calculate the superfluid
weight for TBLG taking into account both the conventional contribution and the contribution arising from
the quantum geometry of the bands. We find that both contributions are larger than one would expect
treating the bands as well isolated, that at the magic angle the geometric contribution is larger than the
conventional one, and that for small deviations away from the magic angle the conventional contribution
is larger than the geometric one. Our results show that, despite the flatness of the bands the superfluid
weight in TBLG is finite and consistent with experimental observations. We also show how the superfluid
weight can be tuned by varying the chemical potential and the twist angle opening the possibility to tune
the nature of the superconducting transition between the standard BCS transition and the Berezinskii-

Kosterlitz-Thouless transition.
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The ability to control accurately the twist angle 6 between
two-dimensional crystals forming a van der Waals systems
[1-4] has recently emerged as a powerful way to tune the
electronic properties of a condensed matter system. The most
remarkable example of such tunability has been observed in
twisted bilayer graphene (TBLG). For most values of the
twist angle between the graphene sheets, the systems behave
as a normal two-dimensional (2D) semimetal; however, for
specific “magic angles” [5-9] the system’s lowest energy
bands become almost completely flat and the system may
support topological properties [10-14]. Quenched kinetic
energy in the flat bands increases the importance of
interactions and leads to superconductivity and other corre-
lated states [15-27] recently observed in graphene moiré
superlattices [28—37]. The hallmark signature of the super-
conducting state is the absence of electrical resistance. For
this to happen the superfluid weight D%, must be nonzero.
For an isolated parabolic band at zero temperature,
D3, < n/m*, where n is the electron density and m* the
effective electron’s mass. From this expression one would
conclude that the standard signature of superconductivity
might be absent for flat bands because one expects 1/m* to
vanish proportionally to the bandwidth. This is not what
happens experimentally in TBLG.
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In order to reconcile experimental observations and
theory, we notice that the above expression for D3, assumes
an isolated band and neglects the interband matrix elements
of the current operator. Neither of these assumptions is valid
in TBLG. In an isolated band the density of electrons within
the band is constant, and therefore when the superconduct-
ing transition occurs, the chemical potential is renormal-
ized. The superfluid weight depends strongly on the
chemical potential, and this renormalization is responsible
for the appearance 1/m* dependence of the intraband
(conventional) contribution to the superfluid weight. In a
semimetal where both electron- and holelike bands are
present, such as TBLG, the densities in each band are not
conserved in the transition separately and the dependence
on the chemical potential is weak so that the conventional
contribution can be much larger than expected for isolated
bands. Moreover, the bandwidth of the low-energy bands,
even though very small, is still finite and larger than the
superconducting gap. Therefore, the velocity can be large at
some points of the Brillouin zone (BZ), further enhancing
the conventional contribution to the weight. On the other
hand, the interband matrix elements give rise to the so-
called geometric part of D3,, which can be large even for
completely flat band well isolated from other bands [38,39].

© 2019 American Physical Society


https://orcid.org/0000-0001-9590-2055
https://orcid.org/0000-0003-2587-9755
https://orcid.org/0000-0001-7315-0526
https://orcid.org/0000-0002-2647-3610
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.123.237002&domain=pdf&date_stamp=2019-12-05
https://doi.org/10.1103/PhysRevLett.123.237002
https://doi.org/10.1103/PhysRevLett.123.237002
https://doi.org/10.1103/PhysRevLett.123.237002
https://doi.org/10.1103/PhysRevLett.123.237002

PHYSICAL REVIEW LETTERS 123, 237002 (2019)

In this work we calculate the superfluid weight of
superconducting twisted bilayer graphene taking into
account both the conventional and the geometric parts.
We assume singlet pairing and use the experimentally
measured value of 7. to set the value of the coupling
constant that enters the mean field gap equation. We obtain
the dependence of the superconducting weight on the twist
angle and separate the conventional and geometric parts.
We find that at one of the magic angles, 6 = 1.05°, the
geometric contribution is approximately twice as large
as the conventional one. However, just off the magic angle
the conventional contribution is larger than the geometric
one. We also obtain the dependence of the Berezinski-
Kosterlitz-Thouless (BKT) Tkt temperature on € and show
that its scaling with the chemical potential is different at the
magic angle and away from it. Because our calculations
take into account the full band structure of TBLG and
include both intra- and interband contributions, they can be
used for quantitative predictions and they go beyond the
models and approximations previously used in deriving
bounds for the superfluid weight [40,41].

