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We show that the known bound on the growth rate of the out-of-time-order four-point correlator in
chaotic many-body quantum systems follows directly from the general structure of operator matrix
elements in systems that obey the eigenstate thermalization hypothesis. This ties together two key
paradigms of thermal behavior in isolated many-body quantum systems.
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In recent years there has been renewed interest in various
ways of quantifying the rates of runaway growth processes
in quantum chaotic many-body systems. One particular
quantity that has been studied extensively is the four-point
out-of-time-order (OTO) correlator [1–3]; for a recent
overview, see Ref. [4]. Here, following Ref. [3], we
consider the thermally regulated OTO correlator,

FOTOðtÞ ≔ Tr½ρ1=4AðtÞρ1=4Að0Þρ1=4AðtÞρ1=4Að0Þ�; ð1Þ

where AðtÞ ¼ eiHtAe−iHt is a local operator in the
Heisenberg picture, H is the Hamiltonian, ρ ≔ e−βH=Z
is a thermal density operator at inverse temperature β, and
Z ≔ Tre−βH is the partition function. (We set ℏ ¼ kB ¼ 1
throughout.) Following Refs. [2,3], we consider systems
with a scrambling time (also called the Ehrenfest time) ts
that is large compared to the dissipation time td that governs
the exponential decay rate of the two-point correlator. In
this case, for times td ≪ t ≪ ts, we expect

FOTOðtÞ ∝ 1 − eλðt−tsÞ; ð2Þ

where λ is a growth rate that is analogous to the Lyapunov
growth rate of the deviation of nearby classical trajectories
in chaotic systems. The hierarchy of timescales ts ≫ td
typically arises only in systems that have a small parameter
ϵ that determines ts via ts ∼ λ−1 lnð1=ϵÞ. Examples include
ϵ ∼ 1=N2 for the Sachdev-Ye-Kitaev (SYK) model of
N ≫ 1 Majorana fermions with all-to-all random four-
point interactions [2,5], and for conformal field theories
with N2 ≫ 1 fields that have gravitational duals [3], and
ϵ ∼ ℏeff , an effective dimensionless Planck’s constant, for
semiclassical systems such as the kicked rotor [6] and
quantized area-preserving maps [7].
Making a set of physical and mathematical assumptions

that are plausible in such systems, Maldecena et al. [3]
argued that the growth rate λ should be bounded by

λ ≤ 2π=β: ð3Þ

This bound is saturated in the SYK model, and in large-N
conformal field theories with gravitational duals, where it is
related to the physics of information scrambling in black
holes [8].
Another paradigm that is believed to apply broadly to

many-body quantum systems with sufficiently strong
interactions and no disorder (or, more generally, disorder
that does not result in many-body localization [9]) is the
eigenstate thermalization hypothesis (ETH) [10–14], which
supposes that the energy eigenstates of such a system
cannot be distinguished from a thermal density matrix
when probed by local observables.
More precisely, according to ETH, the matrix elements

of a local observable A in the energy-eigenstate basis,
Hjii ¼ Eijii, take the form

Aij ¼ AðEÞδij þ e−SðEÞ=2fðE;ωÞRij; ð4Þ

where E ¼ ðEi þ EjÞ=2 is the average energy of the two
eigenstates, ω ¼ Ei − Ej is the energy difference, AðEÞ ¼
TrρA with β fixed by E ¼ TrρH, SðEÞ is the thermody-
namic entropy (logarithm of the density of states) at energy
E, fðE;ωÞ is a smooth, real function of its two arguments
with fðE;ωÞ ¼ fðE;−ωÞ, and Rij is a Hermitian matrix of
erratically varying elements, with overall zero mean and
unit variance in local ranges of E and ω. It is consistent (as
will be seen below) to treat E as an extensive quantity andω
as an intensive quantity.
Our purpose is to derive the bound on the OTO correlator

growth rate, Eq. (3), directly from ETH. In doing so, we
relate two important paradigms of thermal behavior in
isolated many-body quantum systems.
Our methodology is to use known properties of the ETH

matrix elements to put a bound on the Fourier transform of
the OTO correlator (more specifically, on its connected
part, defined below) at high frequencies. This bound can
then be used to infer bounds on the OTO correlator itself at
intermediate times, with some additional dependence on its
precise functional form. For a family of functions that
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includes the OTO correlator for a conformal field in one
spatial dimension, as computed by Maldacena et al. [15]
via the AdS2 gravity dual, we find that the bound of Eq. (3)
must hold. For a simpler family of functions that is
sometimes used as an approximation to the OTO correlator,
we find a stronger bound, indicating that this approxima-
tion should be used with care. Our methods do not require
the factorization assumption that was used in Ref. [3] (and
which we review below). Hence, we believe that our result
is more general, and that the bound on the exponential
growth rate of the OTO correlator holds in any quantum
many-body system that obeys ETH and also has the
hierarchy of timescales ts ≫ td.
Note that we do not claim that ETH is either necessary or

sufficient to have exponential growth of the OTO correla-
tor; we claim only that the exponential growth rate, if
nonzero, is bounded by Eq. (3) in systems that obey ETH.
Also, it may also be possible to weaken our assumptions
and still prove the bound; for example, our proof would go
through if we allowed the envelope function fðE;ωÞ to
become noisy (rather than smooth) at sufficiently low
frequencies ω.
It will be most convenient to work with an observable A

for which AðEÞ ¼ 0, either due to a symmetry, or simply
by subtracting TrρA from A; we therefore take AðEÞ ¼ 0
from here on.
We begin by considering a thermally regulated two-point

correlator for such an observable A at inverse temperature β,

F2ðtÞ ≔ Tr½ρ1=2AðtÞρ1=2Að0Þ�: ð5Þ

Inserting two complete sets of energy eigenstates and using
Eq. (4) with AðEÞ ¼ 0, we have

F2ðtÞ ¼
1

Z

X
ij

e−SðEÞ−βEjfðE;ωÞj2eiωtjRijj2: ð6Þ

We replace jRijj2 with its statistical average 1, and then
write each sum as an integral with a suitable density of
states,

P
i →

R
∞
0 dEieSðEiÞ. Using Ei;j ¼ E� ω=2, we get

F2ðtÞ ¼
1

Z

Z
E

Z
ω
eSðEþω=2ÞþSðE−ω=2Þ−SðEÞ−βE

× jfðE;ωÞj2eiωt; ð7Þ

where
R
E ≔

R
∞
0 dE and

R
ω ≔

Rþ∞
−∞ dω. We now assume

(and later verify) that fðE;ωÞ falls rapidly enough at large
ω that we can expand the exponent in powers of ω,

SðE�ω=2Þ¼ SðEÞ�1

2
S0ðEÞωþ1

8
S00ðEÞω2þ�� � ; ð8Þ

which yields

F2ðtÞ ¼
1

Z

Z
E
eSðEÞ−βE

Z
ω
eS

00ðEÞω2=4eiωtjfðE;ωÞj2: ð9Þ

We do the E integration by Laplace’s method; this fixes E
to be the solution of S0ðEÞ ¼ β, which is the usual
thermodynamic relation between energy and temperature.
We can then also identify S00ðEÞ ¼ −β2=C, where C is the
heat capacity of the system at inverse temperature β. The
remaining integral over E yields a factor of the partition
function Z. We therefore find

F2ðtÞ ¼
Z
ω
e−β

2ω2=4CeiωtjfðE;ωÞj2: ð10Þ

Next we note that TrðρA2Þ is equal to F2ð�iβ=2Þ, and
this should be a finite quantity. In the infinite-volume limit
C → ∞, and we have