To model the TBLG we use the approach described in
Refs. [8,17]. The low-energy states of the isolated single
layers of graphene are located at the K and K' = —K
valleys of the BZ. Close to K the Hamiltonian for each
layer [ = +£1 is

HK,l(k) = e_ll 0/4)z: [hl) (k —Kl) T —ﬂro]eil<9/4)73, (1)

where vy = 10° m/s is graphene’s Fermi velocity, u is the
chemical potential, and z; (i = 0, 1, 2, 3) are the 2 x 2 Pauli
matrices in sublattice space. Because of the rotation of each
layer by angle 6/2, the Dirac cone position in layer / is
shifted to x;. We choose moiré BZ in which k; are located at
the corners and refer to the center of this BZ as the y point.
This leads to a Hamiltonian for TBLG around the K point,

T A

with periodically varying interlayer tunneling terms

T(r) = W[TO + e_ibz.rT+] + e_i<b2_bl>'rT_]}, where T] _

79 + cos(2xj/3)z, + sin(27j/3)7,, b, = (v/30.0) and
b, = (v/30/2,3Q/2) are reciprocal basis vectors, Q =
(87/3aq) sin(6/2), ay is the lattice constant of graphene,
and w = 118 meV [17,42]. Hg' is obtained from Hy via
time reversal.

We leave d-wave pairing [17] for future studies and
focus on s-wave pairing. In the presence of superconduc-
tivity the mean field theory in Nambu space is described by
the Bogoliubov—de Gennes Hamiltonian,

~

HTBLG,K (k) As

A ~Hig g x (k)

N E)

Hyy =

and AS = Az Yy, Ape™®T, where A is the overall ampli-
tude of the superconducting gap, and Ay, is the normalized
coefficient of the b =m;b; + myb, (m; € Z) Fourier
component. In the remainder of the Letter, we assume
A = 1.764kgT,. and determine T, and the coefficients Ay
by solving the linearized gap equation [17,43].

Using standard linear response theory we can obtain the
expression for the superconducting weight [38,39,43],
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where L x L is the size of the two-dimensional system,
n(E) is the Fermi distribution function, E;, |w;(k)) are the
eigenvalues and eigenvectors of Hpyg, and p,v=x,y
represent the directions. In the remainder of the Letter,
we focus on the case v = p. We have the velocity operators
f)ﬂ(k) :aHBdG/aky @cf,y(k) = (l/z)yzaHBdG/aky (v, is
the Pauli matrix acting in Nambu space).

Let H, and H_ be the particle and hole Hamiltonians,
respectively, of Hgyg, |[Wim) the eigenstates of H,,
Wiim = Wamlw;),and v = 0,H., v, = —0,H_. In terms
of these quantities, we have [39]

~Ly ”

kijmnpq
+ k-
W im Uumn W4 jnWE jp VupgW—iq» (5)

where m, n and p, g index the particle and hole bands. The
matrix elements with m # n and p # ¢ in Eq. (5) represent
pure interband contribution. By defining

d * +
Vim/ Zwiim Uﬂmmwj:jma
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m#n

we can separate Eq. (5) into a conventional and a geometric
part:

s.conv __ n<Ej>
D™ =12 ; E E;
ij
(V-dwu Véﬂ/l T V'HHJ ngt + Vi Va—lwz)
;tl;geom = L2 Z E E V?Hu] 3/4/1 (6)

Below we show that both the conventional [44,45] and

the geometric contribution [38,39] are important for the
superfluid weight in TBLG.
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FIG. 1. The dispersion of the lower flat band of TBLG for
(a) @ = 1.05° and (b) = 1.00°. The high symmetric points in the
moiré BZ are also shown.

Figure 1 shows the dispersion of the lower flat band
without superconductivity. It is plotted in the moiré BZ for
two different values of 6: @ = 1.05°, the magic angle, and
6 = 1.00°. For each angle we see a sharp feature in the
dispersion at the y point, which is away from zero energy.
For 0 = 1.05°, the bandwidth of the nearly flat moiré band
is about 2 meV, whereas for @ = 1.00° it is around 5 meV.
The bandwidth of the lowest energy bands and the value of
the magic angle can differ between experiments [46], a fact
that can be taken into account by tuning w; see Ref. [43].
For € = 1.00° we see that the bands exhibit deep and
narrow valleys; green regions emanating from the y point.
Around these valleys the quasiparticle energy e(k) varies
rapidly with k, producing high local velocity despite the
fact that the bandwidth is only few meVs.

Figures 2(a) and 2(b) show the profile of ¢(k) for the
lowest excitation in the presence of s-wave pairing, for
6 =1.05° and 6 = 1.00°. The amplitude and Fourier
components of the superconducting gap are obtained by
solving the mean field gap equation [43]. We see that also
in the presence of a superconducting gap the bands exhibit
the same qualitative features as the bands with no pair-
ing, Fig. 1.

Figures 2(c) and 2(d) show the momentum space profile
of the integrand, d3°" (k), that enters the expression (6)
for D" for @ = 1.05°, 1.00°, respectively. We see that for
0 = 1.05°, d™" is peaked at the y point, and is otherwise
quite uniform and small. At bands crossings dy£°" is
expected to be large as long as the Berry curvature is not
zero, regardless of the nature of the crossing [47]. For
0 = 1.00°, d3°" is strongly peaked at the position of the
valleys that we identified in Fig. 1(b). This clearly shows
that the conventional contribution to D* can depend very
strongly on the twist angle and in general cannot be
assumed to be negligible despite the smallness of the
bandwidth. The reason is that even for narrow bands,
the expectation value of the velocity operators can be non-
negligible. Figures 2(e) and 2(f) show the profile of the
integrand, dy£°*"(k), that enters the expression of Dy*™
for the same conditions used to obtain Figs. 2(c) and 2(d).
For 0 = 1.05° dyi""(k) is strongly peaked at the y
point and on average is larger than the conventional term.

0 05115

. 2 -2
005115 ¢ 005115 '°
(€9) meV-a? meV- ao
15 s .
10
o !
2
= 05 10 .
= 0
0 10
-0.5 -2
0 05 1 10 0051 15
kx/Q k:/Q

FIG. 2. The dispersion of superconducting band and superfluid
weight integrand. Left-hand column, 6 = 1.05°; right-hand col-
umn, 6 = 1.00°. (a),(b) The lowest quasiparticle bands with
superconducting gap. (c),(d) dw"™ (k). (e),(f) dxe " (k). (g),
(h) 5% (k). All the figures are obtained with 4 = —0.30 meV
and T, = 1.6305 K, T.= 12119 K for 8 = 1.05°, 8 = 1.00°,
respectively.

This shows that at the magic angle the geometric contri-
bution to D3, is significant and larger than the conventional
contribution. For € = 1.00°, however, d3 """ (k) is large
in most of the moiré BZ so that the conventional con-
tribution to D3, is larger than the geometric one. As the
bands become flatter, the conventional contribution, for
fixed electron’s density, decreases and so we can expect
its importance to decrease relative to the geometric
contribution. Figures 2(g) and 2(h) show the sum
A (K) + dy¥" (k). It is worth pointing out that the
spin Chern number C of the lowest energy bands is zero,
but in general D3¥*™ is nonzero even when C = 0 [39].
We continue by obtaining the dependence of D"
and D" on the chemical potential. From the initial
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FIG. 3. D, as a function of the chemical potential for
(a) 0 =1.05° and (b) & = 1.00° at A = A(u).

discussion we expect D3°" to increase with the electron
density and therefore with |u|. The scaling of Dy£*™" with
respect to i depends on the details of the quantum metric of
the bands [39]. Figure 3 shows the evolution of D",
DYE" and D3, with u for the cases of = 1.05° and
6 = 1.00°. To obtain these results the superconducting gap
is obtained for each value of u. The results of Fig. 3 confirm
the expectation that D3y°" increases with ||, for both the
magic angle and @ = 1.00°. They also show that for both
angles the geometric contribution decreases with |u|.
Considering that D3, controls the critical temperature
Tkt for the Berezinskii-Kosterlitz-Thouless phase transi-
tion [48,49], the results of Fig. 3 show that in TBLG it
could be possible in principle to tune the nature of the
transition, BCS or BKT, by simply varying the doping.