TrðρA2Þ ¼
Z
ω
eβω=2jfðE;ωÞj2: ð11Þ

For this to be finite, fðE;ωÞmust fall at large jωj at least as
fast as

fðE;ωÞ ∼ expð−βjωj=4Þ: ð12Þ

We now consider the general four-point correlator for a
single observable A at inverse temperature β,

F4ðt1; t2; t3Þ ≔ Tr½ρ1=4Aðt1Þρ1=4Aðt2Þρ1=4Aðt3Þρ1=4Að0Þ�:
ð13Þ

Inserting four complete sets of energy eigenstates, we have

F4 ¼
1

Z

X
ijkl

e−βEeiðω1t1þω2t2þω3t3ÞAijAjkAklAli; ð14Þ

where E ≔ 1
4
ðEi þ Ej þ Ek þ ElÞ, ω1 ≔ Ei − Ej, ω2 ≔

Ej − Ek, ω3 ≔ Ek − El. We use Eq. (4) with AðEÞ ¼ 0

for Aij. We then replace RijRjkRklRli by its statistical
average, which, following the general analysis of Foini and
Kurchan [16], we take to be

RijRjkRklRli ¼ δik þ δjl þ e−SðEÞgðE;ω1;ω2;ω3Þ: ð15Þ

Here, the first two terms account for the fact that for i ¼ k
or j ¼ l the left-hand side reduces to the product of the
absolute square of two R’s, and then the statistical average
is 1. The final term accounts for exponentially small
correlations between different R’s. Such correlations arise
from treating the inner product of energy eigenstates (in a
small range of energy) with eigenstates of A (in a small
range of its eigenvalues) as a pseudorandom unitary matrix
[16]. We view this as a generalized version of Berry’s
conjecture [17] that the energy eigenstates of a chaotic
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quantum system can be expressed as superpositions of
suitable basis states whose coefficients are pseudorandom
numbers with a Gaussian distribution; the specific form of
the appropriate basis states is system dependent [18–20].
Berry’s conjecture underlies the formulation of ETH
presented in Ref. [11], and so Eq. (15) should be viewed
as a consequence of ETH.
Returning to Eq. (14), we replace the sums by integrals,P
i →

R
Ei
eSðEiÞ, expand the entropies to linear order about

E, change the integration variables to E and the three ω’s,
and perform the integration of E by Laplace’s method. The
final result, in the infinite-volume limit, is

F4ðt1; t2; t3Þ ¼ F2ðt1 − t2 þ iβ=4ÞF2ðt3 þ iβ=4Þ
þ F2ðt1 − iβ=4ÞF2ðt3 − t2 − iβ=4Þ
þ F4Cðt1; t2; t3Þ; ð16Þ

where the connected part of the four-point function is

F4Cðt1; t2; t3Þ ¼
Z
ω1���ω3

eiðω1t1þω2t2þω3t3Þfðω1Þfðω2Þ

× fðω3Þfð−ω1 − ω2 − ω3Þ
× gðω1;ω2;ω3Þ: ð17Þ

Here, we have suppressed the E dependence of f and g.
Next we note that

TrðρA4Þ − 2½TrðρA2Þ�2 ¼ F4C

�
−
iβ
4
;−

iβ
2
;−

3iβ
4

�
ð18Þ

should be a finite quantity. Given Eq. (12), convergence of
the integral over ω3 in Eq. (17), with ω1 and ω2 fixed,
requires that gðω1;ω2;ω3Þ must fall at large jω3j at least as
fast as

gðω1;ω2;ω3Þ ∼ expð−βjω3j=4Þ: ð19Þ

We now turn our attention to the OTO four-point
correlator FOTOðtÞ ≔ F4ðt; 0; tÞ, which is given by

FOTOðtÞ ¼ 2Re

�
F2

�
tþ iβ

4

�
2
�
þ F4Cðt; 0; tÞ: ð20Þ

For times large compared to the dissipation time td, which
itself should be comparable to or larger than β, the first
term in Eq. (20) will have decayed to a negligible value,
and we can replace FOTOðtÞ with its connected part
FOTOCðtÞ ≔ F4Cðt; 0; tÞ.
We will be interested in the Fourier transform of

FOTOCðtÞ, given by

F̃OTOCðωÞ ≔
Z þ∞

−∞

dt
2π

e−iωtFOTOCðtÞ

¼
Z
ω1;ω2

fðω1Þfðω2Þfðω − ω1Þfð−ω − ω2Þ

× gðω1;ω2;ω − ω1Þ: ð21Þ

From the large frequency behavior of f and g specified by
Eqs. (12) and (19), we can infer that F̃OTOCðωÞmust fall off
at large jωj at least as fast as

F̃OTOCðωÞ ∼ expð−3βjωj=4Þ: ð22Þ

To use this information, we need a more complete
specification of the OTO correlator than is found in
Eq. (2), which applies only for intermediate positive times.
Assuming an exponential decay at late positive times,
a simple model is FOTOCðtÞ ∝ 1=ð1þ zðtÞÞη, where

zðtÞ ≔ eλðt−tsÞ; ð23Þ

and η is a positive real parameter. However this FOTOCðtÞ is
not time-reversal invariant, whereas Eq. (1) is. To remedy
this, and assuming λts ≫ 1, we make the ansatz

FOTOCðtÞ ¼ NG(zðtÞ)G(zð−tÞ); ð24Þ

where we take GðzÞ ¼ 1=ð1þ zÞη; later we will consider
other possibilities for GðzÞ. The normalization constant is

N ¼ Tr½ðρ1=4AÞ4� − 2ðTrρ3=4Aρ1=4AÞ2: ð25Þ

From the product form of Eq. (24), it follows that the
Fourier transform is given by the convolution

F̃OTOCðωÞ ¼ N
Z
ω0
G̃ðω − ω0ÞG̃ðω0Þ: ð26Þ

From this it follows that the large-ω behavior of F̃OTOCðωÞ
is the same as the large-ω behavior of G̃ðωÞ. We find

G̃ðωÞ ¼ e−iωts
Γðηþ iω=λÞΓð0þ − iω=λÞ

2πλΓðηÞ KðωÞ; ð27Þ

where ΓðxÞ is the gamma function, and KðωÞ ¼ 1 has been
introduced for later convenience. Equation (27) yields
F̃OTOCðωÞ ∼ G̃ðωÞ ∼ expð−πjωj=λÞ at large jωj, indepen-
dent of η. Requiring this falloff to be at least as fast as
Eq. (22), we find the bound λ ≤ 4π=3β, which is more
stringent than Eq. (3). This shows that for λ ¼ 2π=β
(expected in conformal field theories with gravity duals),
the form GðzÞ ¼ 1=ð1þ zÞη, which has sometimes been
used as an approximation (e.g., [21]), is inconsistent with
our Eq. (22).
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Maldacena et al. [15] computed the OTO correlator for a
conformal field with dimension Δ ¼ η=2 via the AdS2
gravity dual. In our notation, their result is

GðzÞ ¼
Z

∞

0

du hðuÞð1þ uzÞ−η ð28Þ

with hðuÞ ¼ e−uuη−1=ΓðηÞ. This yields Eq. (27) with

KðωÞ ¼
Z

∞

0

du hðuÞuiω=λ: ð29Þ

For the hðuÞ of Ref. [15], KðωÞ ¼ Γðηþ iω=λÞ=ΓðηÞ∼
expð−πjωj=2λÞ, and hence F̃OTOCðωÞ ∼ expð−3πjωj=2λÞ.
Requiring this falloff to be at least as fast as Eq. (22), we
find the bound λ ≤ 2π=β, the same as Eq. (3).
More generally, the bound λ ≤ 2π=β holds if KðωÞ ∼

expð−cπjωj=2λÞ with c ≤ 1 at large ω. The Paley-Wiener
theorem [22] implies that this will be the case if and only if
there is a value of θ ∈ ½−π=2; π=2� such that