An increase of A, keeping yu fixed, is expected to cause
an increase of Dj.. This is confirmed by the results
of Fig. 4. Again, we can see at § = 1.05° the geometric
contribution is significant while at & = 1.00° the conven-
tional contribution dominates.

In Figs. 5(b) and 5(d) we show the BKT transition
temperature as a function of u obtained from the
equation kzTxt = nD*[A(Txt), Tkr), assuming A(T) =
1.764kzT./1 —T/T.. The prefactor on the rhs of the
equation for Ty is twice z/2 due to the valley degeneracy.
In Figs. 5(a) and 5(c) the curves with solid circles show the
evolution of D*[A(T'), T| with T for different values of y for
6 = 1.05° and 6 = 1.00°, respectively. The intersection of
these curves with the solid line k3T returns the values of
Txr(p). We note that T is fairly close to 7., well above
the lower bound set by previous studies [41].
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FIG. 4. D, as a function of A for 8 = 1.05° (a) and € = 1.00°
(b). 4 = —0.3 meV.
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FIG. 5. (a) D* versus T for @ = 1.05° and different values of y:

u goes from 0 to —0.5 meV along the direction of the arrow.
(b) Txt/T. as function of y for & = 1.05° (c) Same as (a) for
0 = 1.00°. (d) Txr/T, as function of u for & = 1.00°.

We obtained the value of D3, (D3, DyE™) for
different twist angles using the corresponding values of
T.. The results are shown in Fig. 6(a). We see that despite
the fact that T, is lower for € = 1.10° than for 6 = 1.05°,
the superconducting weight is larger for 8 = 1.10°. This is
because for & = 1.10° the conventional contribution to
D3, is much larger than at the magic angle. The results of
Figs. 6(a) clearly show that Dj, varies strongly with the
twist angle, and that, as a function of 6, the dominant
contribution to Dj, can either be the conventional
or the geometric one. It is somewhat surprising that even
for twist angles as small as 1.00°, corresponding to a
bandwidth of the lowest energy bands of just 5 meV,
the conventional contribution is larger than the geo-
metric one.

Figure 6(b) shows the dependence of T, and Tkt on the
twist angle. We see that both 7', and Tt are maximum at
the magic angle and decrease rapidly for @ larger than the
magic angle. The results of Fig. 6(b) suggest that it may be
possible to tune Tt by tuning the twist angle. Taking into
account finite size effects, this can change the nature of the
normal-superconductor phase transition.
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FIG. 6. (a) D; and (b) T, and Ty as functions of twist angle.

u=—03 meV.
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In summary, we have shown that in twisted bilayer
graphene, despite the flatness of the low-energy bands, the
superconducting weight D3, is finite and large enough to
explain the experimental observation of superconducting
behavior in these systems. We find that the share of the
geometric and conventional contributions to Dj, depends
on the twist angle: at the magic angle the geometric
contribution dominates, while for angles slightly away
from the magic angle the conventional contribution domi-
nates. This qualitative difference is also reflected in the
scaling of D%, with u: at the magic angle D3, decreases
with |u|, a somewhat surprising result due to the conven-
tional contribution to D3, being almost independent of p,
whereas the geometric, large, contribution decreases with
|u| at the magic angle. Away from the magic angle we find
the more conventional behavior of D3, growing with |u| as
the conventional contribution, that grows with ||, domi-
nates. This has the important implication that at the magic
angle, by simply increasing |u| twisted bilayer graphene
can be tuned into a regime for which the Berezinzki-
Kosterlits-Thouless transition is significantly smaller than
the BCS critical temperature. This result shows that twisted
bilayer graphene is an exceptional system in which the
nature, BKT or BCS, of the superconducting transition can
be tuned and experimentally studied in unprecedented
ways. We stress that the superfluid weight is one of the
few observable signatures of the Berry phase in the
Brillouin zone. Measurements of the superfluid weight
with the known experimental techniques [50-54] can
directly test our predictions of its parametric dependencies.
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