Z
∞

0

du ujhðeiθuÞj2 ¼ ∞: ð30Þ

For example, this is the case if hðuÞ ∼ ua expð−buγÞ at
large u with a ≥ − 1

2
, b ≥ 0, and γ ≥ 1. However, we have

not been able to connect the mathematical condition of
Eq. (30) to a physical property of the system.
We can compare our derivation of Eq. (3) with that

of Ref. [3]. A key assumption used in Ref. [3], their
Eq. (23), is an approximate factorization of a different
regularization of the four-point function at intermediate
times td ≪ t ≪ ts,

Tr½ρ1=2AðtÞAð0Þρ1=2Að0ÞAðtÞ� ≤ ðTrρ1=2Aρ1=2AÞ2 þ ε;

ð31Þ

where ε is a small tolerance parameter. In our notation, this
is equivalent to

����F2

�
t −

iβ
2

�����
2

þ F4C

�
t −

iβ
4
; t;−

iβ
4

�
≤ ε: ð32Þ

We expect the first term to be negligible at the relevant
intermediate times, and it is plausible that the second term,
which is an in-time-order connected four-point function, is
also negligible. However, we do not need to assume this in
our analysis.
Assuming Eq. (31), Ref. [3] then establishes that the

rescaled correlator fðtÞ ≔ FOTOðtÞ=½F2ð0Þ2 þ ε� obeys
���� ddt fðtÞ

���� ≤ 2π

β
coth

�
2πt
β

�
1 − fðtÞ2

2
: ð33Þ

Because of the factor of 1 − f2 on the right-hand side of
Eq. (33), it provides a meaningful bound on λ in Eq. (2) if

and only if fðtÞ ¼ 1 − eλðt−tsÞ for td ≪ t ≪ ts, where we
now have an equality rather than a proportionality.
Equivalently, FOTOðtÞ must be very close to F2ð0Þ2 for
these intermediate times. In our notation, this requires
N ≈ F2ð0Þ2, where N is the normalization constant of
Eq. (25). Such a relation would follow from large-N
factorization, Eq. (9) in Ref. [3], but is not expected to
be true more generally. Our derivation of Eq. (3) does not
require this assumption.
We note that the scrambling time ts appears as the period

of an oscillation in the amplitude of F̃OTOCðωÞ, cf. Eqs. (26)
and (27), that must have its origin in a corresponding
oscillation in the amplitude of gðω1;ω2;ω3Þ, cf. Eq. (21).
The underlying physics of this sort of oscillation in
the four-point correlation of operator matrix elements,
cf. Eq. (15), is worthy of further exploration.
Recently, another measure of chaos was introduced by

Parker et al. [23]: an operator complexity growth rate α that
was shown to be bounded by α ≤ π=β. This bound on α is
related to the large-ω behavior of fðE;ωÞ, and follows from
Eq. (12). Parker et al. conjecture that, very generally,
λ ≤ 2α. Our analysis shows that the bound on λ requires
information about the large-ω behavior of gðE;ω1;ω2;ω3Þ
in addition to the large-ω behavior of fðE;ωÞ. A proof that
λ ≤ 2α would therefore imply a further relationship
between these two functions, and hence further structure
in the ETH matrix elements. This is an interesting topic for
further research.
To conclude, we have derived the known bound of

Eq. (3) on the growth rate of the out-of-time-order four-
point correlator from the structure of operator matrix
elements that follows from the eigenstate thermalization
hypothesis, Eqs. (4) and (15). We also needed a mild
assumption on the functional form of this correlator, as
specified by Eqs. (24), (28), and (30). However, we did not
need the assumptions of Eq. (31) and of large-N factori-
zation (or its equivalent) that were needed in the analysis
of Ref. [3].
We hope that this unification of two key paradigms of

thermal behavior in many-body quantum systems will lead
to further insights into this important branch of physics.
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